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Approximation properties of Meyer-Konig-Zeller type operators

Hui Dong®*, Qiulan Qi*"*

#School of Mathematical Sciences, Hebei Normal University, Shijiazhuang, 050024, P. R. China
bHebei Key Laboratory of Computational Mathematics and Applications, Shijiazhuang, 050024, P. R. China

Abstract. In this paper, a new kind of Meyer-Kénig-Zeller type operators will be constructed by their
relationship with Baskakov type operators. Firstly, the Baskakov type operators preserving the function
e (u > 0) will be introduced by the dominated convergence theorem. Secondly, some approximation
properties of this kind of new Baskakov operators will be discussed. Finally, with the help of a trans-

formation from [0,1) to [0, o), we will give the definition and the approximation theorem of the new
Meyer-Konig-Zeller type operators.

1. Introduction

In 1960, Meyer-Konig-Zeller operators were proposed by Meyer-Konig W and Zeller K [28], for f €
CB [Or 1]/

M, (f;x) = Zf(%) mur(x), 0<x<1,
k=0

My(F:1) = F(1), mn(x) = (" ’ k)xk(l .

This class of operators is regarded as the most challenging ones. The difficulties of the Meyer-Konig-Zeller
operators consist in their complexity of calculating central moments. Most researchers investigated only
the estimation of central moments and the approximation properties of the classical Meyer-Konig-Zeller
operators [24, 27, 30-32]. In this paper, using the relationship between Baskakov type operators and Meyer-
Konig-Zeller type operators, we will constructed a new kind of Meyer-Kénig-Zeller type operators and
study their approximation properties.

In 1957, the Baskakov operators were proposed to approximate the continuous functions defined on
the unbound interval [0, o0) [9]. The approximation properties of the Baskakov operators have been well
studied in the last decades [9, 10, 15, 16, 19, 25]. The importance of the classic operators leads to the
discovery of their numerous generalizations that improve the approximation accuracy, such as g-type
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operators, linear combinations of the operators, King type operators, etc. In 2003, King [26] first introduced
a sequence of positive linear operators which preserve the function x2. In recent years, many researchers
[1-7,13,14, 18, 23, 29] focused their attention on the study of constructing King type operators and proving
their properties. In 2022, Huang, Qi [23] introduced a new kind of Szdsz type operators S}, (f; x) preserving
the function e#* “>0): For x > 0, u > 0, f € Cg[0, c0),

. — . k —nay, (x) (nan(x))k
Sﬁ(f"‘)‘;f(n)e TR (1)

where
px .
ay(x) = —, lim a,(x) = x.

n(l _ e*;) n—oo
It is known that both Szdsz and Gamma operators are limits, in an appropriate sense, of Baskakov operators.
And the Baskakov operators can be established by the combination of Szdsz operators and Gamma operators
[11,12,20]. Inspired by this, in this paper, another kind of Baskakov type operators preserving the function
e " (u > 0) are constructed by composition and analytical method.

By calculating, likewise the Post-Widder type operators Pi,(f; x) preserving the function e™** (i > 0) can
be defined by: For x > 0, u > 0, f € Cg[0, 00),

Pﬁ(f;x) = (n—ll)!f f(ﬁn( x)0 )9" 1e-940, @)

where

px

en — 1 .
Bn(x) = - ,}groloﬁ”(x) =x.

n

By changing the variable, the operators P}, (f, x) can also be represented by

PL(f;x) = ﬁf f(6) (ﬁn( )) 0" le M do. ?3)

According to integration by parts, forn, u,x >0,k =0,1--- , we can write

—nay, (6)(11(1”(9)) 1 ( n )” n—1 —:76)- _(7’1+k—1)ﬂ
fo kow-nim@) C Tk e

here

px

en =1 .
yal) = =, lmy() =x.

If we assume S} (|f];0) < 0,0 > 0, applying dominated convergence theorem together with simple argu-
ments concerning power series, then

) - nek=1)__yn@®
LS(f 0) 1)'(ﬁn( ))9 e/(dQ Zf( )( k )(1+)/n(x))n+k'

Hence, the Baskakov type operators that preserve e™** (u > 0) can be expressed as the composition of
Post-Widder type operators and Szdsz type operators.

Definition 1.1. For x > 0,1 > 0, f(x) € Cg[0, o), V5(|f|; 0) < 00,0 2 0, the new kind of Baskakov operators are
given by

n+k-— 1) vk (x) @

Hegon — pHGH£.0Y- ) — - k [
Vn(f/x) —Pn(sn(fre)/x)_kzz()‘f(n)( k (1+yn(x))n+k'
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Further, we will study some approximation properties of the Baskakov type operators V' (f;x), such as
direct theorem and Voronovskaja type weak inverse theorem. The complete structure of the manuscript
constitutes four sections. The remaining parts of this paper are organized as follows. In section 2, the
estimation of central moments of different operators will be given. In section 3, we shall discuss the
approximation properties of Baskakov type operators. In section 4, through a transformation from [0, 1) to
[0, 00), a new Meyer-Kénig-Zeller type operators M, (f;x) will be given and investigated.

Remark 1.2. In this paper, C[0, 0o) represents the space of continuous functions on [0, c0); Cg[0, o0) is the space of
continuous bounded functions on [0, 00); C*[0, 00) := {f € C[0, 00) : lim f(x) exists and is limited }, equipped with
the uniform norm ||f|| := sup |f(x)l.

x€[0,00)

Definition 1.3. [16] Let r be a positive integer and @(x) be various step-weight functions.
The moduli of smoothness are defined as follows: f € C[0, o),

Wi (f3 1) = sup (1A, fIl,
oI = g e
here A,rw(x) f(x) is the rth symmetric difference of a function f, given by

- h
Ao f(0) = Z(—l)k(Z)f(x + %(x) — khep(x)).

k=0

The K-Functional is given by:

K (f:t") = irglf{llf —gll+ tllp g1 = g € ACuoe, llp"g Il < o0},

where gV € A.C.jpc. means that g is r — 1 times differentiable and g~V is absolutely continuous in every closed
finite interval.

Remark 1.4. [15, 16] The equivalence relationship between moduli of smoothness and K-Functional is: There exist
some constants C > 0 and ty such that

Cawl(f; 1) S K (f;t') < Cap(fit), 0 <t<to.

2. The Estimation of Central Moments of Different Operators

Lemma 2.1. [23] Let x € [0, 00), u > 0, one has
(DS} (1;%) = 1;
()} (%) = an(x);
B)Sh(;x) = ad(x) + 42
WSH(B;2) = aj(x) + 2 4 20,
(

! s (x ;122 x, a,(x
(5)SH (4 x) = ot (x) + 2= ;( ) 4 o0 ;1‘2( )+ %
Lemma 2.2. [23] Let x € [0, o0), u > O, one has
@ 7}1_{210 nSy((t—x);x) = r}g{}o nlay(x) —x] = &5;

() lim nS,((t — x)%x) = lim n [aﬁ(x) + “"T(x) — 2xat,(x) + x2] =x;
(3) lim n2Sh((t—x)%x) = lim {nz[aﬁ (%) — dxa (x) + 6x202 (x) — 43, (x) + x4 + n[6a3 (x) — 12xa2 (x) + 652, (x)] +

[7a2(x) — 4xa, (x)] + “"T(x)} = 3x2.

From the definition of P (f;x) Eq. (2), by simple calculations, we can obtain the following lemma.
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Lemma 2.3. Let x € [0, 00), u > 0, we have
WP, (Lx) =1;

()P, (t;x)
B)P(H;x) =
(AP, %) =
G)P(t%x) =

= ﬁn (JC);

LB (x);
(n+1)( n+2) ﬁg (x)

(n+1,; n+2)(n+3) 54( )

Lemma 2.4. Let x € [0, oo) u > 0, we obtain
(1) lim nPL((t - x);x) = ’”

) h_r){}O nPL((t — x)% x) = x%;

3) 31_1110 n?Ph((t — x)%; x) = 3x*.

2080

Proof. Itis not difficult to show the first and second part of the Lemma 2.4, so we skip the details. It remains
to show the third part. Recalling the definition of the operators Eq. (2) and using Lemma 2.3, we have

lim 7?Ph((t — x)*; x)

lim n? [Pfj(t‘*; x) — 4xPh(£3; x) + 632 PL (1 x) — 4x3Ph(£ x) + x4]

n—oo

r}g{}o n? [,Bﬁ(x) — 4xB3(x) + 6x7 B2 (x) — 4x3Bu(x) + x4]

+ lim [éﬁi(x) I =30 + 6x2153(x)]

n—oo

+ lim 2 [ Lpi) - ax= ﬁn(x)]+hmn [63]53(@

n—oo

L+DL++ 14

Using the Taylor formula for e — 1, we will estimate I; — —I, respectively.

Similarly,

and

I

I

}g?o [nzﬂﬁ(x) — 4n?x B3 (x) + 617 X2 B2 (x) — 4nx>Ba(x) + n2x4]

: 2| .4 2 B o\ 3(” ) W 2
hm{n [x + 6x (an) + 4x 2n +4x( 3+ o0(n7?)

n—oo 6n 2

2. |.3 2 B 2 B ooV » 1 -2
—4n x[x + 3x (%x)+3x(%x) + 3x o 2x +o(n” )]
2.2|.2 [ b5\ F‘z 2

+6n°x [JC + ZX(EJC )+ (Ex ) + ZXEX + O(Tl )]

[ 2
+ | —dnPxt = 2npx® — §y2x6 + 0(1)] + n2x4}

lim { [n2x4 + ;uzx6 +2npx® + §y2x6] + [—4n2x4 — 6nux’ — 3u*x® — Zyzxé]

n—oo

+ 622t + 6npn® + §H2x6 + 2y2x6] + [—4n2x4 - 2nux® — §y2x6] + Pt + 0(1)} =0.

- ) NN ) N 2 [ NG
lim {6n[x+ %x +o(n )] —12nx[x+ %x +o(n )] + 6nx [x+%x +o(n )] }

n—oo

lim {6nx4 +12pux® — 12nx* — 18ux” + 6nx* + 6ux° + 0(1)} =

Iz = ,}E{}o[llﬁi(x) - 8xB3(x)] = 3x%,
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. 6
i = lim (1) =
Therefore,
lim 7?Ph((t — x)*; x) = 3x*.
n—oo
O

Lemma 2.5. Let x € [0, ), it > 0, examining the definition of the operators P(f;x) Eq.(2), we have
(VP (@n(0);x) = yu(x);
)Py (a7(0); ) = HLy7(0);

(B)P(a3(0); x) = L2 53y,
@W%ﬂwm=ﬁMﬁﬂﬁ%m

)

Lemma 2.6. Let x € [0,00), i > 0, from the definition of the operators V', (f; x) Eq.(4), we have
OVyLx =1

Vi) = e

Vi) = [1+ 7 - DA +e )]

Remark 2.7. lim V! (e™2; x) = e~ 2.
n—oo

Lemma 2.8. Let x € [0,00), i > 0, by the definition of the operators Vi (f; x) Eq.(4), Lemma 2.1 and Lemma 2.5, we
have

MV (%) = yu(x);

@V (#0) = BLyR(x) + 1 yn(x);

@V (#;x) = W22 () 4 20D 2(0) + Ly, (v);

@Vt x) = LD 4 ) 4 DD )3 () 4 7002 (x) + Ly ().
Lemma 2.9. Let x € [0, o), u > 0, we have

(1) lim nVE((t - x);x) = 22 LS

2) 7}1_1)‘210 nVE((t = x)%x) = ¥* + x;

(3) lim m?VE((t = x)% x) = 3a* + 623 + 322

Proof. We will deal only with (3). Recalling the definition of the operators Pi(f;x) and Lemma 2.1-2.5, we
have

(3)  lim n?Vy((t - )% )

6a3(0) 7a%(0) a, [ 2
= lim #?|P,|at(6) + % )+ i )+ a (9);x — 4xPi a3 (0) + 30,6 )+ an(G)/x
n—oo n n n? n3 n n2

@;x) — 43P (0, (0); x) + x4]

+6x2P}, (0(31(9) +
= lm n’[yp(x) — 4xys(x) + 627)5(x) — 47y (x) + x*]

lim 12| 2030 + a0 — 207(0) + )

T 18 7 8 12 4
+ lim 7? —zyi‘l(x) + Va0 + V(0 = 07500 = —Zx75(0) = ;xyn(x)]

+ lim n? 3)/,1( x) + —37/n(x) + —37/n( x) +

n—o0

Vn(x)}

= 3t+6xd +3x.
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Lemma 2.10. [8, 21] Let {A,} be a sequence of linear positive operators from C*[0, 00) to C*[0, o), satisfying
lim A,(e™™;x) = e,k = 0,1,2. Then the above convergence is uniform if and only if lim A,(f;x) = f(x)
n— o0 n—oo

uniformly in [0, co) for all f € C*[0, co).

3. Approximation Theorem of Baskakov Type Operators

Theorem 3.1. Let y > 0, for any function f(x) € C*[0, 00), when n — oo, the sequence of linear positive operators
{VE(f; %)} is convergent uniformly at f(x) on the interval [0, ).

Proof. Recall Lemma 2.6, Lemma 2.10, therefore

(DIVE;x) = 1] = [IP4(Sh(1;0);%) — 1l = sup |Py(Sh(1;0);x) - 1] = 0.

x€[0,00)

(2) We will need the following expressions by Mathematica software or simple calculations.

[ - 5 - 1)1 - e‘,l,)]_” e )%™ + xe™)

(1-e¥) 2n
(=1 + w)(Bxte™ — 2x3e™ — Buxte™ — 9x%e™ — 2uxde™ — dxe™ + 3ux’e ™ + 2uxe™
H H t H t
24n?
+ O™,
Therefore,
_ _ 1 a [ IV N _
Vi x)—e™| = (n—l)!j; g gn=l,-040 _ pmx
o c%f fe_% px _1.1"
— L e_g[1+( (1j2£1%) )]Qn—lde _ e—x — 1 + (e " 1)(1 —€ n) _ e—x
(=D Jo (1-e%)
< -1+ |(xze”‘ N xe ™ N xte ™ N x3e™* N pxte™  3x2e7x N pxde™ N xe™*
= 20 "o T e T122 T 8 T 82 T 12w 62
2 ,—X —X
pxte pixe ) N
sz 1 )T O
< -1+ |(—+—+ il + i +#44+ 12 + 43 + !
- 2002 T 2ne T 82t T 12n2e T 8n2et T 822 T 121268 | 6n2e
4 ¢ 3
+ +0n™),
8n2e2 121’126) )

which implies
lim sup [V (e™;x) —e™*| = 0.
n—oo >0

Similarly,
lim sup |V (e™;x) —e | = 0.
=00 >0

The Theorem 3.1 is proved. [

Theorem 3.2. Suppose x > 0, f € Cp[0,0), f'(x) and f”(x) exist. Then

7al)
n

a(x)

2
SOy 1) 20 + L Bu) 07 +

) | \Pn(x) + vi(%) . vn(x))’

L K

Vi(f;0) = f)l < £

+ Cow
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here the definitions of a,(x), Bux) and y,(x) are the same as the previous ones and v,(x) = Sh(t — x;%), ¢u(x) =
Sn((t = )% ).

Proof. For the operators VL (f; x), we write

Vi (%) = fQI < IPL(Su(f: 0);%) = Su(£ 01 +1S,(f; %) = f)] = Is + L.

First, we estimate the part Is. Forx > 0,0 >0,

Becle £, 0y v) — ” u#
Pn(Sn(fﬁ)/x)—fO Si( fe) 1)'(

-1 n(x = ” Heg. (%)
ﬁ())6 ¢d6 1= fosn(f,e)gﬁ (6)do6.

Expanding f,,(6) by
, 1 .
Junu(0) = fau(x) + £, (0O — x) + Efw(é)(@ -x),
here ¢ is between 0 and x, taking f, , = Sk f, we conclude that
SH(f50) = SL(f3) + S (F:20(0 ~ ) + 254 (366 - )

Next, applying the operators P}, to the above equation, we can deduce that

\jWSﬂﬂewJ“wme—smﬁw
0

< 18l [ ©@-ngO@do|+ 2is o | [ © - x2go)ol.
0 2 0

From Ref [17] Eq.(1) and the mean value theorem, there exists a point 1 € ( ) such that

na(x) o o\ k+1 k| (naa(x)*
wetem (S ()

Uln(x) o1 (¥) Z (nan(x)) f ol <

st

< 2y

Similarly, from Ref [17] Eq.(2) and the mean value theorem, there exist 1 € (u, ’%2), m € (E ’ﬂ),

n n’ n

o) )]

N3 € (M2, m),0<m—mp < % such that

H_Sy(f ))H _ (I’lan(x))ze—nan(x)i
x —

— naxz(x) —mxn(x)z [f (T] ) f (172)] nan(x)) H
k 2
< nan(x) —nan(x)Z f//( ) H(Xn(X)) — (x)”f;/”

Forall x > 0,

* _ (%) — m# n " rl—%d _ - _
fO(G x)g," ' (0)do jo‘ (n—l)!(ﬁn(x)) 0" O dl — x = f,(x) - x,
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and

. Y (X) nn+1—;’—6x _ 2
fO(Q x)°g," ' (0)dO = f ( (ﬁn(x)) 0" e P dO — 2xB,(x) + x

= B -2+ P "( a2l
Then,

Vn( x)

< 202118, )+ S22 0 - 7+ L

Second, we estimate the part I¢. It follows from Ref [22] that

\Pu(x) +v3(x)

Vx

Is < Caw?

Vx

f; Vn (x) )

roalre)

here v,(x) = SL(t — %), Pu(x) = Sh((t — %)% x).
We complete the proof of Theorem 3.2. [

Theorem 3.3. Let f € Cp[0, 00), we have

P(x) T o) )’

7(0) + Cu(0) + fpu
V() - f()] < Ca? [f; VT + 60+ (x’]+% ( . nn<x>)

where 1,(x) = V3 ((t = x); %), Cu(x) = V3 ((t = 2)%2), pu(x) = V3 ((t = 0)%52), () = x(1 + ).
Proof. Noting that the first order moment of the operator Vi (f;x) is not zero, we define the auxiliary
operator V4 (f;x):
Vi) = Vi) + f@) = (Vi (5:0)
Obviously, V_,ﬁl(l ;) =1, V_,f((t —x);x) = 0, this now implies

IVE(F2) = Fl = IVE(f2) = VE(F0) + VE(f2) = f@)
VE(f:2) = VEE )+ IVE ) = £ = IVE ) = £ + (VA R) = £
VE(F2) = FOO+ 1f(x + Tt (0) = F)-
On the other hand,
VE(F2) = Fl = [VE(f;2) = F() + VE(g;0) = VE(g:0) + 9(x) - g()]
< VI = g0l + IVE@gx) - gl + 1) = gl < 4I1f - gll + Vi) - g()l.
For g’ € A.C.poc, lp?g”’|| < o0, it is clear that

IA

t
90~ 900 = (1= = [ (¢~ gy
X
Applying the operator V_,f to the above equation, we write
— t
Vi(g:0) = g(x)| < Vyy (f |t —ul - 19" (w)ldu ;x) +
X

t +70,(x)
[t — ul ) x + 71, (x) — ul
——dul|; x|+ _
fx ©*(u) > (u)

X+TT, (X)
f I + () — 1] - |97 ()l
X

X

i

< llp*@)g” Il [V,ﬁ' (
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For p(x) = y/x(x + 1), u is between ¢ and x,

L= u (t—x72 (t—x)?
j,: o0 S e w ) T r D)

we obtain
t
[ |t —ul I 20 NUE (2. L T (1 )
V”(j; (Pz(u)du,x)Sgo () V5, ((t x),x)+x+1 Vi ((t —x)%x) tZ,x,
and
1 o n? (na x)) - (na, ()2 (k+ 1)k +2) 6
He = — nay, (x) n nay, (x)
(@) ; N () Zle (k+2)! P T
Further,
1 1 6 1 © 1
tel o piecl L. py. i o n-1,-6
V‘rl tzrx) Pn(sn(tzle)/x)Spn(a%(e)/x) 6(71—1)'£ a%(ﬁn(x)ﬁ)e e d@
61 1-e i\ 61 27
= T S S _(n 2 3)’
n=1)n-2)\ e m=1m—-2)x2 = x2
and
af| (1= 20 VH((t - 3V3 (e _ 4
Vi ( T ) ) (V5 ((t x)+x(x+l) Vi ((t = x)% x)

<7072 [Cu0) + Vou@)]-

Similarly,

m2(x) < 2072(x)13(x).

) x4 7, (x) — U
P Z W] < 0 202 (x) + :
L ¢ " x+1 x+m,x) "

()

Therefore,

VE@g:2) = )| < 71209 o2 [r2() + Culx) + Vou@)]
and

IVE(F2) = FI < 4IIF = gll + 7lpP ()9 lgp™2(6) [72(6) + Cu) + Vou )],

_ ﬂn(x) _ 'nn(x)
If (x + T0a(x)) = f(2)| = ’f(x + @(x) o0 ) f)| £ wp (f' @(x) )

To conclude, we have obtained

IVE(F%) = F < 4IIF — gll + T (g o> @) [ ) + Cu x>+\/pn(x]+w¢(

\/nﬁ(x) + Cu(x) + /pu®) 70, (%)
21 f. ; —
< Ca)(p[f, e J+a)§0(f' (P(X)).

Tty (x) )
P(x)

O

Theorem 3.4. Let f' € Cy[0, o), for a positive linear operator V', we have

VR = FQ) < @) 1 ()] + 28w (£ VTk),

here 1t,,(x) and C,(x) are given in Theorem 3.3.
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Proof. From the following relation

t
Vi(f(B) = f(x);:2) = OV, ((t=2;0) + V}, (f [f' () = £ ()] du; x),

forany & > 0,

t a2
f [F () — F(0)du sw(f’;é)((t é") +|t—x|).

Thus
VEF0) = @< 1P 0 - IV = 20| + o(F'; g( VWa—xfxy+ku—ﬂxﬂ

Choosing & = +/Cu(x) and using the Holder inequality, we conclude that
VE(F2) = ) < ()] 1 @)1+ 2 VG@a (£ VG).
O
Theorem 3.5. Let f” € Cg[0, 00), then

2
lim V() = F9] = )+ (2 4 977

Proof. We recall the linear properties of the operator V', and the expansion of f,
f//( )

Vi(f;x) = f@) = f @)V (= 20;%) + == V3 ((t = x)%2) + Vy, (h(t, x)(t = )% ),

where h(t, x) = % [f7(&) = f(x)], & is between x and t. For 6 > 0, we have
VEh(t, D= x)%52) < @(F OV = 0%53) + 5(f V(= 2f ),

Choosing 6 = ==, it follows from Lemma 2.9 that

lim an1 (h(t, x)(t — x)%; x) lim w(f”; S)nVE((t - x)%x) + lim w(f”; 8)n2 VE(It - x5 x)

< lim w(f”;0) lim nVE((t = x)2;x) - im (n2VE((t - x)%; x)

= 0
Combining Lemma 2.9, the proof of Theorem 3.5 can be completed. [

4. Approximation Properties of Meyer-Konig-Zeller Type operators

In this part, [0,1) is the domain of Meyer-Kénig-Zeller operators with independent variables x and
function f(x). Correspondingly, [0, o) is the domain of Baskakov operators with independent variables y
and function g(y).

Definition 4.1. The transformation o: [0,1) — [0, o0) is given by

X
1-x

y=o(x)=

and its inverse transformation o=1: [0, 00) — [0, 1) is given by

y

_ -1 _
=0 =
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Definition 4.2. Let x € [0,1), y € [0,00), A(x) = 1 —x. For functions f(x) and g(y), we define an operator t:
[0,00) — [0,1):

f(x) = 1(9)(x) = A(x)(g © 0)(x),

and its inverse operator T™1: [0,1) — [0, o) is given by:

1
gy) =t (N)y) = m(f oo ().

Definition 4.3. By the relationship between Baskakov type operators and Meyer-Konig-Zeller operators, the defini-
tion of the new type Meyer-Konig-Zeller operators is as following:

c) — 1 -1 _ . k n+k kpq n+l
MU0 = T v <f>)><x>—;f(n+k)( . )[6n(x)] [1- 801",
where
ou(1) = =L i 5,00) = x.
e — o= o™

Remark 4.4. From the above transformation o and operator T, we conclude that

S ST S S b
A(x)[lwn(ﬁ)]f(vm () A(x)[1+yn(ﬁ)]A(x)(V”(T (f)) 0 0)(x)
I S TS v (k\(n+k-1 . s
= Tam Y 1+yn(y);9(n)( P )[Vn(}/)] [1+7u(y)]
— . 1 - k\(n+k-1 . e
= ;—Aog—l(g)(f 01>(n)( ) )[n(y)] [1+ yu(y)] "
_ if( k )(n+k)[ Vu(y) ]"[1_ ya®) ]"“
k=0 n+k/\ k J{1+yu(y) 1+v.(y)
- L (n : k) (n ‘ k)[é”(x)]k[l =5, = Mi(f ).
k=0

Theorem 4.5. Let f(x) € Cp[0,1), g(y) € Cp[0, o). According to Definition 4.1-4.2, one has
M0 = 01 < V(i) = 9l + lgls + O™,
Proof. Using Mathematica software or simple calculations, we have

T—en 1 wy 1 >
e%—e‘%_1+y_2(1+y).ﬁ+0(n )
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Recalling the boundedness of g(y) and according to Definition 4.2 and 4.3, we have
M3 (f;x) = f()|

1 1
= |—V* YY) — ——
T+7m) (5 Y) 1+yg(y)
= ;(V” (7:9) = 9(y) + L 9(y) - ! g(y)‘
T+yu(y) " L+ yu(y) L+y
b wvEy L S
< 1+yn(y)’ Vulg:y) — gyl + T 1+y' lg(y)l
1—¢ 5 1
< VL@ Y) — gl + gl = _ee_% “Thy
g ) — _uy 1 -2
< Vulgy) g(y)|+||g||2(1+y) n+O(n )
< Vi) - 9 + gl + 062,

O

Noting that the approximation theorems of Meyer-Konig-Zeller operators can be obtained easily by the
corresponding approximation theorem of Baskakov operators, for example, we shall state the result in the
following corollary from Theorem 3.3.

Corollary 4.6. Suppose f(x) € Cg[0,1), g(y) € Cg[0, o), then

\/nfl(y) +Ca(y) + () ( Tu(y)
+ Woe |9,

W) BT
o g )+||g||n+0<n )

M (f; ) = f)] < Ca | g3 o)

where 1t,(y) = Vi ((t = v); 1), Cu(y) = VE((E= )% 1), pa(y) = VE(E = 9% 9), o(y) = JyT+y), vy = .
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