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Fusion frame, relay fusion frame and signal reconstruction
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Abstract. In this paper, we demonstrate that any signal exhibiting a certain sparse pattern can be recovered
in a stable and resilient manner through the utilization of the fusion frame approach. The theoretical analysis
highlights that the deviation of the approximate solution is effectively controlled. Furthermore, the adoption
of different norms contributes to further reinforcing the guarantees of robustness and stability. Driven by
the ideas of compressed sensing and fusion frames, we extend the setting to relay fusion frames. With the
help of operator theory, we provide several recovery guarantee conditions based on the relay fusion frames.
Finally, the relationship between relay fusion frames and compressed sensing is elucidated.

1. Introduction

Compressed sensing is an emerging field in signal processing that enables signal acquisition using
very few measurements compared to the signal dimension, as long as the signal is sparse in some basis.
This is based on the structural assumption such signals are satisfying—having a sparse and redundant
representation over a specific dictionary. The field of compressed sensing was initiated with the papers [5]
by Candes, Romberg and Tao and [14] by Donoho who coined the term compressed sensing.

The compressed sensing problem [15] consists in reconstructing an s-sparse vector x € KV from

y = Ax,
where A € K™ is the so-called measurement matrix. Here K denotes the field R or C. With m < N, this
system of linear equations is underdetermined, but the sparsity assumption hopefully helps in identifying

the original vector x. In a traditional sampling system, reconstructing a vector x € KN from its measurement
vector y € K" amounts to solving the ’-minimization problem

minimize |lzlly subjectto [|Az -yl <1, n>0.
ze KN

Unfortunately, £’-minimization, the ideal recovery scheme, is NP-hard in general [22], hence is infeasible.

A very popular and by now well-understood method is basis pursuit denoising or ¢!-minimization, which
consists in finding the minimizer of the problem

minimize llz|l subjectto |[Az -yl <7, n=0. (BPDN)
zeK
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It is well known that for a given sparsity s of the signal x, the number of random subgaussian linear mea-
surements needs to grow as m 2 slog(N/s) for the solution of (BPDN) to be a good enough approximation
to x. However, when the number of measurements m cannot be chosen based on the sparsity of the signals
to recover, there is a limit on the sparsity of the vectors that can be recovered by s < mlog(N/m). In other
words, the problems arise when the signals being sampled are too dense for the usual mathematical theories
while the quality of the sensors is constrained. The idea of splitting dense information into subchannels
and utilizing fusion frames to fuse local estimates overcomes this limitation. The local pieces of information
are computed as solutions to the problems

minimize llzll; subjectto ||Amw.z —y?l, <n;, n; > 0. P1y)
zeK

where A € K™ is the measurement matrix and iy, € KM is the orthogonal projection onto subspace
W;. In the perfect measurements (noiseless) case, the problem is solved by the basis pursuit

minimize ||z|l; subjectto Amy,z = y(i). (P10)
ze KN

Frames, fusion frames and compressed sensing are hot topics today because of their broad applications
to problems in signal processing and much more. We refer the reader to some recent tutorials on the subjects
and their references [1, 3, 4, 8, 11, 12, 16]. In the remainder of this introduction we state the main definitions
and notations. Some of what we describe in the following is known and is standard in the literature.

1.1. Frames and fusion frames

Letting I be a countable index set, a sequence of vectors {f}ier lying in some Hilbert space H is said to
be a frame [18] for H if there exist frame bounds «, § > 0 such that

allfI? < Y 14 £y P<BIFIR, Vf € H. (1)

i€l

More generally, {filier is called a Bessel sequence if at least the upper bound in (1) is satisfied. In particular,
the Bessel sequence {gi}ier is called a dual of the frame {f;}icr if the following formula holds, for all f € H:

f=Y (ot

iell

Fusion frames are generalizations of frames that provide a richer description of signal spaces, which
were introduced in [7] (under the name frames of subspaces) and further developed in [9], and have
quickly become a major tool in the implementation of distributed systems [10, 20, 21]. It can be regarded as
a frame-like collection of subspaces in a Hilbert space, which clearly generalizes classical vector frames.

Definition 1.1. Let I be a countable (or finite) index set and {Wi}ier be a family of closed subspaces of a Hilbert space
H. Let {wilier € () such that w; > 0 for every i € 1. The family {(W;, w;)}ien is said to be a fusion frame for H if
there exist numbers 0 < a < ff < oo which satisfy that

allfI? < Z Wl (NIF < BIFIP, Vf € H, )
i€l
where Ty, is the orthogonal projection onto W;. The constants a, B are called fusion frame bounds.

For the sake of brevity, we sometimes write ‘W, instead of {(W;, w;)}ier. Let Iz, be the identity operator
on Hilbert space H. The decomposition of any signal f € H according to a fusion frame W, is given

by the fusion frame measurements {winwi f }ie]I' These completely characterize the signal f, which can be
reconstructed from those by performing

f= Z w;Sqy (Wiw,f),

iel
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where Sqy, (f) = Y w?nw,(f) is the fusion frame operator known to be self-adjoint and positive with
aly < Sg < Blyy. Therefore, a distributed fusion processing is feasible in an elegant way. As presented
above, given some local information x := 7y, (x), for i € I, a vector can easily be reconstructed by applying
the inverse fusion frame operator

X = Sful/w( Z w?x(i)).

i€l
For simplicity, fusion frame {(W;, 1)}"_, will be abbreviated as W throughout the paper.

1.2. Distributed sparse and partial properties

We first introduce the notations [N] for the set {1, ..., N} and | S | for the cardinality of a set S. Furthermore,
we write S for the complement [N]\S of a set S in [N]. For a matrix A € K™ and a subset S C [N], we use
the notation Ag to indicate the column submatrix of A consisting of the columns indexed by S. Similarly,
for a vector x € KN and a subset S C [N], we denote by xs the vector in KN which coincides with x on the
entries in S and is zero on the entries outside S.

The sparsity is used in the compressed sensing literature as a underlying hypothesis for solving the
resulting underdetermined systems of linear equations. A vector x € KV is called s-sparse if it has at most
s nonzero entries, in other words, if

lIxllo ==[ {j : xj # O} |
is smaller than or equal to s.

Definition 1.2. A signal x € KV is said to be s = (s1,- - ,s,)-distributed sparse with respect to a fusion frame W,
if lltw, ()Mo < si, for every 1 < i < n. s is called the sparsity pattern of x with respect to W.

In practice, one encounters vectors that are not exactly s-sparse but compressible in the sense that they
are well approximated by sparse ones. This is quantified by the {7-error of best s-term approximation to x
given by

0s(x), ;= Iinf ||x—z > 0.
{9y := inf lx—zl,, p

It is well known that for g > p > 0 and any x € KV,

1
< —
As it will be useful later, we also need to introduce the local best approximations.

Definition 1.3. Let ‘W be a fusion frame and let x € KN. For p > 0 and a sparsity pattern s = (s1,--- ,s,) with
s; € N forall 1 <i < n, the {P-error of best s-term approximations is defined as the vector
G;W(X)p = (051 (P1x), 05,(P2x), ..., 0s, (an))T.

In the compressed sensing literature, the null space property (NSP) has been used as a necessary and
sufficient condition for the sparse recovery problem through ¢°-minimization. The definition below extends
this concept to the context of distributed sparsity of fusion frames. It requires the NSP property to be valid
for all local subspaces up to a certain local sparsity level with respect to sparsity pattern s. To this end, we
equip each subspace W; of KN with a sub-index set A; with A; € [N] such that 7y, (x) = xa,. Clearly, if {W;};
forms a fusion frame for KY, then |J; A; = [N] and | A; |:= rank(rtyy,) = dim W;. In this case, we have that
the sparsity of each local signal is at most N; :=| A; |.
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Definition 1.4. (Distributed partial null space property (DP-NSP)). Let ‘W be a fusion frame for KN and let s be a
sparsity pattern (with entries s;). A sensing matrix A € K™ is said to fulfill the DP-NSP with sparsity pattern s
with respect to ‘W and constants pq,--- ,p, € (0,1) and t1,--- , 7, > 0 if

(W v)sill < pill(w, v)g Il + Till Al
forallve KN,1<i<n,S; C A with|S; |<s.

In compressed sensing, the analysis of recovery algorithms usually involves a quantity that measures
the suitability of the measurement matrix. The restricted isometry property (RIP) [2, 6] is a very simple
such measure of quality. The restricted isometry constant &; of a matrix A € K™ is defined as the smallest
0 2 0 such that for all s-sparse x,

(1= 0)lIxI3 < IAXI5 < (1 + O)IIxIl3- (4)

In this case, we call A € K™V satisfies RIP(s, 6). The following definition generalizes the concept of RIP to
the distributed sparse signal model.

Definition 1.5. (Partial-RIP (P-RIP)). Let ‘W be a fusion frame for KN and let A € IK™N. Assume that A satisfies
the RIP(s;, 6;) on W;, with 6; € (0,1),i € {1, ...,n}. Then, we say that A € KN satisfies the partial RIP with respect
to ‘W, with bounds 01, . .., 0, and sparsity pattern's = (s1,- -+ ,Sy).

1.3. Outline

The subsequent sections of this paper are structured as follows. In Section 2, we establish that leveraging
the fusion frame methodology, any signal exhibiting a sparsity pattern s can be retrieved in a stable and
resilient fashion through the utilization of the aforementioned tools. Our theoretical analysis reveals that
the deviation in the approximation of the solution is effectively managed. Moreover, the robustness and
stability guarantees are further fortified by substituting the {!-error bound with an ¢-error bound, where
p > 1. Motivated by the principles of compressed sensing and fusion frames, Section 3 reintroduces the
concept of relay fusion frames, which expands their applicability to encompass the recovery of arbitrary
signals within the ambient space, without the necessity of a sparsity assumption. By harnessing the
principles of operator theory, we formulate several recovery criteria that are firmly rooted within the relay
fusion frame setting. Finally, we elucidate the relationship between relay fusion frames and compressed
sensing.

2. Recovery based on fusion frames

Employing the aforementioned tools, our focus lies in the stable and robust recovery of any signal
exhibiting a sparsity pattern s, leveraging the fusion frame approach that was detailed in the preceding
section.

2.1. DP-NSP based recovery

Theorem 2.1. Let A € K"™N and W a fusion frame for JKN with lower fusion frame bound a > 0 and fusion frame
operator Say. Let (), be the linear measurements y© = Amy,x + e® for some bounded noise vectors e such

that ||le®||, < ni,i=1,2,---,n. Denote by ;(l\) the solution to the local basis pursuit problem (P1,,,). If the matrix
A e KN satisfies the DP-NSP with sparsity pattern s with constants p1,--- ,pn € (0,1) and t1,--- , 7, > O with

respect to W, then'x = S, ¥, X approximates x in the following sense:

s < (21 as,(nw,x>1+ZZT”’) ©
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Before turning to the proof of Theorem 2.1, we isolate the following observation, as it will also be needed
later, which gives a characterization of a matrix A € K™ satisfying the DP-NSP with sparsity pattern s.

Theorem 2.2. The matrix A € IK"™N satisfies the DP-NSP with sparsity pattern s with constants p1,- -+, p, € (0,1)
and t1,--- , T, > 0 with respect to W if and only if

21’,’
T A=k ®)

*pi
Iz =)l < 3= >(llmwzlh = lrewxlh + 21tw 05 ) +

1-
forallx,ze KN,1<i<n,S; C A with|S| <s;.

Proof. First, we assume that the matrix A € K™ satisfies inequality (6) for all vectors x,z € K. Fix
arbitrary i € {1, -+, n}. Then for any v € KV, taking x = —vg, and z = v¢ yields

l7ew, valla
1+ .
2 (Irew vl = limw, vl + 20w, vs gl ) + 22 11AvA, Il

1+ i 2 i
2 (I v)gTh = lewv)slh) + 25 AVL.

lIrew, il

I/\

I/\

Rearranging the terms gives

(1 = eIt W)z + 1w, ¥)s.lh) < (1 + po)(Irww)zh = 1w, ¥)s, I ) + 2Tl Avlly,
that is to say
I(w, v)s, Il < pill(tw, V)51l + Till Av]la.

This is the DP-NSP with sparsity pattern s with constants py,---, p, € (0,1) and 71, -+ , T, > 0 with respect
to W.

Conversely, we assume that the matrix A € K™ satisfies the DP-NSP with sparsity pattern s with
constants py,---,p, € (0,1) and 7y,---, 7, > 0 with respect to W. For x,z € KN, setting v := z — x, the
DP-NSP yields for any i € {1,--- ,n}

I(w, v)s,lh < pill(mtw, v)glh + Till Av]la. ()
Observe that
Itwxllt = I(ew,X) <l + I(mwX)s Il < (w51l + [(twx — Tw,2)s 1l + [[(7tw2)s, 11,
5, Sx

I(mw,x = T, 2)glh < (T X)g 1l + I(mtw,2)g |-

Adding these two inequalities together gives

I(mwx = tw,2)5 1l < lImwzlh = lImwxlh + l(ewx = 7w 2)s [l + 21w x)g (8)
Combining inequalities (7) and (8) gives

(I = pill(mew,v)glh < lImw,zlh = llmew Xl + 2l (mw Xl + il Av]l.
Now using the DP-NSP once again, we derive

= l(mw,v)s I + (7w, vl
< (1 + pll(rw,v)glh + il Avll,

1+ i <l
< 22l 2l — il + 2005 lh) + 2 1A - 0l

lIrew,vily

which is the desired inequality. [
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Proof of Theorem 2.1. Let @,i € {1,---,n} be solutions to the noisy (#1,,,) basis pursuit problems. By
applying the inverse fusion frame operator and fusion processing, it follows thatx = 57, ¥, x®. This yields

1 v — 1v —
R < 1Y rx = 0], < 23" x50, ©
i=1 i=1
Foreachi € {1, n} we estimate the error on subspace W, in the £! sense. Itis easy to see that ryy,x = x(.

Put v; := 7y, (x — x(l)) = i, X — X0 = T, (Tow, X) — x®. Now employing the inequality (6), we have

vills < L2 (IO — llmpgxlh + 2wl ) + (10)

1
— pPi ! 1-p;

Take S; to be the set of best s; components of x supported on W; so that ||(nw1x)§||1 = 05,(1w;x)1. Since x® is

a minimizer solution of (P1,,), [x?|l; < ||7w,x|l1. This implies that

(p)

i

il <

27T,
Os; (nW x)1 + 1= ||AV1||2 (11)

Summing up the contributions for alli € {1,--- , n} we obtain

valnl—ZHnwx |, < Zz(l+p’)os(nwx)1+z4”' 12)

The last step involved the inequality [|Av||, < 27;, which follows from the optimization constraint as

AVl < |ATtwx® = yPlla +ly? — Amwxlla < 21;.
Finally, combining inequalities (9) and (12), we arrive at the desired result. 0O
. > (1+pi\? > (2 \! n . .
Remark 2.3. Note that if we let p = (1—_F)i)i:1’ T = (1 " )l v 17 = (), then error estimate (5) can be simply
represented as follows

IR~ xla < 2(¢,6% 000) + (@, ). (13)

Assuming perfect measurements (that is, n; = 0), the error bound (13) yields
2,
K= xll2 < =7, 07" (). (14)

2.2. RP-NSP based recovery

We now turn to another main result of this section. It enhances the previous stability and robustness
result by replacing the ¢!-error estimate by an P-error estimate for p > 1. A strengthening of the DP-NSP
is required.

Definition 2.4. (Robust and stable partial null space property (RP-NSP)). Let n be an integer and ‘W a fusion frame
for KN. Let s = (s1,- - ,8,) be a sequence of non negative numbers representing the sparsity pattern with respect to
W. For a number q > 1, a sensing matrix A € K™Y is said to satisfy the €9-RP-NSP with pattern s with respect to
W and with constants p1,--+ ,pp € (0,1)and t1,--- , 1, > 0 1f

Pi
(W V)silly < =7 (w5 il + Till Avlla.
s. :

i

forallve KN,1<i<n,S; C A with|S)| <s;.



G. Hong / Filomat 39:6 (2025), 1797-1811 1803

Armed with this notion, we can now give the following recovery guarantee result.

Theorem 2.5. Let A € K™ and ‘W a fusion frame for KN with lower fusion frame bound a > 0 and fusion frame
operator Sqy. Let (yO)L be the linear measurements y© = Ay x + e for some bounded noise vectors e? such

that ||le?|, < ni,i=1,2,--- ,n. Denote by x the solution to the local basis pursuit problems (P1y,)- If the matrix
A € K™N satisfies the (1-RP-NSP with sparsity pattern s with constants p1,o,pn € 0,1)and T, , 7, > 0

with respect to W, thenx = S, ¥.; xO approximates x in the following sense:

IRl < 2 (G, 02000 + @, ), 1<p <, 15)

s}"””"mami))" S
i=1

where ps = (M)” ,Ts = ( i =ML,

53_1/"(1—p,‘) i=1
For the proof of Theorem 2.5, we establish the auxiliary result Lemma 2.6 below.

Lemma 2.6. Given 1 < p < g, suppose that the sensing matrix A € K"™N satisfies the (1-RP-NSP with pattern s
with respect to ‘W and with constants py,--- , py € (0,1) and 71, , 7, > 0. Then
(1+pi
lIrtw,(z = x)ll, < W(nnwzul — lirewxlhy + 204, (mw,x) )

s Tz(3+pz

(16)
3

IA(z — x)ll2
forallx,z € KN,1<i<n,S; C A with|S)| <s;.

Proof. In view of inequality ||vs, ||, < 53/ Py q“VS,-Hq for all v e KN,1 < p < g, we observe that the {7-RP-NSP
implies that, forany 1 <7 <n, S; C A; with |S;] < s;,

It Vs lly <~ Sl vglh + s, AVl forall ve KV, (17)

i
In particular, it holds
Imw Vsl < pill(w, vyl + s, 7l AV
forallv e KN,1 <i<n,S; C A with |S;| <s;. Thus, for all x,z € KN and each i € {1,---,n}, applying
Theorem 2.2 leads to

1-1/q

TiS;
=5 1Az =Y. (18)
—pi

+ Pi
I, (z = %)l < — p,(||nw,z||1 — lirtwxlly + 205, (w,x)1 ) +
1

Then, choosing S; as an index set of s; largest entries of z — x, we use inequality (3) to notice that

1
7w, (2 = )lly < [1(mw (2 = 20)lly + =7 lImow 2 = )l
! S.

1

In terms of (17), we derive

It (z = )llp )
<E = lmw,(z = )|l + T 1/,,||(7TW (z - X)) lh + s, Az = Xl
i+ K 1/p-1/
<7 —Hrllmw,z = %)l + s, Az - x)||2
i 1/
(1+p; 5 3+pz
< #(”nw,lnl = |lmwxlly + ZUS,(ﬂw,X)l) + lA(z = x)ll2,

which proves our claim. [
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We now give a sketch of the proof of Theorem 2.5.
Proof of Theorem 2.5. Let us follow the strategy used in the proof of Theorem 2.1. It is readily to
observe that

1 v —
K= x|, < Zl e = xO1] . (19)

Put v; := my,(x - ;(i\)) and employing the inequality (16), we obtain

(1+pi)?
illy < 2T (2l =l + 20, (ra01) +
S. P1— i
1

1/p-1/
S; y qTi(3 + Pl)

- Avil, (20)
—

Summing up the contributions for all i € {1,-- -, n} and applying inequality (19) finishes the proof. O

2.3. P-RIP based recovery
Before proceeding we recall an important fact from the standard compressed sensing literature. That is,

if the restricted isometry constant of A € Km<N obeys 0y < 4/ V41, then the matrix A satisfies the £2-robust
null space property with constants 0 < p < 1 and t > 0 depending only on 6,5, where p and 7 can be
respectively taken as

025 V1 + 0o

p=———<1, 1:1= —.
1/1—(5%5—625/4 1/1—655—625/4

Note that the matrix A satisfies P-RIP conditions, if it satisfies RIP-like conditions on every subset of vectors
in range of mty,. Therefore, if A € K™ N satisfies the P-RIP(2s, 8) with 6 = (81, ..., 0,) with sparsity pattern

s = (s, ,8,) and 6 = (01,...,0,) with 6; < 4/ V41, for all 1 < i < n, then, the matrix A satisfies the
£2-RP-NSP with constants (pi, Ti)!,, where

i=1"
5 VI+d;
pi=—<1, 111 = ———.
18— 6;/4 1- 62— 5:/4

This obsevation shows the existence of random matrices satisfying the RP-NSP. Hence, by combining
Theorem 2.5, we can show that the P-RIP is sufficient for stable and robust recovery.

Theorem 2.7. Let A € K™ and ‘W a fusion frame for KN with lower fusion frame bound a > 0 and fusion frame
operator Sqy. Let (), be the linear measurements y© = Amny,x + e® for some bounded noise vectors e such

that ||le?|, < ni,1=1,2,---,n. Denote by ;(’\) the solution to the local basis pursuit problems (P1,,). If the matrix
A € K™ satisfies the P-RIP(2s, 5) with sparsity pattern's = (s1, -+ ,8,) and 6 = (61, .. .,0,) with &; < 4/ \/éﬁ,for

all 1 <i<n. ThenX = S}, X.; x approximates x in the following sense:
1 o (&g ()1,
R-xl <~ Y (222 4 ) (21)
o ; /s
where &; and C; depend only on the RIP constants 6;.

Proof. Since the matrix A € K™N satisfies the P-RIP(2s, §) with sparsity pattern s = (s1,---,s,) and
0=1(01,...,0,) with §; < 4/ V41, for all 1 < i < n, the matrix A satisfies the £2-RP-NSP with constants

pi=—<1, 1 1<i<n.

— V1 +6;
1-067—06i/4 \J1-62-06i/4

Now the conclusions follow from Theorem 2.5. [
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2.4. Tangent cone based recovery

We end up this section with the following characterization of exact distributed sparse recovery via
{'-minimization, which involves tangent cones to the ¢!-ball. Once again, we need to define the concept of
local tangent cone with respect to fusion frame for the distributed sparse signal model. In order to properly
state our result, we recall some basic concepts from convex analysis. A convex set C C K" is called a cone
if it is closed under positive linear combinations. In addition, if C is convex, then C is called a convex cone.
The conic hull cone(T) of a set T ¢ KV is the smallest convex cone containing T [13]. Given some nonzero
x € KN, we define the local tangent cone at x with respect to fusion frame W as

Try, (x) = conefrw,(z = x) : z € KV, [zl < llmwxlh), 1 <i<n,

where the notation cone represents the conic hull.
The following theorem characterizes when x can be well approximated using the convex programs
Pqu,l <i<n.

Theorem 2.8. Let A € K™ and ‘W a fusion frame for KN with lower fusion frame bound a > 0 and fusion frame
operator Sqy. Let ()" be the linear measurements y© = Amw,x + e for some bounded noise vectors e such that

lle@l, < n,1=1,2,---,n. Denote by ;(’\) the solution to the local basis pursuit problems (P1,,). If

inf lAVill2 > 7,
Vi€l (9/lIvill2=1

for some constants T1,--- , T, > 0 with respect to W, for all 1 < i < n, then'x = S, ¥,; X approximates x in the
following sense:

2 i
- < = -
R-xlb< 303 2)

Proof. For each i € {1,---,n}, since x) is a minimizer solution of (P1,,), x| < [Imwx|l;. This yields

€ Ty, (x). (Note that x@ — 1y, x # 0 can be safely assumed.) Since ||vi|; = 1, the assumption

x(’)—nwix
==
X0~
implies [|Av;||; > 7;, that is,

AT, (XD = x)ll2 = TilxD = 7w, xllo.
It follows by the triangle inequality that
AT, (0 = %)ll2 < A7t X0 = yOlla + Iy = Az < 2n,

which allows us to conclude that
1 v — 2 7
< = x—x0O| <=2V L. 23
3 X||2_a;)‘7'iw,x x 1|2_a;n (23)
[

3. Recovery based on relay fusion frames

Throughout this section, I will denote a generic countable (or finite) index set. Let H and K (resp.
Ki,i € I) be separable complex Hilbert spaces and let B(H, K) (resp. B(H,¥K),i € I) be the space of all
the bounded linear operators from H to K (resp. K, i € I). If H = K we write B(H). Usually, it will be
clear from the context which norm we use. If W C H is a closed subspace, we let tyy € B(H) denote the
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orthogonal projection onto the subspace W. In particular, we use the notation {W;}ieg C H to represent a
family of closed subspaces {Wi}icr of a Hilbert space H, for the sake of brevity.

The purpose of this section is to introduce a generalization of the distributed sparse recovery to the case
where the measurement model is replaced by a so-called relay fusion frame. This model takes the form

yi=Amw(f), feH

where A; € B(H, k), i € I. We examine the question of reconstructing vectors from these linear measure-
ments.

3.1. Relay fusion frames and their operators

Definition 3.1. Let {Wilier C H, {vilien be a family of weights, i.e. v; > 0 for every i € I, and A; € B(H, K;) for
all i € I. Then {(W;, Aj, vi)}ier is said to be a relay fusion frame, or simply r-fusion frame, if there exist constants
0 < a < B < oo such that

alfI? < Z lAmw (DI < BIFIP, Vf € H. (24)
iell
Remark 3.2. This definition is consistent with the definition of the classical g-frame [23] in the sense that the case
where v; = 1 and W; = H (that is, w, = ILy) recovers the usual g-frame.

We point out in passing that this structure can be used as a special frame for research. In general, let

Re ={{filiar | fi e Kiand Y IfI? < oo},

iell

Define the analysis operator Tg : H +— Rp by

Tr(f) = {oihimw (P}, Vf € H.
Then
To(f) = Y omw Aifi, Vf = (il € Re.

iell

The new r-fusion frame operator becomes

S(f) = TeTr(f) = Y o2rw, AjAmw,(f), Vf € H. (25)
iell
It is also true that the r-fusion frame condition (24) is equivalent to that aly; < Sg < Blyy. It shows that the

r-fusion frame operator Sg is a positive, self-adjoint and invertible operator. This means that recovery of
any f € H is possible, if Sg(f) is known.

3.2. Relay fusion frame systems based recovery

Another way to recover elements in H is through relay fusion frame systems. Let {Wilier & H, {vilier
be a family of weights, and A; € B(H, K;) for all i € I. Assume further that {f;j} ¢, is a frame for K; with
dual frame {g;j} ¢y, for all i € I. Standard arguments show that {(W;, A;, v;)}icr is an r-fusion frame for H if
and only if {v;rtw, A’ fij}ien ey, is a frame for H. In this case, we call {(W;, Aj, vi, {fij}jep,)}iex is an relay fusion
frame system for H. In the following we will show that the sequence {0;Sz tw, A’ gijicr jey, is a dual frame for
the frame {v;tw, A fij}ie1 jey,- Before that, we are actually going to prove a stronger “if and only if” theorem
below.

Theorem 3.3. For each i € I, let T;, S; € B(H,K;) and {fi} ey, be a frame for each K; with dual frame {g;j} ey, If
{T fij} jey, and {S: gij} jey, are Bessel sequences in H, then they are dual frames in H if and only if ) SIT; = Iy.
iell
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Proof. It is easy to see that for any f € H,
f= ) Y A TifNS g = ) STAf,
i€l jeJ; i€l
which finishes the proof. 0O

Bearing in mind that for each f € H, we have the reconstruction formula

f=) OSEnw A AT (f) = ) oPrw AT AT SR ().

iel i€l

Therefore, a direct consequence of Theorem 3.3 is that {viS;zlnw‘.Al*,g,' jlie1 jey; is a dual frame for the frame
{oimw, A fijlien jey;-

Corollary 3.4. Let {(W;, Ai, vi, {fij}jey.) )i be an r-fusion frame system for H with associated r-fusion frame operator
Sg and let {gij}jey, be local dual frames with respect to {fij}jey,, i € I. Then {visq‘elnwl A’gijlie jey, is a dual frame for
the frame {v;Ttw, A’ fijlien jey;-

It is interesting to observe that a “dual” relation also holds.

Corollary 3.5. Let {(W;, Ai, vi, {ij}jey.) i1 be an r-fusion frame system for H with associated r-fusion frame operator
S and let {g;j}jey, be local dual frames with respect to {fij}jey,, i € I Then {v;Sg' tw, A’ fijliew jey, is a dual frame for
the frame {viTtw, A gijhien,jey,-

The above findings justify that r-fusion frame is convenient in that it allows us to recover any signal,
whether it is sparse or not.

3.3. Relay fusion frame algorithm based recovery

In order for reconstruction formula to be useful, we need to invert the r-fusion frame operator, which
is often a challenging task. Another option is to use an algorithm to obtain approximations of f. As a
reminder, we recall from the literature that the algorithm starts with an initial vector f© € H, typically
f© =0, and produces a sequence (f*) defined inductively by

2

k) — fk=1) 4
f f a+p

Sr(f - F*) k2 1. (26)

Theorem 3.6. Let {(W;, A;, vi)}ier be an r-fusion frame for H with r-fusion frame operator Sg and r-fusion frame
bounds a, . Then for every f € H, the sequence (f*)) defined by (26) converges to f with the error estimate

_ oy < (B2
If = FOl < (ﬁ —) Il
Proof. According to equation (25), we have
Srf, fr =) PrwAiAmwf f) = Y PlAmw fIP.
i€l i€l
Thus

2

<(I’H_a+ﬁ

SOf, ) = IfIF = 2 3 A fIF, V5 € H.

i€l
By the r-fusion frame condition, we obtain

2 2a _p-a
+ﬁ57z)f/f> <|IfIF - a_+/3”f”2 = a—+ﬁ||f||2,Vf eH.

(g — "



G. Hong / Filomat 39:6 (2025), 1797-1811 1808

Similarly,

—2IAP < (i -

+ﬁng)f,f>,er H.

Ca+ B
From the two inequalities obtained above, it can be seen that

<ﬁ—a‘
Ta+p

2
I - q
Hﬁ a+ﬁSR

In the light of the definition of (f), we derive

fo 9= = g = Sl - 1) = (-

a+p

e

By repeating this process yields that

k
F= 19 = (1= g Se) (= £

Therefore,

17 = 7901 = o= 55 (=700 = (55 i

a+p
|
The vectors f® in (26) converge to f as k — co. In particular, every f € H can be reconstructed from

the r-fusion frame coefficients Tr(f) = {viAmw,, ( f)}ie]I' since Sg(f) only requires the knowledge of those

coefficients. However, the rate of convergence of the r-fusion frame algorithm depends crucially on good
estimates for the r-fusion frame bounds. For r-fusion frames with a large ratio /& > 1, the algorithm
might require too many iterations to be of good use. To save the algorithm, Grochenig discussed in [17]
two representative acceleration methods: Chebyshev acceleration and Conjugate Gradient acceleration,
and showed that they lead to faster convergence. We refer to the original paper for the details.

3.4. Relay fusion frames and compressed sensing
We first indicate the link among r-fusion frame and fusion frame and g-frame.

Theorem 3.7. Let I be a finite index set and {(W;, Ai, vi)}ier an r-fusion frame for H. Then {(W;, vi)}ier is a fusion
frame for H and {A; € B(H, Ki)}ier is a g-frame for H.

Proof. We only need to illustrate the lower fusion frame bound and lower g-frame bound for {(W;, v;)}ier
and {A; € B(H, Ki)}ien, respectively. Assume that {(W;, A, vj)}ier is an r-fusion frame for H with r-fusion
frame bounds «, . Then for arbitrary element f of H, we have

allfI? < o2llAmw (HIP
< ZvZIIA Plirens (F)IP
< max{lA{P) ) ol (P

We conclude that {(W;, v;)}ier is a fusion frame for H. Similarly, it is easy to observe that for each f € H
allfI? < ZUZIIA oy, (I
< Z oA
< maX Z IAHIP.

This proves the claim. [
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It is readily to see that the assertions of Theorem 3.7 are not true in general if we assume that I is a
countable infinite index set instead of assuming that I is a finite index set. In addition, one may wonder
whether the Theorem 3.7 holds in reverse? In fact, the answer is negative.

Example 3.8. Let Wy, W be closed non-trivial subspaces of H and let H = W1 @ W, and vy = v, = 1. Assume that
A; € B(H),i=1,2and Ay = 0and Ay is any bounded invertible linear operator on H. Obviously, {(W;, vi)}i=1.2 is
a Parseval fusion frame for H and {A; € B(H)}iz12 is a g-frame for H, respectively. However, {(W;, A;, vi)}ier can
never be an r-fusion frame for H.

Fortunately, if all relay operators A, are restricted to be the same, a stronger “if and only if” theorem can
be obtained.

Theorem 3.9. Let I be a finite index set. Then {(W;, A, vi)}ier is an r-fusion frame for H if and only if {(W;, vi)}ier is
a fusion frame for H and A is bounded below from H into K.

Proof. Suppose that {(W;, v;)}icr is a fusion frame for H with fusion frame bounds a,  and operator A is
bounded below from H into K so that [[Af]| > C||f]| with C > 0 for every f € H. Then for all f € H,

aClfIP < C L oflim (/)P
< L otlAmw (PP
<IIAIR L ofllm ()P
< BIIAIRIfIP.

This implies that {(W;, A, v;)}ier is an r-fusion frame for H.
The converse proof strategy is similar to the proof of Theorem 3.7. [

Armed with this fact, let us consider some implications of the result in Theorem 3.9 for a couple of
specific measurement matrix A € K™V, The special case of an s-sparse vector x € KV is also worth a
separate look. By Q); we denote the set of all s-sparse vectors x € KV.

Theorem 3.10. Let ‘W be a fusion frame for KN. Then there exists a measurement matrix A € KN*N such that every
vector x € KN can be recovered via an r-fusion frame procedure. In particular, if x € Qs, then A € KNN contains a
submatrix As as a map from K to KN such that x can be recovered via an r-fusion frame procedure (generated by
Ag).

Proof. Letus fixty > --- > t, > t; > 0 and consider the matrix A € KN*N defined by

1 1 1
5] t tn
A= .
N-1  fN-1 N-1
2 t 5N

The square matrix A is a Vandermonde matrix. The determinant of A equals

detA = H (t — t) > 0.

1<k<I<N

This shows that A is invertible, in particular injective. Therefore, {(W;, A, v;)}icr is an r-fusion frame for KN.
In particular, for an s-sparse vector x € KN with

S =supp(x) :={j € [N] : x; # 0},
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we have Anw,x = Agmw,Xxs for every i € . Note that S = supp(x) ranges through all possible subsets of [N]
of cardinality |S| = s when x ranges through all possible s-sparse vectors. Thus, for each x € Q,

-1y-2 2 2 2 2 2 2 2
AT sl < ) DPlAmwxi? = ) o2llAstwxsl? < IAIPIIxs|

iell iell
O

In view of the proof of the Theorem 3.10, many other matrices meet the requirement of the matrix A.
Instead of the N x N Vandermonde matrix associated with ty > --- > t, > t; > 0, we can choose any matrix
that is totally positive, i.e., that satisfies det A;; > 0 for any sets I, | C [N] of the same cardinality, where A;;
represents the submatrix of A with rows indexed by I and columns indexed by J. In addition, the partial
Fourier matrices can also be used as candidates. More information can be extracted from the Theorem 3.10,
that is, if x € KN is an s-sparse vector, then we only need to construct an r-fusion frame for Q;, rather than
for the whole ambient space. This simple observation might be useful in practical applications to reduce the
computational complexity and thus improve computational efficiency. Moreover, given any s-distributed
sparse vector x € KV, a set S’ (at most [N]) can always be found such that x = xs'. Therefore, according to
Theorem 3.10, there exists a measurement submatrix Ag € KN so that every s-distributed sparse vector
x can be recovered via associated r-fusion frame procedure.

Let Q} be the set of all s-distributed sparse vectors with respect to the family of subspaces (W;);. The
following theorem states that the P-RIP is a sufficient condition for a setting to be an r-fusion frame. Thus,
any s-distributed sparse vector can be recovered by an r-fusion frame system under the assumption of the
P-RIP.

Theorem 3.11. Let ‘W be a fusion frame for KN with frame bounds a,p. Let A € K™N satisfy the P-RIP with
respect to ‘W, with bounds 61, ..., 0, and sparsity pattern's = (s1,--- ,s,), and let

ao—ozmml— ﬁo—ﬁmax1+6}

Then {(W;, A, vi)}ien is an r-fusion frame for Q;W with r-fusion frame bounds v, Po.

Proof. For any x € QW, according to the inequality (4), we know
Y @ -sylimwxP < Y oZlAmwx? < Y1+ 602l xR
iel iel iel
Further using the fusion frame inequality (2), we get
amindl — §}|IxI> < mini{1 - §; Z o[l x|
< Z(l = 0i )Uzllﬂw x|I*
< Z ol ATty X1
< Z(l + 007 [l x|
< lrer]11axl{1 + i} Z ol I
< Bmax;{l + 6; }||x|| ,

which concludes the proof. [

Remark 3.12. We would like to add a few comments about r-fusion frames and compressed sensing. Note that
Theorem 3.11 can be used as special bridging results for fusion frame. Recall that the bridging problem investigate
conditions on relay operator to ensure that a given fusion frame can form an r-fusion frame, cf.[19]. In compressed
sensing terms, this is equivalent to investigate conditions on measurement matrix A which ensure exact or approximate
reconstruction of the original sparse or compressible vector x. In other words, the recovery guarantee conditions on A
provide solutions to the bridging problem for fusion frames.
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