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Abstract. The aim of this paper is to define Discrete Orlicz-Morrey spaces. Furthermore, we also present
the sufficient and necessary conditions for the inclusion properties of among these spaces. Computing
the norms of the characteristic sequences is one of the keys results. Similar results for Discrete weak
Orlicz-Morrey spaces are also obtained.

1. Introduction and Preliminaries

The Orlicz-Morrey spaces are generalizations of Orlicz spaces and Morrey spaces. Many researchers
have made important observations about Orlicz spaces and Morrey spaces, for example ([2,4-6,8-10,17,22],
etc.). Besides the ‘continuous’ Orlicz spaces and ‘continuous” Morrey spaces, several authors have made
study about discrete Orlicz spaces (see [13, 19]) and discrete Morrey spaces (see [1, 7]).

Recently, Fatimah et al. [3] have proved inclusion relations between two generalized discrete Orlicz—
Morrey spaces and between two generalized weak Discrete Morrey spaces for Nakai’s version. Related
results on discrete Orlicz spaces can be found in [13]. In this paper, we are interested to study another
discrete Orlicz-Morrey spaces and weak discrete Orlicz-Morrey spaces. In particular, we present some
sufficient and necessary conditions for inclusion properties on these spaces. For related works, interested
researcher can see [3, 7, 10, 16].

First, we recall definition of Young function. A function W : [0, c0) — [0, o0) is called a Young function
if W is convex, left-continuous, W(0) = 0 = ltlil’ol WY(t), and tlgglo W(t) = co. Given two Young functions W, ¥,
we write W < W, if there exists a constant C > 0 such that Wy (t) < W,(Ct) for all £ > 0.

Letm € Z,N € w := NU{0}, we write S,y := {m—N, ...,m,...,m+N}and |S;, n| = 2N +1 for the cardinality
of S;un. Let G¢ be the set of all functions ¢ : 2w + 1 — (0, o) such that /(2N + 1) is nondecreasing but for

PRIN+M)+1)

any2M +1€2w +1, e is nonincreasing.
2N+1
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For 1,97 : 2w +1 — (0, o0), we write 11 < 1, if there exists a constant C > 0 such that (2N + 1) <
Cyo(2N + 1) forall N € w. If 1 < ¢ and P, < 1Py, then we write Y = 5.

Now, let W be a Young function and ¢ € G. The Discrete Orlicz-Morrey spaces £y, w(IR) is the set of all
sequences x = (xx);”, taking values in R such that for every m € Z and N € w, we have

lixlle, :=  sup PN + Dllxllw,mn) < oo,
meZ,New

where [|x]|w,mn) = inf{b >0: m LkeSn \I’(%) < 1}.

In next section, we will show the Discrete Orlicz-Morrey spaces ¢y, w(RR) is a Banach space with respect
to [1xlle, -

Fo; Y(2N + 1) := 2N + 1, the space ¢y, w(R) is the Discrete Orlicz space {y(RR). Meanwhile, for W(t) =
the space £,y (R) reduces to the generalized Discrete Morrey space fz) (R).

Throughout this paper, the letter C denotes a constant that may vary in values from line to line. To keep

track of some constants, we use subscripts, such as C; and C,.
2. Inclusion properties of (strong) Discrete Orlicz-Morrey spaces

First, we will show || - [|¢,,, defines a norm on ¢, w(R). For getting a result, we present some lemmas in
the following.

Lemma 2.1. Ifx = (xx),2, € {yw(R), then

1 ;N\P(| |l )Sl

1Smnl | & [ ow s, )

for any m € Z and N € w. Furthermore, ||xllow,nn) < 1 if and only if 15— Yies
New.

W(lxel) < 1 for any m € Z and

m,N

Proof. Let x be an element of £y, ¢(R) and take an arbitrary € > 0, then there exists b. > 0 such that

be < |Ixllow mny + € and ﬁ Y kes,x ‘I’(l’b‘—k') < 1foranym € Z and N € w. Because VW is increasing, we have

1 || |xk|
—_— Wi \I’ <1.
|Sm,N| k;N (”x”(‘l/,m,N + 6) |Sm Nl Z e

kESmN

Since € > 0 is arbitrary, we can conclude

1 Y \P(—'x"l )<1
m,N

ISl res “x”(\ll,m,N)
foranym € Z and N € w.

Next, if [|x|l(wm,n) < 1for any m € Z and N € w, then

el
S |Z ('k')—|s |Z ) <1

kes 7)1 N

Now, assume that Bl ZkeSmN W(|xx]) < 1holds forany m € Zand N € w. Clearly, we have ||x||w ) < 1. O



A. A. Masta et al. / Filomat 39:6 (2025), 1821-1830 1823

Lemma 2.2. Let W be a Young function, ) € Gy, m € Z and N € w. Then the following statements are equivalent:

1) ISle Lkes,n ("Z') <1 for every € > 0.
(2) llxllow,mny = 0.

Proof. Assume that (1) holds. By definition of ||x||w, ) we have 0 < [|x||w,un) < €, for every € > 0. Sowe
conclude that [|x||w,»n) = 0. Suppose, on the contrary, that there exists €y > 0 such that =——— |s N| Zkesm N \I/( ‘xkl) >
1. By Lemma 2.1 we have [|x||w,»xn) = €0 > 0. As a consequence, we conclude that vl Zkes,,, N ('2’“) <1
foreverye >0. O

Lemma 2.3. Let W be a Young function, {p € Gy, m € Z.and N € w. Then the following statements are equivalent:
1) ISJ:_NI Ykeson ‘I’(ozlxkl) = 0 for every a > 0.

) lIxllew,mny =0

Proof. Suppose that (1) holds. As before, we can obtain [|x||w Ny = 0. Now, suppose that (2) holds. Take an
arbitrary 0 < € < 1. Since W is a convex function, we have

1 1 el
5 L Wlabl) sel o B w(EE) | <

kES%N 4 keSun

Since 0 < e < 1 s arbitrary, we can conclude that g — Yes,,,, ‘I’(ozlxkl) =
|

Proposition 2.4. Let W be a Young function and ¢ € Gy, the mapping || - |l¢,,, defines a norm on £y, w(IR). Moreover,
(€y,w(R), |l - ll¢,y) is a Banach space.

Proof. 1t is easy to prove that ||x||¢,, > 0 and [lax|l,, = lalllxll,,, for every x € £y, w(R) and a € R. Now, we
will prove [|x|l¢,,, = 0if and only if x = 0. If x = 0, then we have [|x|l¢,, = 0. Let ||xll¢,, = 0, then ||x[|qwm,n) = 0
for every m € Z and N € w. By Lemma 2.3 we have m Zkes,,,,N ‘I’((xlxkl) = 0. In fact, @, |Sy,n|, and W are
positive values, we have x; = 0 for every k € 5, y. Since m € Z and N € w are arbitrary, we have x = 0.
. 1)yoo
Next, we will prove [lx1 + x2llg,, < lIx1lle,y + X2l for every x1,x2 € £y w(R). Let x; = (xf{ ))k:1 and
= (xz(f));il be elements of £y, w(IR). For any m € Z and N € w, we have

1 2 j
Z \I—’( |X( )) + (X( ))| Z Z |X,'||(q/mN) |x(l)| )
(1 ew m,ny + 2]l \I’mN 1w m,ny + 12620 low i ny 11Xl ow N

k€SN keSp,

(@) |

< Z [xillow,m, N Z \y( .ka
p)

11w m vy + 12l low K (11l w50y

)

< |Sm,N|

Dy, @
e e -
L T Y keSmn ‘I’( Tl TRl < 1. By definition of ||x1 + x2ll(w,m,n), we have
[lx1 + x2llow mny < xtllow,mny + 120l m -

Furthermore, we have

YN + Dllxy + xallw,mny) < PEN + Dllxallw,mny + PN + Dllxallow,m,n.-

By taking supremum over m € Z and N € w, we conclude that [|[x; + xall¢,, < |[xX1lle,, + [Ix2lle,
X1,X2 € fwr\p(]R) O

for every

A
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Lemma 2.5. [15, 17, 21] Suppose that W is a Young function and W= denotes its inverse, which is given by
W-L(s) := inf{r > 0 : W(r) > s} for every s > 0. Then the followings hold:

(1) ¥v~{0) = 0.

(2) Wl(s1) < W l(syp) for s1 < so.

() W(WL(s)) <s < WH(W(s)) for 0 < s < o0.

(4) If, for some constants Cy,Cy > 0, we have W3 (s) < CiW " (Cos), then W1(&) < CaWa(t) for t = W5 (s).

Lemma 2.6. Let WV be a Young function and i € Gy. Form e Z and Ny € w, let E™No be the characteristics
sequence given by

gmNo . 1,ifk € Sy N,
1 0,otherwise

thern &7 N0l ) = ——L——

Sl )
(i
|5W1,N0 mSm,Nl

Proof. Let
1 |SmN|
Ay N = Y- ) K ————
v = (0> 0: W(3) < o me)
and
|Sm,N|
B\y,m,[\] = {7’ >0: \P(T’) > m}
m,No m,
Observe that,
. 1 |gmNo|
€™M0 g = inf{b > 0 ¥ )<1)
1SNl k;;N b
. |Sm No N Sm Nl 1
= inf (-] <1
in {b>0 S (b)_ }
. 1 |SmN|
=infib>0:V¥Y(-) ————
inf| (5) 1S N sm,N|}
= il"lfA\y,m,N.
Meanwhile, \y—l(lsi—ﬂ’g'm) = inf{r > 0: W(r) > lsfo—ng'm} = inf By N Leth = ——L—— by Lemma

\If’1 ( ‘Sm,N‘ )
‘sm,NO ﬂsm,N‘

2.5 (3) we have

w(1)=\p(\y-1( |Sml ))< ISl

b |Sm,No N Sm,NI - |Sm,Ng N Sm,NI.
By definition of || - [l(wmN), we have II(Sm'NOII(\y,m,N) < + Suppose, on the contrary, i.e.,
- m,N
v 1(|5n1/N0ﬂsnx,N‘)
m,No < 1 1 > —1( [Simn| )
||5 ”(‘I’,m,N) \11—1( Smnl )/ then Hg""NOII(\V,m,N) W \Sm,NUﬂSm,M '
|5m,N[) r]Sm,f\l‘
. _ I .
By definition of W 1(%), there exists a 1 € By ,, n such that
1 S
e )
”CS 4 0”(\I/,m,N) |Sm,No N Sm,Nl

Since 71 € By ;v We obtain % ¢ Ay un. So we can conclude that % < IIEm'NOII(\y,m,N). As a consequence,
we obtain [|E™N0]|w Ny = 1

s desired. O
-1 m,N
v ( 1Sm,Ng "Sm, NI )
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Proposition 2.7. Let W be a Young function and ¢ € Gy. For m € Z and Ng € w, let E™No be the characteristics
sequence given by

gmNo . 1,ifk € SyN,
"1 0,otherwise

(2Np+1)
then [|€" M0y, = LeRe).

Proof. Take arbitrary m € Z and Ny € w. By Lemma 2.6 we have

||Em,N0||€p‘/,‘l’ = Sup ”611‘1,1\’0 ”(\P,mrN)
meZ,New
P(2N +1)
= sup ——————
1 1SNl
meZ,New WV ( 1S5 NSl )
_ Y@No+1)
v
. ONp+1
Now, we will prove [|E™M]|, , < IPEVTO(B)

Case I: For N > Ny, write N = Ny + Np for N; € w. Observe that,

Y(2No+1)  ¢P((2No +1) +0)

T v

S P(2(No + N1) +1)

(255

3 P(2N + 1)
a \y—1(2N_+1)

2No+1
YN +1)

L

|Sm,N0 mSm,[\ll

P(2N+1) < P(2No+1)

PR CA v
‘Sm,NO msrrl,N‘

Case Il : for N < Ny, we have (2N + 1) < ¢(2Np + 1). Its show that
YeN+D)  YEN+D _ Y@No+1)

Wil ) Ry T V)

So we get,

Since Case I and II are true for arbitrary m € Z,N € w, we have

1™ Nl = sUP  IE™ Nl wm,n)
meZ,New
YN +1)
et N ()
_ Y@No+1)
<

as desired. O
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Now we come to inclusion properties of (strong) Discrete Orlicz—Morrey spaces in the following.

Theorem 2.8. Let W1, W5 be Young functions such that W1 < Wy and 11,1, € Gy. Then the following statements
are equivalent:

(1) Y1 2 ¢y (on 2w + 1).

2) fl#z,‘l’z (R) € &411,‘1’1 (R).

(3) There exists a constant C > 0 such that

lley, o, < Clidle .
for every x € €y, w,(R).

Proof. Let us first prove that (1) implies (2). Let x € £y, w,(R). Recall that W; < W3 and 1 < ¢, means that
there exist constants C1, C, > 0 such that Wi(t) < W,(Cit) every t > 0 and 1(2N + 1) < Coi»(2N + 1) for
every N € w. For every m € Z and N € w, we have

1 b 1 Cilxid
mkz \yl(cluxnm,m,m) = 1Sl kz R o —

€SmN S Callxllow,,mn

__1 _
B [N kz \PZ(”x“(\Pz,m,N))

eSm,N

<1

By definition of |x||(w, m,n), we have ||x]low, mn) < Callxllow,,mn). Furthermore, we have

Wlley 0 = sup YN + Do, m

meZ,New

< sup CiGoya(2N + D)lIxllews,,mny

meZ,New

= CiCalxlle

Y2 W2 "

This proves that £y, v,(R) C €y, w,(R).

Next, since (£y,w,(R), £y, w, (R)) is a Banach pair, it follows from [11, Lemma 3.3] that (2) and (3) are
equivalent. It thus remains to show that (3) implies (1).

Assume that (3) holds. Let my € Z and N € w. By Proposition 2.7, we have

L@Np + 1) CorNe 4 1)
I’bT - Hgm,NU”Q'lr“’l = C”gm/No“[%Wz = ll}f/
o ()
whence 1(2Ng + 1) < Cq,\lzl(%) 12(2Np + 1). Since Ny € w is arbitrary, we conclude that 112N + 1) <
2
-1
C1y»(2N + 1) for every N € w, where C; = i‘zll(il))_ O

3. Inclusion properties of weak Discrete Orlicz-Morrey spaces

We have discussed inclusion properties of Discrete Orlicz-Morrey spaces. Now we come to discuss
inclusion properties of weak Discrete Orlicz-Morrey spaces. First we give definition of weak Discrete
Orlicz-Morrey spaces and some lemmas in the following.

Let W be a Young function and ¢ € Gy. The weak Discrete Orlicz-Morrey spaces wly,w(RR) is the set of
all sequences x = (x);2, taking values in R such that

[¥lotyy = sup PN + DI, n) < o,
meZ,New
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1)

is finite. In next section, we will show the weak Discrete Orlicz-Morrey spaces wly,w(RR) is a quasi Banach
space with respect to ||x||w{;¢,\1,.

For (2N + 1) := 2N + 1, the space wfy w(R) is the weak Discrete Orlicz space wlw(IR). Meanwhile, for
W(t) = 7, the space wly,y(IR) reduces to the generalized Discrete Morrey space w{’fb(]R).

The relation between wfy,w(RR) and ¢y, w(IR) is presented in the following lemma. (We leave the proof to
the reader.)

where

el ) = inf {b > 0:supW(t) {k € Sun % > t}
t>0

Lemma 3.1. Let W be a Young function and i € Gy. Then €y, ¢(R) C wty, w(R) with

Il loeyw ) < 11xlle,, 0 (R)
for every x € £y w(R).
The following is an analog of Lemma 2.5.

Lemma 3.2. Let W be a Young function and ¢ € Gy. Form € Z and Ny € w, let E™No be the characteristics
sequence given by

gmNo . 1,ifk € Sy N,
1 0,otherwise

w — 1
(¥,m,N) W_l( I, ) ’
|5W1,N0 ﬁsm,f\/l

then ||E"N]|

The following proposition indicates that the characteristic sequence also obtained in Discrete weak Orlicz—
Morrey spaces.

Proposition 3.3. Let W be a Young function and ¢ € Gy. For m € Z and Ny € w, let E"No be the characteristics
sequence given by

N o { 1,ifk € SN,

0, otherwise
(2No+1)
then we have |0y, , = w\ple) .

Proof. Take arbitrary m € Z and Ny € w. By Lemma 3.2 we have

N — N
1E™ Nl = sup "I,
meZ,New

PN +1)
= sup

S
7. -1 |m,N )
mezZNew (|sm,N(,nsm,m

S P(2Np + 1)
= —‘I"l(l) .

P(2Np+1)
w-1(1)

On the other hand, by Proposition 2.7 and Lemma 3.1 we have ||&"oNo llweyw < as desired. [

Now we come to inclusion properties of weak Discrete Orlicz-Morrey spaces in the following.
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Theorem 3.4. Let W1, W5 be Young functions such that W1 < Wy and 1,1, € Gy. Then the following statements
are equivalent:(1) Y1 < P (on 2w +1).

(2) wfle,qJZ (]R) - w&m,\yl (]R)
(3) There exists a constant C > 0 such that

ity v, < Clidlaty, v,
for every x € wty, v,(R).

Proof. Let us first prove that (1) implies (2). Let x € £y, v,(R). Recall that W; < W, and i1 < 1, means that

there exist constants Cy, C, > 0 such that W, (t) < W,(Cit) forevery t > 0 and ¢1(2N + 1) < (_Zzlpz(ZN + 1) for
every N € w. Form € Z and N € w, Let

()| tk € Sy : B > 1)

Ay, =ib>0:su <1
vy = [0> 0 sup 1Sl )
and
Wy (Cib)|{k € Sy = 2 > 1)
A\yzlm,N:{b>0:sup = ) AR |S1}
£>0 1SN
W (t){x € SN : kal > &}
={b>0:sup I Cl‘sl}
>0 |Sm,N|
Wot)|tk € Sy : 93 > 1)
:{b>0:su 2(1)| N |£1}.
t©>0 |Sm,N|
Then ||C1x||(\y mN) = inf Ay, »n. Observe that, for arbitrary b € Ay, ,n and t > 0, we have (by setting
t = Cqt)
Wi(t)|{k € Sy : B > 1) 3 Wy (Cat)|{k € S+ B > 1)
1SNl - 1SNl
~ \I’z(fl)|{k € Sy ¢ Gl > f1}’
- 1Sl
‘I’z(tl)|{k €SuN: % > t1}|
<su
t1>0 |Sm,N|
<1

Wi (t)

x|

{keSm,N:T>t}

Since t > 0 is arbitrary, we have sup ———=——— < 1. Hence it follows that b € Ay, ,,n, and so we
Yy Y TSl L,

>

conclude that Ay, ,,n € Ay, mn. Accordingly, we obtain

“x”?(IJl,m,N) = ian‘l’l,m,N < ian\I’z,m,N = ”Cl-x”?\)ljz mN) — C1||x”?]\y2,m/N)-

Furthermore, we have

“wat’.Tl\y1 ‘= Ssup ¢1(2N+ 1)||x”(\y m,N)
meZ,New

< sup C1C21!/2(2N+1)I|X|I?\Jyz,m,N)

meZ,New

= C1Gollxlwey, v, -
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This proves that wty, v,(R) € wly, v, (R).

As mentioned in [18, Appendix G], we know that Lemma 3.3 in [11] still holds for quasi-Banach spaces,
so (2) and (3) are equivalent.

Now, we will show that (3) implies (1). Assume that (3) holds. Let m € Z and Ny € w. By Proposition
3.3, we have we have

¢1(2N0 +1) N N C¢2(2N0 + 1)
TN = ||(Sm’ 0||w€r R2 S C”ém, 0”1()51, W = RPN
v e nv ()
-1
whence 1(2Np + 1) < %%(ZNO +1). Since Ny € w is arbitrary, we conclude that 12N + 1) <
2
C112(2N + 1) for every N € w, where C; = C\Pq:_+l(§l))

4. Concluding Remarks

We have shown the inclusion property of (strong) Discrete Orlicz— spaces and of weak Discrete Orlicz—
Morrey spaces. Both use the norm of the characteristic sequences in IR. As our final conclusion, we can
states that the inclusion property of (strong) Discrete Orlicz-Morrey spaces are equivalent to that of weak
Discrete Orlicz-Morrey spaces.
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