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Non-commutative and polynomial multidimensional stronger central
sets theorem

Sujan Pal?

?Department of Mathematics, University of Kalyani, Kalyani, Nadia-741235, West Bengal, India

Abstract. The Central Sets Theorem and Milliken-Taylor Theorem extends the famous Hindman’s theorem
in two different directions. In [1] Beiglboeck proved a joint extension of these two theorems. In this article,
we prove the non-commutative version of Beiglboeck’s result. Then we also prove the polynomial extension
of stronger Central Sets Theorem for general commutative groups, which extents a recent result of [6].

1. Introduction

Van der Waerden’s Theorem [13] states that for any partition of the positive integers IN one of the cells

of the partition contains arbitrarily length arithmetic progressions. By P¢(X) we denote the set of all finite
non-empty subsets of X. For a sequence (x,),.; in N we set

FS (x,) = {Z Xt €Ps (]N)}.

tea

Hindman’s Theorem [8, Theorem 3.1] states that for any partition of the positive integers IN one of
the cells contains all possible finite sums of some sequence. The Central Sets Theorem provided a joint
extension of this two theorems. To state the Central Sets Theorem let us formulate some notations. A set A
is called an IP-set if and only if there exists a sequence (x,,),-; in IN such that FS (x,) € A. (This definitions
makes perfect sense in any semigroup (S, -) and we use it in this context. FS is an abbreviation of finite sums
and will be replaced by FP if we use multiplicative notation for the semigroup operation).

To state about the Central Sets Theorem, let us introduce some algebraic preliminaries on Stone-Cech
compactification.

Let (S, ) be a discrete semigroup and S be the Stone-Cech compactification of the discrete semigroup
S and - on S (which we represent by the same symbol on S) is the extension of - on S. The points of 35S
are ultrafilters and principal ultrafilters are identified by the points of S. The extension is unique extension
for which (BS, -) is compact, right topological semigroup with S contained in its topological center. That is,
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for all p € BS the function p, : S — BS is continuous, where p,(q) = q - p and for all x € §, the function
Ay 1 BS — BS is continuous, where A,(q) = x-g. Forp,q € S, p-q = {A CS: {x €S:x1Ae q} € p}, where
xlA={yeS:x-ye A}

There is a famous theorem due to Ellis [10, Corollary 2.39] that if S is a compact right topological
semigroup then the set of idempotents E (S) # 0.

A non-empty subset I of a semigroup T is called a leftideal of Sif TI C I, where TI = {ts: t € Tand s € I},
a right ideal if IT C I, where IT = {st : t € T and s € I} and a two sided ideal (or simply an ideal) if it is
both a left and right ideal. A minimal left ideal is the left ideal that does not contain any proper left ideal.
Similarly, we can define minimal right ideal.

Any compact Hausdorff right topological semigroup T has the smallest two sided ideal,

K(T) = U{L:Lisaminimal left ideal of T}
U{R : Ris a minimal right ideal of T}.

Given a minimal left ideal L and a minimal right ideal R, L N R is a group, and in particular contains an
idempotent. If p and g are idempotents in T we write p < g if and only if pg = gp = p. An idempotent is
minimal with respect to this relation if and only if it is a member of the smallest ideal K(T) of T. See [10] for
an elementary introduction to the algebra of S and for any unfamiliar details.

Definition 1.1. Let S be a discrete semigroup and let C be a subset of S. Then C is central if there is an idempotent p
in K (BS) such that C € p.

The notion of central sets originally introduced by Furstenberg [5] using topological dynamics and latter
by Bergelson and Hindman proved this notation to be equivalent with algebraic definition using algebra of
BIN.

Theorem 1.2. (Original Central Sets Theorem) Let | € N and for eachi € {1,2,...,1} , let (yirn):’:lbe a sequence in
Z. Let C be a central subset of IN. Then there exist sequences (a,),~, in N and (H,),Z, in P¢ (IN) such that

(1) for all n, max H, < min H,4+; and

(2) forall F € Pr(N)and alli € {1,2,..., 1},

Y, (an +Y] y,-,t] eC.

neF teH,

K. Milliken and A. Taylor ([11],[12]) found a quite natural common extension of the Theorems of Hindman
and Ramsey: For a sequence (x;);", in N and k > 1 put

[FS (x,)]% := {{th,...,th}:al <. <ak€Pf(]N)}

teaq teay

a < B fora,f € Py (N) if and only if maxa < min .

Let [S] denote the k-element subsets of a set S. The Milliken-Taylor theorem says that for any finite
partition [N]F = U!_ A;, there exist somei € {1,2,...,r} and a sequence (x;);” ; in IN such that [FS (x;) kcA;.

Define ® = {f e NN: foreachne N, f(n) < n}.

As a combine extension of Milliken-Taylor Theorem and the Central Sets Theorem, Beiglboeck estab-
lished the following result.

Theorem 1.3. [1, Theorem 1.4] Let (S, -) be a commutative semigroup and assume that there exists a non-principal
minimal idempotent in pS. For each | € N, let (y;,,), be a sequence in S. Let k,r > 1 and let [S]* = U]_| A;. There
existi€{1,2,...,r}, a sequence (x,),. in S and a sequence ap < a1 < ... in P ¢(IN) such that for each g € ©,

FP [<xn H yy(n),t>oo

teay, n=0

k
CA,.

<
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There are several extensions of the Central Sets Theorem [2], [3], [4], [7], [9], [6] in the literature. In
[9] authors established a version of the Central Sets Theorem for commutative semigroups considering
countable infinitely many sequences at a time and in [2] authors established the non-commutative version
of the Central Sets Theorem. We state the Theorem from [10].

For our purpose let us introduce the following notations. In a non-commutative semigroup, by [];cr x:
we mean the product taken in increasing order of indices. In the following 7™ is the collection of all sequences
in S.

Definition 1.4. Let m € IN. Then we denote
Ly = {(Hy, Ha, ..., Hy) € Py (N)" : Hy < Hyp t €41,2,...,m = 1), m > 1}, and

T ={¢Q),tQ),...,t(m) e N" : t(1) < t(2) < ... < t(m)}.

Let (S, -) be a semigroup.
(a) Givenn € N,a€ S"™, t€ [ and f €T

m

Ha(j)-f(t(]'))]-a(m+1)-

j=1

x(m,a,t, f) =

(b) A C Sisa J-set if and only if for each F € P (T') there exist m € N, a € S™*1, and t € |, such that for each
feF,x(mat,f)eA

(c)J(S)={p epS: forall A € p, then Ais a J-set}.

(d) A C Sisa C-set if and only if there exist

m: Pf (T) — N, a € Xpegvf(T)Sm(F)H, and T € XFGPf(‘T)Im(F)

such that
(D) if F G GinPs(T) then T (F) (m (F)) < (G) (1) and
(ii) foranyn € N, if G1 C G2 & ... & G, in Py (T) and for eachi € {1,2,...,n}, fi € G, then

n

Hx(m(ci)/a(Gi),T(Gi),fi) €A.

i=1

Theorem 1.5. [10, Theorem 14.15] Let S be a semigroup, let A be a central subset of S, and for each I € IN, let
(Yin)y, be a sequencein S. Givenl,m € N, a € S"* and let H € 1,,,, let

ﬁ a(i) - H yu]] -a(m + 1).

i=1 teH(t)

w(a, H, 1) = [

There exist sequences (m(n)),.,, {an )., and (Hy),., such that
1. foreachn € N, m(n) € N, a, € S"™*! and H, € Ly, and max H,, () < min Hy111 and
2. for each f € ®, FP ((w(a,,,H,,,f (n)):’:l) C A

In [3] author established the polynomial version of the original Central Sets Theorem for commutative
semigroups. In [4] authors gave a version of the Central Sets Theorem to stronger form using arbitrary
many sequences at a time known as new and Stronger Central Sets Theorem.

Theorem 1.6. [4, Theorem 2.2](Stronger Central Sets Theorem for commutative semigroup) Let (S, +) be a commu-
tative semigroup and let C be a central subset of S. Then there exist functions a : Py (SN) — Sand H : Py (SN) -
Pr (IN) such that
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(1) ifFGe Py (SN) and F C G then max H (F) < min H (G) and
(2)if m € N, Gy, G, .oy G € Py (SN); G1 € Go € ... € Gy and for each
i€f{1,2,..,m},(Yin),.y € Gi, then

m
a (GZ) + Z Yit eC.
i=1 teH(G;)

1

In the same article the authors proved the non-commutative extension of the above theorem, as well as
they found an example of a non-commutative semigroup and a set inside that semigroup which witness
the non-commutative original Central Sets Theorem but it does not witness the stronger one.

Theorem 1.7. [4, Corollary 3.10](Stronger Central Sets Theorem for non-commutative semigroup) Let (S,-) be a
semigroup and let C be a central subset of S. Then there exist functions m : P¢ (7)) — N, ae ngpf(T)Sm(F 1
and T € Xrepy L) such that

1. if F G G in Py (T) then T (F) (m (F)) < 7(G) (1) and

2. foranyn € N,ifG1 C G2 G ... & G, in Py (T) and for each i € {1,2,...,n}, fi € G; then

n

H x (m (Gi),a(Gi),T(Gy), <yi,t>z1) €A.

i=1

In the second section of the article we shall establish multidimensional version of this Theorem. In the
other direction in [6] authors established polynomial version of the above Theorem. The following theorem
is the polynomial extension of the Theorem 1.6.

Theorem 1.8. (Polynomial Stronger Central Sets Theorem) Let A C IN be a central set and T C Py (P), IP is the set

of polynomials from IN to IN vanishes as 0. Then there exist functions a : Py (]N]N ) — Sand H : Py (]NN) — P (IN)
such that
(1) if G € Py (]N]N) and F € G then max H (F) < min H (G) and

() if m € N, Gy, G, .o, Gu € Py (NN); G1 € G € ... € Gy and
foreachi€{1,2,..,m}, fi € G;, forallPeT,
a(Gi)+P[Z Z ﬁ(t)]eA.
i=1

i i=1 teH(G;)

In our work we will extend 1.3 in the context of non-commutative semigroup. In the third section of the
article we shall establish multidimensional version of Theorem 1.8.
2. Non-commutative multidimensional Central Sets Theorem

Let us recall the following technical lemma from [1].

Lemma 2.1. [1, Lemma 3.1] Let S be a set, let e € BS\ S, let k, v > 1 and let [S] = U!_,A;. Foreachi€{1,2,...,r},
eacht € {1,2,...,k}and each E € [S]'™}, define B, (E, i) by downward induction on t:

1. for E€[S]¥, By (E,i):={y € S\E: EU {y} € Aj}.
2. for1 <t<kandE € [S]'},

B (E,i):={y € S\ E:Bu1 (EU{y},i) ce}.

Then there exists somei € {1,2,...,r} such that By (0,1) € e.
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We need to introduce a few notations before introducing a key lemma. Let S be a set. A set of ordered
tuples T of S is said to be a tree if all of its initial segments belong to T. More formally let by S*“, we mean
collection of all functions from {0,...,n — 1} to S, where n € IN. Now a non empty set T C S isa treein S
if f € Tif and only if forany A = {0,1,...,m} Cdomf, f |ac T.

IfseS, then f7s:=(f(0),f(1),...,f(n—1),s). For fe S, weputT(f)={s€S: f-seT}.
The following is an important lemma for our purpose.

Lemma 2.2. Let (S, -) beasemigroup such that there exists an idempotent e € BS\S, letk,r > 1and let [S]* = UI_; A;.
Then there exist i € {1,2,...,r} and a tree T C S=¢ such that forall f € T, and a1 < ap <... < ax C domf, a;j €
Pr(w), j€{1,2,...,k} one has:

1. T(f)ee.
2 {Miear £ O Tlicas f B, Tica, £ (B)) € A
Proof. [1, Lemma 3.2]. [J

The following theorem is non-commutative extension of Beiglboeck theorem. In fact, we will be using the
same techniques for induction.

Theorem 2.3. Let (S, -) be a commutative semigroup and assume that there exists a non-principal minimal idempotent
in BS. Let k,r > 1 be integers and let [S]* = Ul_ Al Thereexist | € {1,2,...,r} and functions

m: Pf (T) — N, a e Xpepf(T)Sm(F)H, and T € ngpf(rr)lm(p)

such that

1. if FC Gin T, then T (F) (m (F)) < ©(G) (1) and
2. for any sequence G S Go C ... C G, inPs(T), fi€ Giand a; < ap < -+ < a < {n} in P (IN), we have

[HX(m(Gi),D((Gi),T(Gi),ﬁ),...,H.X(m(Gj),a(Gi),T(Gf),ﬁ) EAl~

i€m i€ay

Proof. Fix a minimal idempotente € S\ S. Leti € {1,2,...,r} and T C 5°¢ be a tree as provided by lemma
2.2. We shall inductively construct sequences G1 € G2 € ... € G, inPs(7) and a1 < ap <--- < < {n}.
Assume we have constructed G1 2G>, C ... C Gy1and a1 < ap < -+ < ag_1 < {n} such that

<Hx(m(Gi),a(G,-),T(Gi),ﬁ),..., I1 x(m(G,-),a(Gi),T(G,-),f,-)> €T

By lemma 2.2 we have

G= T[<Hx(m(Gi),oc(G,-),T(Gi),ﬁ),..., I1 x(m(G,-),a(G,-),T(Gi),ﬁ)>] ce.

iem i€ag_q
Then Gisacentral setin S. Then we have f; € G;, [[;c,, x (m (G;), a (G)),T(G)), f;) € G, where ay_1 < ay < {n}.
Then
<Hx(m (Gi),a(Gi)/T(Gi),ﬁ)/-..,Hx(m(Gi),a(Gi),T(Gi)/ﬁ)> eT.

i€ea i€ay

using lemma 2.2 we get our desire result. [
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3. Multidimensional polynomial Central Sets Theorem

In [6] authors proved a polynomial generalization of Stronger Central Sets Theorem followed by poly-
nomial generalization of the Central Sets Theorem in [3]. In [3] authors proved the polynomial version
of the Central sets Theorem for countable commutative group taking finitely many sequences at a time.
But in [6] authors deal with semigroup (IN, +) taking all sequences at a time. Almost verbatim we get the
polynomial generalization of Stronger Central Sets Theorem for countable commutative group. First let us
recall the definition of polynomial for countable commutative group.

Definition 3.1. A map f : G — H between countable commutative groups we say that f is a polynomial map of
degree 0 if it is constant. We say that f is a polynomial map of degree d, d € IN, if it is not a polynomial map of
degree d — 1 and for every h € H, the map x — f (x + h) — f (x) is a polynomial of degree < d — 1. Finally we denote
by IP (G, H) the set of all polynomial maps f : G — H with f(0) = 0. Note that homomorphisms are elements of
IP (G, H) having degree 1.

Theorem 3.2. (Polynomial CST) Let (S, +) be a countable commutative group and F € P ((57 ) N), let T € P¢ (P),

where P is set of all polynomials from S! to S vanishes at zero and let A be a central subset of S. Then there exist
sequences (by),~ in S and (H,),_, in Ps (N) such that

1. for each n € N, max H, < min H,,,1 and
2. foreach f € F, each P € T and each K € P (N)

an+P[ZZf(t)

nek nek teH,,

€ A.

In [6] authors established a stronger version of the above theorem in (IN, +) which we extend for
countable commutative group. First we need the following lemma.

Lemma 3.3. Let j,m € N, let S be a countable commutative group and let IP be a set of all polynomials from S to S
vanishes at 0. Let A C S be a central set in S and F € Py ((Sf) N). Then for every T € P (IP) there exist a € S and
H € P¢(IN) such that a + P (Yep f (H) € A, forall f e Fand P T.

Proof. [3, Corollary 2.12]. [
The lemma has a following stronger version.

Lemma 3.4. Let j,m € N, let S be a countable commutative group and let P be a set of all polynomials from S to S
vanishes at 0. Let A C S be a central set in S and F € Py ((Sf) N). Then for every T € P (IP) there exist a € S and
H € P¢ (IN) with min H > m such that a + P (Yc f (t)) € A, forall f € Fand P € T.

Proof. Let jym € N, T € P¢(IP) and F € Ps ((Sj) N), for each f € F define g5 € (Sj)N by g5 (t) = f(t+m),

t € N. For this K = {gf :fe F} € Ps ((Sj) N), there exista € S and L € ¢ (N) such thata +P():t€L gr (t)) €A,

forall f e Fand P € T. Thereforea + P (Y ,; f(t+m)) € A, forall fe Fand P e T,i.e. a+ P (Y ey f (1) € A,
forall fe FandPe T,where H=L+m>m. O

In the following 7 is the collection of all sequences in S/.

Theorem 3.5. Let (S, -) bea countable commutative semigroup, let T € P ¢ (IP), where IP be a set of all polynomials from

S/ to S vanishes at 0. Let A C S be a central set. Then there exist functions a : Py (7’,) — S, H: Py (7']) — Pr(N),
such that

1. if@ # F € G then H(F) < H(G) and
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2. foranyn €IN,G1 S G ... C Gy in Py (7']), we have for eachi € {1,2,...,n}, fi € Gj,and forall P € T,
n

ia(cmp[z PIAG

i=1 teH(G;)

€ A.

Proof. Choose a minimal idempotent p € S with A € p. For F € #s ('7']), we shall use induction on
cardinality of F , define a (F) € S and H (F) € P (IN) for witnessing (1, 2).

If F = {f}, as p is minimal idempotent, the set A* = {x € A : —x + A € p} belongs to p [10, Corollary 4.14].
Hence A" is a central set. So by [3, Corollary 2.12], there exista € S and H € #¢ (IN) such that

VPeT, a+P[Zf(t) €A

teH

By setting a ({f}) = a and H ({f}) = H, conditions (1) and (2) are satisfied.

Now assume that | F [> 1, a(G) and H(G) have been defined for all proper subsets G of F. Let
K=U{H(G):0 # G < F} € Pf(IN), m = max K and

Let

2?:1 ZteH(G,)fi(t) |nelN
R={0+£GCGS---SG, CF
fieG,¥i=1,2,.,n.

Lina(Gy) +P(27:1 ZteH(G,)fi(t)) |nelN
M= 0£G1CG S CG, CF
fieG,Vi=1,2,.,n,PeT.

Then R is a finite subset of S/, M is a finite subset of S and by induction hypothesis , M C A*.
Let

B=A"n

m (—x + A*)] ep.

xeM

For P € T and d € R, let us define the polynomial Q, ; € IP (Sf, S) by

Qpa(y) =P(y+d)—P(d).

Degree of Q4 is one degree lesser than P.
LetD = Tu{Q,,,d|Pe TanddeR}.
From lemma 3.4, there exist y € P (IN) with min (y) > m and a € S such that

VQeD,feFa+Q[Zf(t)]eB.

tey

We set a (F) = a and H (F) = y. Now we verify conditions (1) and (2).
Since min (y) > m, (1) is satisfied.
To verify (2), let n € N and Gy, Gy, ..., Gy € P4 (75),G1 € G2 € ... € Gy =Fand fi € Gy, i =1,2,...,n.

Forn=1,G =Gy =F,a(Gy) + P (Lieu,) fo ) =a+P(Lie, f () € BC A" forall Pe TC D, and f € I,
If n > 1, then

cA=Z”]a(Gi>+P[Zn] Y. ﬁ(t)]

i=1 teH(G;)
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—a(G)+Za(G)+P[ Y, f,(t)+Z Y ﬁ(t)]

teH(G,) i=1 teH(G;)

_a+Za(G)+P[an(t)+Z Z fi(t)}

tey i=1 teH(G;)

Since G, = Fand « (F) = a,H (F) =

cA:a+nia<Gi>+P[Z Y fz(t)]+P(an(t +Z Y ﬁ(t)]—P[ni Y ﬁ(t)]

i=1 i=1 teH(G, tey i=1 teH(G;) i=1 teH(G;)

=a+y+Qp,d[an(t)]/

tey

where y = Y15 a (G) + (L5 Tieney fi () € M, d = L5 Ve fi () € Rand P € T s0 Qpq € D.
So we have

a+Qpa [Zf (t)J €eBC-y+A"

tey

Therefore

Za(G)+P[Z Y fi(t)]eA*.

i=1 teH(G;)

This completes the induction argument, hence the proof. [J

Now we will extend Beiglboeck Multidimensional Central Sets Theorem for countable commutative group
and polynomial version of Stronger Central Sets Theorem.

Theorem 3.6. Let (S,-) be a countable commutative group and assume that there exists a non principal minimal
idempotent in BS. Let k,r € IN and let [S]F = ULlAl. There exist | € {1,2,...,r} and functions a : Py (7']) - S,
H: P (T}) = Ps (N) such that

1. if @ # F C G then H(F) < H(G)

2. for Gt S Gy € ... € Gy, in Pf( ) for every p1 < B2 < ... < Pr < {m} in Pr(IN) and for every
Fe Py (]P (Sf, S)), f; € G; we have

< Zie{ﬁ a (Gi) + P(Zie{ﬁ ZteH(Gi)fi (t))/ ceey > €A
Zieﬁk o (Gl) +P (Zieﬁk ZteH(Gi) fl (t)) ’

forallP e F.

Proof. As the theorem 2.2 we fix a minimal idempotent e € S\ S. Leti € {1,2,...,r}and T C S<“ be a
tree as provided by lemma 2.2. We fixed F € Pf( (Sf S)) and will inductively construct the sequence

GG C... ¢ Gnk in Pf (7') and f1 < fp <... <Pk < . Assume we have inductively constructed the
sequence G1 CGC...CGy ,and f1 <Pr<...<fp1 < {nk} such that
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< Liep, @ (Gi) + P(Zieﬁ1 Yter(Gy fi (t)), ey > T
Zieﬂk_l a (Gl) + P(Zieﬁk_l ZteH(G,-) fl (t)) .

fie G, forallP e F.
By lemma 2.2, we have

C= T{< Zieﬁl a(G) + P(Zieﬁl ZteH(Gi)ﬁ (t)), e, >] o
Zieﬁk,l a(G)+P (Zieﬁk,l Liec) fi (t))

Then C is a central set in S. Then for F € #y (]P (Sf, S)) and Gy ,+1 € Gy 42 &

Yiep, (@ (Gi) + P(Licp, Liercy fi (1)) € C for all P € F, where fi_y < fi < {my).
So we have,

< Tiepy @(Gi) + P (Tiep, Lieriicy fi®) - > -
Liep, @ (Gi) + P (Zieﬁk YieHe) fi (f)) ’

as we wanted to show. [
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