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The characterization of the weighted modified Morrey spaces

Abdulhamit Kucukaslan?®

 Ankara Yildirim Beyazit University, Ankara, Turkiye

Abstract. In this study, firstly we define the weighted modified Morrey spaces Z,,,A (R", ) for the weight
function p in the class A,(R") and we prove the boundedness of some classical operators as the generalized
fractional maximal operator M, and the generalized fractional integral operator I, from the weighted

modified Morrey spaces ZM(]R", uP) to Z,M(]R", pt) with u? € A, s (R") and from ZM(IR", u) to weighted
>

weak modified Morrey spaces WZM (R", u7), with u € A1 4(R") by proving the appropriate weighted norm
inequalities.

1. Introduction

Morrey spaces L, 1(IR") were given by Morrey in [20] as the following: For 1 < p < 00,0 < A <n,f €
L,A(R") if f € Ly°(R") and

A
Il sy := sup 7 |Ifll, @B < o0
xeR",r>0

holds. The most important properties of these spaces is to be useful in the study of local behavior properties
of the solutions of second order elliptic PDEs. Morrey spaces have important applications to potential theory
[1] and [2], elliptic equations [4], regularity problems [23, 24] and [25], Navier-Stokes equations [29] and
Shrodinger equations [26]. For more information about the Morrey spaces can be seen in the book [28].

Weighted Morrey spaces L, (IR", ) were introduced in [19] as follows: For 1 <p < 00,0 <k <1and u
be a weight, f € L, «(R", u) if f € L;,“C(]R”, 1) and

AN, ey = sup w(Bx, 1) 7 I fllL, Barm < -
xeR",r>0
In recent years, it has been working on the behaviors of classical operators of harmonic analysis in the

modified Morrey spaces EP,A(R”). Some examples of these works can be seen in [3, 7, 8] and [27]. The
boundednesses of fractional maximal operator M, and Riesz potential operator in the modified Morrey

spaces ZP,A(R”) were investigated in [6]. The generalization of these two-operators as the generalized
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fractional maximal operator M, and the generalized fractional integral operator I,, respectively, in the
modified Morrey spaces L, 1(IR") proved in [13].

Let f € L, (R") which is the set of locally integrable functions. For a measurable function p : (0, ) —
(0, 00) the generalized fractional maximal operator M, is defined by

Mﬁur=wp“”i;gﬂw@

n
0 T

and the generalized fractional integral operator (so called, generalized Riesz potential operator) I, by

L@ = [ PP oy

re X =yl

for any measurable function f on R", respectively. If p(r) = ¢, then I, = I, is Riesz potential and
M, = M, is the fractional maximal operator, respectively. If p(r) = 1, then M, = M is the Hardy-Littlewood
maximal operator.

There is a stong relation between these two operators M, and I, (see [10], pp. 78), such that

M f(x) < CL(fP). (1.1)

The generalized fractional integral operator I, was initilally investigated in [15]. Nowadays many
authors have been working on these two operators I, and M, especially in connection with Morrey-type
spaces. For some of these studies can be looked at [9-14, 16, 17].

In the present work, first we define the weighted modified Morrey spaces ZP,A(R”, w) when u in the
Muckenhoupt’s class A,(IR") and then we prove the boundedness of these two operator I, and M, from the

weighted modified Morrey spaces zp,,\(]R”, uP) to Zq,A(R”, uT) with uf € A, 4 for1 <p < g < oo and from
—_— —_— L4
L1 (IR", u) to the weighted weak modified Morrey spaces WL, 1 (R", u7), with p € Ay, forp=1,1<q <o

(see, Theorem 3.4 and Theorem 3.6, respectively) by proving the appropriate weighted norm inequalities
(see, Lemma 3.3). Our all weight functions are belong to Muckenhoupt-Wheeden classes A, 4(IR").

Throughout the paper we use the letter C for a positive constant, independent of appropriate parameters
and not necessarily the same at each occurrence.

2. Preliminaries

Let x € R" and r > 0, then B(x,r) C R" is denoted as the open ball centered at x of radius . We show
the Lebesgue measure of ball B(x, r) by |B(x, r)|, the Euclidean space by IR” and the characteristic function
of E by xg. A weight function is a locally integrable function on IR" which takes values in (0, co) almost
everywhere. For a weight u and a measurable set E, the weighted measure of set is

)= [ e,

the special case of yu = 11is u(E) = |E|.
. Let f € L(R") and 1 < p < co. Then we denote by Li,”c(]R”, ) the weighted Lebesgue space defined by
the norm

1
P
f X B, ®eu = (f If(x)lpy(x)dx) < 0.
B(x,7)
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A weight function u belongs to the Muckenhoupt class A,(IR") (see [21]) for 1 < p < oo, if

1 I PR
sgp(mlfo(x)dx)('BIfo(x) ”dx) <C,

and a weight function y belongs to the Muckenhoupt-Wheeden class A, ;(R") (see [22]) for1 < p < g < oo,

sup(|]13| fy(x)qu)q (”13 f (%) pdx), <C, (2.1)

where the supremum is taken with respect to all balls B and C > 0. Note that, for all balls B by Holder’s
inequality we get

if

L _
1Bl all, @l iy ) > 1. (22)
If p=1, wisin the Ay ,(R") with 1 < g < 0 if

1 g 1
x)1dx —|<C
sup(|B|f (x) ) (ess supxeBy(x))

where the supremum is taken with respect to all balls B and C > 0.
The following lemma show that the equivalence conditions for relation parameters p, g, 7, s.

Lemma 2.1. [18] If u € A,, q(]R”) with 1 < p < q < oo, then the following statements are true.
() ui € A,(R" withr =1+ 2

P
(i) i7" € Ap(R") with ' =1+ L.
(i) 1 € As(R") withs =1 + qﬂ
(iv) i1 € Ag(R") with s’ =1+ 1.

The weight function u satisfies the reverse doubling condition if there exist constants a3 > 1 and a; < 1
such that

u(B(x, ) < arp(B, arr) (23)

for arbitrary x € R" and r > 0.
We give the definitions of weighted modified Morrey spaces and weighted weak modified Morrey
spaces as follows.

Definition 2.2. Let 1 <p < o0, 0 < A <n, u € A,(R"). We denote by ZP,A(R”, ) the weighted modified Morrey
space, as the set of locally integrable functions f(x), x € R", with the finite norm

I, e = sup Tminf, (B D) 1Al e

R",t>0
Note that, by inequality (2.1) we get that
Lyo(R", 1) = Lyp(R") = Ly(R", ),

Lya(R", 1) = Ly A (R", 1)
and
max{”f”L},/A(R”,lu)/ AN, @re b < NIf I IR

and if A < 0 or A > n, then the space L, ,(R", u) = L, ,\(]R”, ) is trivial.
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Definition 2.3. Let 1 <p <o0,0< A <n, u € A,(R"). We denote by WZP,A(R", ) the weighted weak modified
Morrey space as the set of all local integrable functions f(x), x € R" with finite norm

_A
Al oy 3= Sup Imin{1, (B, )17 1 fllwe, 3 g-

xeR", >0

Notice that the following are valid. By the inequality (2.2) we have that
WLy(R", ) = WL o(R", ) = WLyo(R", 1),

Lp,}\(]Rn/ [—1) c WLp,/\ (]Rnr [J) and ||f||W—L~p,,\(R”,p) < ”f”—ip,)\(]R”,[l)'

Remark 2.4. In the Definition 2.2 and Definition 2.3, in the special case, if we choose Lebesgue measure of
B(x, t),|B(x, t)| instead of weighted measure u(B(x,t)) then we get definition of modified Morrey spaces L, (IR")
and weak modified Morrey spaces Ly, ,(R"), respectively.

3. The operators I, and M, in weighted modified Morrey spaces

When we consider our two-operators I, and M, we will always assume that p satisfies the Dini condition:

1 00 ¢
f p(t‘)ﬁ < o, f p) at < o0, (3.1)
0 t T

respectively, to ensure the presence of both operators I, and M, in the defined domain, we choose at least
for characteristic functions 1/|x|** of complementary balls,

_ Xrn\BO1)(X)
fx) = T
Also p satisfies the growth condition: there exist constants C > 0 and 0 < 2k; < kp < oo such that
kz}’
s t S t
sup in)SCf &Jrzdt,r>0; sup &H)SC sup ﬁn), r>0 (3.2)
tes<y S kr r<s<2r S kur<t<kor 1

for the operators I, and M,, respectively. Also we will put the following conditions on p (see, [15]):

fr @dt <Cp(r), r,t>0 (3.3)
0
and
PO PO o, (3.4)
rn Sn

so that the sufficient conditions for the boundedness of generalized fractional integral operator I, and gen-
eralized fractional maximal operator M, are satisfied on the weighted modified Morrey spaces L, 1(IR", u).

Lemma 3.1. [17] (i) Let 1 < p < q < co. Then the operator I, is bounded from L,(R") to L,(R") if and only if there
exists C > 0 such that for all r > 0

p(r) < Crii. (3.5)

(i) Let 1 < q < co. Then the operator I, is bounded from L1(IR") to WL,(IR") if and only if there exists C > 0 such
that for all r > 0

n

p(r) < Cr' . (3.6)
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The following lemma can be derived from Theorem 1.6 in [5] which is valid for the operators I, and M
(R") satisfies (2.3), the function p satisfies the conditions(3.2)-(3.4),

Lemma3.2. [5]Letl<p<g<oo,ule€A a
and f € L°(R", u). Then there exist C > 0 for all B(x,r) C R" such that the inequality

p(r) g ! )
sup —— wi(x)dx pux)Pdx] <C (3.7)
xeRir>0 1" () B(x,r)
is necessary and sufficient condition for the boundedness of generalized Riesz potential operator 1, and generalized
}7( 7

fractional maximal operator M, from L,(IR", u?) to WL,(R", u7) for 1 < p < q < oo, and from L,(R", u¥) to Ly(IR", uf)
forl<p<g<oo,uleA (IR"), where the constant C does not depend on f.
The following weighted norm inequalities are weighted local L,(IR", u1)-estimate for the operator I

Lemma3.3. Let 1 <p <q<oo, uT € A, 1 (R") and p(t) satisfy the conditions (3.2)-(3.4)
P
i) If the condition (3.7) is fulfill, then weighted norm inequality

o f XBGnIL,®ewny S 1 fXBE20 L, e )
1 _1 (t) dt
+ B [ x50 @8)
2r

holds for the ball B(x,r) and for all f € Li,”c(]R”, ).
i) If the condition (3.7) is fulfill, then for p = 1 the weighted norm inequality

o f XBe W,y S 11 FXBE20 L
1 _1 (t) dt
GGt [ Wreal @6 o 2% (9)

holds for the ball B(x,r) and for all f € L’lm(]R”, )
For the set B = B(x, r) for the ball centered at x and of radius r.

Proof. Let1 <p<g<ooand u? € Ay, q.
p
Write f = fi + f, with fi = fxopand f» = fx¢ 2By Hence, by the Minkowski inequality we have

o fXBIlL, @Ry < W AAXBIIL, @Ry + I f2XBIIL, (R, o) -
Since f1 € L,(R", uP), I,f1 € Ly(R", u7) and from condition (3.7) we get the boundedness of I, from
»(R?, uP) to Ly(R", u7) (see Lemma 3.2) and it follows that

o ixsllL,wewny < o fillL,wewny < CllfallL, ge,rey = Cllf X2BlIL, ®e wr),
where constant C > 0 is independent of f.
It’s clear thatz € B, y € "(2B) implies 5lx —y| < |z—y| < %Ix — y|. Then from conditions (3.1), (3.2) and by

Fubini’s theorem we have
(Ix =yl “ (t) dt
na@rs [ B s [ iwe”
Copy X =Yl 27 JBp t

Applying Holder’s inequality and from (2.2), we get

(lx = yl) “ (t) dt

f %If(y)ldy < f I X Bl e [l ™ XB(xt)”L (R )Pn
(2B) lx =yl 2 ot
p( ) dt

<f I f X B I, (R, oy (7 (Bx, H)) T
2r

~
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Moreover, for all p € [1, o) the inequality

P(t) dt
n

1 _1
o foxsllL, @ ury S (@7(B))7 f | fxBe i, ey (U (B, 1))~
2
is valid. Thus
o f xBlL, @R oy S I fX2BIIL, Re )

1 7 p(t) dt
+(y‘7(B))qf lf xBe L, re, ol x L, ®ny—— el
2r

n
On the other hand,
f x2BllL, (R? ) = r_i”f)QB”Lp(]R",yl’) fm ?#
(”r) I1f X280 1)L, (R, ) % #
< (u(B))" Il Xl (re) j: Ilf X280 L, ) pt(,f) it
pS (Hq(B))% j; I X201l (R, ol Xae, pllL,, )pt(nt) d:
@B [ Wl o (0660 528 @10
Hence by
Iy F sl e < OB f2 sl e (0BG, 1)+ 28
we get the inequality (3.8).
Now letp =1 and u € Ay ;. In this case by (3.7) we obtain
W frxsllwe,®e,uny < IHp fillwe, e )
S Al e g
= |If xsllL ®e
~ %“fXZB”Ll(IR",y) f"o %#
(r) f I f X280 Ly (R, ) P(j)?
pS (#q(B))? e sl f:o I1f X 2B pllLs (R ) pt(f) dtt
S (WB)" fz ol il ol B 2
< (#4(3))3,1; I f X 2B )Ly (R, ) (7T (B(x, t)))_f ot )it- (3.11)

Then from (3.10) and (3.11) we get the inequality (3.9). O

In the following theorem, we give the sufficient conditions for the boundedness of the generalized Riesz
potential operator in the weighted modified Morrey spaces. We prove Theorem 3.4 using the weighted
norm inequalities given in Lemma 3.3.
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Theorem 3.4. Let0< A <n,1<p<qg<oo,ul €A s(R")and the function p be a positive, measurable function
— 4
and p(t) satisfy the conditions (3.2)-(3.4) and f € Ly A(R", u).

(1)) If 1 < p < q < oo and p satisfies the condition (3.5) and u € A1,(R"), then the generalized Riesz potential
operator 1, is bounded from Lp A(R", uP) to L A(R™, u7) and the following weighted norm inequality satisfies, i.e.,

||Ipf||Z'A(]RH ‘LU) - C”f”" ’\(]R” ‘up)

(i) If p=1,1<gq < ocoand p satisfies the condition (3.6), then the generalized Riesz potential operator 1, is bounded
rom L1 A(R™) to WL A(IR™) and the following weighted norm inequality satisfies, i.e.,
9, & weig quanty

“Ipfnwzq,/‘(]Rn,Hq) < CHf”Zl,,\(]R”,y)’
Proof. (i) Let0 < A <mn, 1 <p<gq<oo,ul €A, :(R"), p(t) satisfy the conditions (3.2)-(3.4) and f €
4

ZP,A(R”, w). If we write for first part of the inequality of the Lemma 3.3 in the form of maximal function
Mf(x) then we get

. 1,4
||Ipf||fqﬂ,‘(mrz,“q) = Ssup [min{1, [J(B(xr t))" o ”Ipf”Lq(B(x,t),‘uq)

xeR", >0

sup ([min{l,y(B(x,f))'l’}]_Af Ilpf(y)lqdy)q
B(x,t)

xeR", >0

<C sup [min{1, u(B(x,t))"}

xeR",t>0

) pm \
X (fB( )(P(T’)Mf(]/) + f ”f”Lp(B(x,T),yP)n—HdT) dy)
x,t v o

<C sup [min{1, u(B(x,t))7} N

ol

YR £50
R N 1g
X(f (p(r)Mf(y)+ A1, oy min{ Pﬂ(z dr, I:(:C)l T}) d]/)
B(x,f) ' ron oY
= sup [min{l, ] 7
xeR",t>0
- (fB( (p(r)Mf W)+ AL, o mm{ r("r)' p”(r‘) }) dy)
o Poorw

q-r
I wewy\ T
Thus choosing p(r) = (%) for all y € B(x, t) we obtain

1,.,-4 1- 4
Mol ey < € sup [min{L, (Bx, )T 7 1A

IMf ||
xelR", >0 A(R",uP) Ly(B(x,t),uP)"
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Hence from the boundedness of Hardy-Littlewood maximal operator M in the spaces Zp, 1(IR") (see [6],
pp- 493) we get that

1-E L
q q —
Mo Uiy < CUE o M o =, iy

which completes the boundedness of the generalized Riesz potential operator I, from ZM(IR”, uP) to
Z )\(Rn/ (uq)
q,

(ii) Letp =1and 1 < g < co. From the Theorem 3.3 we have

I f(0)l < C (p(f)Mf (x) + ft If ||L1<s<w>p,,(+fdr)

) p(t)
( (OMf () + IfIIz T (R, ) TOIDY {ptn 'Zq A})

q-1
A wew\ 0
Thus choosing p(r) = (%) " forall y € B(x, t) we obtain
I < COAFCN AL, (3.12)

From the inequality (3.12) and Theorem 1 (ii) in ([6] pp. 494) we get

- : 1y-2
oIy = 510 min{L, (B DM

=supr! sup [min{l, u(B(x, )"} [ty € Bx, 1) : I, f(y)| > 1]

>0 xeR",t>0

< Csupr’ sup [min{l, p(B(x, H)"}]™

r>0 xeR",t>0

x |ly € B(x, 1) : (Mf(y) )”"IIfIL g

AR >l

=supr? sup [min{l, u(B(x, £ ]
r>0  xeR" >0
q

X [y € B(x, t) : Mf(y) >

1/%
||f||~ AR
it
L (IR" 1)
< Csup 1| —2—2 WA, e 0
>0 ,
||f|l- AR

which completes the boundedness of generalized Riesz potential operator I, from ZM (R", u) to the weak
space WL, 1 (R", u7). O

In the special case of our operator I, for p(r) = r* we get a new result in the weighted modified Morrey
spaces for Riesz potential operator I,.
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Corollary 3.5. In the Theorem 3.4, in the special case if we choose p(t) = t* then we get sufficient condition for the
boundedness of Riesz potential operator I, from L, ,(R", uP) to Ly A(R", u7) for 1 < p < q < oo, and from Ly ,(IR", i)
to WL A(R", u7) forp =1,1 < g < o0.

In the following theorem, we give the sufficient conditions for the boundedness of the generalized

fractional maximal operator in the weighted modified Morrey spaces. We prove Theorem 3.6 using the
weighted norm inequalities given in Lemma 3.3.

Theorem 3.6. Let0 <A <n,1<p<g<oo,ul €Ay, and the function p be a positive, measurable function and
— 4
p(t) satisfy the conditions (3.2)-(3.4) and f € L, y,(R", u).

(i) If 1 < p < g < oo and p satisfies the condition (3.5), then the generalized fractional maximal operator M, is
bounded from L, ,(R", u”) to Ly A(IR", u9) and the following weighted norm inequality satisfies, i.e.,

Mo £ ey < CUAIE ey (3.13)

(i) If p = 1,1 < q < oo and p satisfies the condition (3.6), then the generalized fractional maximal operator M, is
bounded from L A(R", ) to the weak space WLq A(R?, u?) and the following weighted norm inequality satisfies, i.e.,

Mo Fllz ey < CIFIE, ey

Proof. The inequality (1.1) implies that the generalized fractional maximal operator M, is dominated by the
generalized Riesz potential operator I,. Hence the proof of Theorem 3.6 can be seen by following step by
step in the proof of Theorem 3.4 for strong-type boundedness at (i) and for weak-type boundedness at (ii),
respectively. [

In the special case of our operator M, for p(r) = r* we get a new result in the weighted modified Morrey
spaces for fractional maximal operator M,.

Corollary 3.7. In the Theorem 3.6, in the special case if we choose p(t) = t* then we get sufficient condition for
the boundedness of fractional maximal operator My, from Ly A(R", uP) to Ly 2 (R", u7) for 1 < p < q < oo, and from
L1 A(R", 1) to WLq,A(]R",y‘i)forp =1,1<g<oco.

In the special case of our operator M, for p(r) = 1 we get a new result in the weighted modified Morrey
spaces.

Corollary 3.8. In the Theorem 3.6, in the special case if we choose p(t) = 1 then we get sufficient conditions for the
boundedness of Hardy Littlewood maximal operator M from L AR", uP) to L,, A(R", yP) for 1 < p < oo, and from
LLA(]R”, ) to WLM(]R”,M)for p=11<g<oo.

Conflict of Interests: The author declare that there is no conflict of interests regarding the publication
of this paper.
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