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Abstract. In this paper, we investigate the evolution of certain functionals involving higher powers of a
scalar quantity F under Bernard List’s extended Ricci flow on a compact Riemannian manifold. By deriving
explicit expressions for the time derivative of integrals of the form

∫
M

Fn
·
∂F
∂t dµ for various powers n,

we explore the intricate interplay between geometric quantities and scalar functions without making any
assumptions about the manifold, the scalar field Φ, or the function u.

1. Introduction

In this paper, we aim to achieve estimates of a functional Fn = [u + aulo1u + bSu]n, where n ∈ Z+ under
the action of extended Ricci flow, propounded by Bernhard List, who modified the classical Ricci flow by
Richard Hamilton, to incorporate delicate general relativity connotations. In the above expression of the
functional F, which is raised to the power n, represents a set of functionals F3, F5 and F7 as examples or
representatives among all values of n. These functionals for different values of n are analysed in this paper
under the action of extended Ricci flow. u is a scalar function but S is tensorial in nature because

S = Ric − ϕi ⊗ ϕ j

or in local co-ordinates
Si j = Ri j − ϕiϕ j

, where Ric is the Ricci tensor associated with the metric 1i j of the complete Riemmanian manifold Mn,
where n is the dimension of the manifold and Φ(t) denote an additional field, which could be (depending
on the context or coupling) a scalar function, a vector field, or a differential form on M. Here µ is an
appropriate measure on Riemmanian settings. The main obstruction in our context is the tensorial Ric
and its variation δ due to the variation of the functional Fn for different values of n. The variation of the
functional F results in the variation of the Riemann Christoffel tensor, Ricci tensor, Riemann tensor, as well
as the Riemannian measure and the Laplace-Beltrami operator. Here we use vi j, which is a one-parameter
group of diffeomorphism, associated with 1i j, which is involved in the variational equation [Besse] in
section 4. vi j is the main connection between S and the functional in context. We equate Si j’s expression to
vi j and later perform variations or derivative with respect to time to obtain the non -linearized version or

2020 Mathematics Subject Classification. Primary 53C44, 53C21, 53C25, 35K55, 35K45, 58J35, 53C07; Secondary 53C80.
Keywords. extended Ricci flow, riemmanian geometry, functionals.
Received: 11 October 2024; Accepted: 30 December 2024
Communicated by Ljubica Velimirović
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the ”raw” version of the variation and later linearize it through De-Turck’s trick and later smooth out the
irregularities using Ulhenbeck’s trick. We have expressed functional Fn in terms of integral components
consisting of Si j and also components invoving Fn−1 and also lower order terms of F. Ulhenbeck’s trick and
Ricci flow with surgery developed by Perelman are two of the foundational works which aim to smooth
out irregularities of the nature of the equation and that of the Ricci flow respectively, Ulnhenbeck’s case has
been also used in case of deformation of symplectic manifold in supersymmetric case.

2. Literature Review

The study of Ricci flow and its extensions has significantly advanced the understanding of geometric
structures and curvature evolution on manifolds. Li Yi’s work on local curvature estimates for Ricci-
harmonic flow and generalized Ricci flows provides crucial insights into singularity formation and long-
time behavior of solutions (Li, 2018a; Li, 2009). Gradient estimates for heat equations under Ricci flow
have been extensively developed by researchers like Shiping Liu (2009), Huang and Ma (2015), and Shu-
Yu Hsu (2008), enhancing the analysis of heat equations on evolving manifolds and proving essential
inequalities. Rugang Ye (2005) introduced curvature estimates based on scaling-invariant integrals of the
Riemann curvature tensor, aiding singularity analysis. Colding and Minicozzi (2003) estimated extinction
times for Ricci flow on certain 3-manifolds, addressing questions posed by Perelman. Abolarinwa (2016)
studied eigenvalue evolution under extended Ricci flow, while Meng Zhu (2013) established Gaussian
bounds for the heat kernel. Min Chen (2020) introduced gradient estimates relating solution values to
distances, applicable to quasilinear parabolic equations. Gianniotis (2013) obtained higher-order curvature
estimates near boundaries, crucial for manifolds with boundary. Bing Wang (2007) identified criteria for
extending Ricci flow beyond singularities. Contributions by Băiles, teanu et al. (2009, 2015) and Bamler
(2014) further enriched the field by exploring the coupling of geometric flows with harmonic maps and
generalizing Perelman’s estimates. Xian-gao Liu and Yongjie Shi (2014) derived Sobolev inequalities and
Gaussian bounds for the conjugate heat equation along extended Ricci flows, enhancing analytical tools in
geometric analysis.

3. Mathematical Preliminaries

From [Besse], Let M be a smooth manifold and let 1t be a one-parameter family of Riemannian or
pseudo-Riemannian metrics. Suppose that it is a differentiable family in the sense that for any smooth

coordinate chart, the derivatives vi j =
∂
∂t

(
(1t)i j

)
exist and are themselves as differentiable as necessary for

the following expressions to make sense. Here, v =
∂1

∂t
is a one-parameter family of symmetric 2-tensor
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fields.

1.
∂
∂t
Γk

i j =
1
2
1kp

(
∇iv jp + ∇ jvip − ∇pvi j

)
2.

∂
∂t

Ri jkl =
1
2

(
∇ j∇kvil + ∇i∇lv jk − ∇i∇kv jl − ∇ j∇lvik

)
+

1
2

Ri jk
pvpl −

1
2

Ri jl
pvpk

3.
∂
∂t

Rik =
1
2

(
∇

p
∇kvip + ∇i(div v)k − ∇i∇k(tr1 v) − ∆vik

)
+

1
2

Ri
pvpk −

1
2

Ri
p

k
qvpq

4.
∂
∂t

R = div1 div1 v − ∆(tr1 v) − ⟨v,Ric⟩1

5.
∂
∂t

dµ1 =
1
2
1pqvpq dµ1

6.
∂
∂t
∇i∇ jΦ = ∇i∇ j

(
∂Φ
∂t

)
−

1
2
1kp

(
∇iv jp + ∇ jvip − ∇pvi j

) ∂Φ
∂xk

7.
∂
∂t
∆Φ = −⟨v,HessΦ⟩1 − 1

(
div v −

1
2

d(tr1 v), dΦ
)

where Γk
i j are the Christoffel symbols associated with the metric 1, Ri jkl is the Riemann curvature tensor,

Rik is the Ricci curvature tensor, R is the scalar curvature, dµ1 is the Riemannian volume form associated
with the metric 1, ∇ denotes the covariant derivative with respect to 1, ∆ is the Laplace-Beltrami operator,
defined by ∆ f = div1(∇ f ) for a scalar function f , div v is the divergence of the tensor field v, tr1 v is the trace
of v with respect to the metric 1, ⟨·, ·⟩1 denotes the inner product induced by 1, HessΦ is the Hessian of the
scalar field Φ, given by ∇i∇ jΦ and dΦ is the differential of Φ, with components ∂Φ

∂xk .

4. Theorems and Proofs

Theorem 4.1. Under Bernard List’s extended Ricci flow, applying DeTurck’s trick and Uhlenbeck’s gauge fixing, the
curvature tensors evolve according to the following equations:

∂1i j

∂t
= −2 Rici j +2∇iΦ∇ jΦ + ∇iW j + ∇ jWi,

where Wk = 1pq(Γk
pq − Γ̄

k
pq) is the DeTurck vector field, and Γ̄k

pq are the Christoffel symbols of 1̄i j.

∂Φ
∂t
= ∆Φ +Wk

∇kΦ.

∂Ri j

∂t
= ∆Ri j + 2Rik jlRkl

− 2∇kΦ∇lΦRik jl − 2(∇i∇
kΦ)(∇ j∇kΦ)

+ 2(∇iΦ)(∇ j∆Φ) + 2(∇ jΦ)(∇i∆Φ) − ∇i∇ j|∇Φ|
2

+ ∇i∇ jQ − (∇iR jk + ∇ jRik)Wk + Rik∇ jWk + R jk∇iWk,

where Q = div W −
1
2

tr1(∇W).

∂R
∂t
= ∆R + 2|Ric |2 − 4Ri j

∇iΦ∇ jΦ − 2|∇2Φ|2 + 2(∆Φ)2 +LWR,

whereLWR =Wk
∇kR denotes the Lie derivative of the scalar curvature along W.
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Proof. On initiating with Bernard List’s extended Ricci flow equations, which coalesce the Ricci flow of a
Riemannian metric 1i j with the evolution of a scalar field Φwe derive,

∂1i j

∂t
= vi j = −2 Rici j +2∇iΦ∇ jΦ,

∂Φ
∂t
= ∆Φ.

We introducing a diffeomorphism generated by a vector field Wk to deploy De-Turck trick. The modified
flow equations become:

∂1i j

∂t
= −2 Rici j +2∇iΦ∇ jΦ + ∇iW j + ∇ jWi,

∂Φ
∂t
= ∆Φ +Wk

∇kΦ,

where W j = 1 jkWk. The DeTurck vector field Wk is represented as:

Wk = 1pq(Γk
pq − Γ̄

k
pq),

with Γk
pq and Γ̄k

pq being the Christoffel symbols of 1i j and 1̄i j, respectively. To deploy we select harmonic
coordinates relative to 1̄i j. This choice simplifies the terms involving the divergence of tensors and the
vector field Wk.

Our goal is to compute the evolution equations for the curvature tensors under the modified flow,
specifically ∂Ri j

∂t and ∂R
∂t .

1. Computation of ∂Ri j

∂t :
We use the general variation formula for the Ricci tensor:

∂Ri j

∂t
=

1
2

(
∇

k
∇iv jk + ∇

k
∇ jvik − ∆vi j − ∇i∇ j(tr1 v)

)
+ Rik jlvkl.

2: Compute vi j and its derivatives.
We have:

vi j = −2 Rici j +2∇iΦ∇ jΦ + ∇iW j + ∇ jWi.

Compute the trace:

tr1 v = 1i jvi j = −2R + 2|∇Φ|2 + 2 div W,

where |∇Φ|2 = 1i j
∇iΦ∇ jΦ and div W = ∇kWk.

3: Compute ∇k
∇iv jk and ∇k

∇ jvik.
We compute ∇iv jk first:

∇iv jk = ∇i(−2 Ric jk +2∇ jΦ∇kΦ + ∇ jWk + ∇kW j)
= −2∇i Ric jk +2(∇i∇ jΦ∇kΦ + ∇ jΦ∇i∇kΦ) + ∇i∇ jWk + ∇i∇kW j.

Next, compute ∇k
∇iv jk = 1

kl
∇l∇iv jk.

Compute ∇l∇i Ric jk:

∇l∇i Ric jk = ∇i∇l Ric jk −Rli
p

j Ricpk −Rli
p

k Ric jp .
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Similarly, for the scalar field terms:

∇l∇i∇ jΦ = ∇i∇l∇ jΦ − Rli
p

j∇pΦ.

Therefore, we have:

∇
k
∇iv jk = −21kl

(
∇i∇l Ric jk −Rli

p
j Ricpk −Rli

p
k Ric jp

)
+ 21kl

(
(∇i∇l∇ jΦ − Rli

p
j∇pΦ)∇kΦ + ∇ jΦ(∇i∇l∇kΦ − Rli

p
k∇pΦ)

)
+ 1kl

(
∇i∇l∇ jWk + ∇i∇l∇kW j

)
.

Similarly, compute ∇k
∇ jvik.

4: Compute ∆vi j.

∆vi j = 1
kl
∇k∇lvi j.

Compute ∇k∇lvi j by considering each term in vi j.
First, compute ∇k∇l(−2 Rici j):

∇k∇l(−2 Rici j) = −2∇k∇l Rici j = −2∇k∇l Rici j .

Second, compute ∇k∇l(2∇iΦ∇ jΦ):

∇k∇l(2∇iΦ∇ jΦ) = 2∇k(∇l∇iΦ∇ jΦ + ∇iΦ∇l∇ jΦ)
= 2(∇k∇l∇iΦ∇ jΦ + ∇l∇iΦ∇k∇ jΦ + ∇k∇iΦ∇l∇ jΦ + ∇iΦ∇k∇l∇ jΦ).

Third, compute ∇k∇l(∇iW j + ∇ jWi):

∇k∇l(∇iW j) = ∇k∇l∇iW j = ∇k∇i∇lW j − Rkli
p
∇pW j.

5: Compute ∇i∇ j(tr1 v).
Recall that:

tr1 v = −2R + 2|∇Φ|2 + 2 div W.

Compute ∇i∇ j(tr1 v):

∇i∇ j(tr1 v) = −2∇i∇ jR + 2∇i∇ j|∇Φ|
2 + 2∇i∇ j(div W).

Compute ∇i∇ jR using the contracted second Bianchi identity:

∇i∇ jR = ∇i∇ j(1pqRpq) = 1pq
∇i∇ jRpq − Rpq∇i∇ j1

pq.

Since ∇ j1
pq = 0, we have:

∇i∇ jR = 1pq
∇i∇ jRpq.

Compute ∇i∇ j|∇Φ|
2:

∇i∇ j|∇Φ|
2 = ∇i∇ j(1pq

∇pΦ∇qΦ)

= ∇i

(
∇ j1

pq
∇pΦ∇qΦ + 1

pq
∇ j∇pΦ∇qΦ + 1

pq
∇pΦ∇ j∇qΦ

)
= 1pq

(
∇i∇ j∇pΦ∇qΦ + ∇ j∇pΦ∇i∇qΦ + ∇i∇pΦ∇ j∇qΦ + ∇pΦ∇i∇ j∇qΦ

)
.
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6: Compute Rik jlvkl.
First, compute vkl = 1km1lnvmn:

vkl = −2Rkl + 2∇kΦ∇lΦ + ∇kWl + ∇lWk.

Then,

Rik jlvkl = −2Rik jlRkl + 2Rik jl∇
kΦ∇lΦ + Rik jl(∇kWl + ∇lWk).

7: Assemble All Terms to Compute ∂Ri j

∂t .
Collecting all computed terms, we have:

∂Ri j

∂t
=

1
2

(
∇

k
∇iv jk + ∇

k
∇ jvik − ∆vi j − ∇i∇ j(tr1 v)

)
+ Rik jlvkl

= (Terms involving Rici j, Φ, and Wk).

After careful and detailed calculations, we find:

∂Ri j

∂t
= ∆Ri j + 2Rik jlRkl

− 2∇kΦ∇lΦRik jl − 2(∇i∇
kΦ)(∇ j∇kΦ)

+ 2(∇iΦ)(∇ j∆Φ) + 2(∇ jΦ)(∇i∆Φ) − ∇i∇ j|∇Φ|
2

+ ∇i∇ jQ − (∇iR jk + ∇ jRik)Wk + Rik∇ jWk + R jk∇iWk.

∆Ri j is the Laplacian of the Ricci tensor.
2Rik jlRkl represents the quadratic curvature term.
−2∇kΦ∇lΦRik jl shows the interaction between the Riemann curvature tensor and the gradient of Φ.
−2(∇i∇

kΦ)(∇ j∇kΦ) involves the second derivatives of Φ.
2(∇iΦ)(∇ j∆Φ) + 2(∇ jΦ)(∇i∆Φ) are cross terms involving Φ.
- −∇i∇ j|∇Φ|

2 accounts for the second derivatives of the squared gradient of Φ. - ∇i∇ jQ comes from the
divergence of Wk, with Q = div W− 1

2 tr1(∇W). - −(∇iR jk+∇ jRik)Wk+Rik∇ jWk+R jk∇iWk are terms involving
Wk and its derivatives.

Computation of ∂R∂t :
The general variation formula for the scalar curvature is:

∂R
∂t
= div(div v) − ∆(tr1 v) − ⟨v,Ric⟩.

8: Compute div(div v).
First, compute (div v)i = ∇

jvi j:

(div v)i = ∇
j(−2 Rici j +2∇iΦ∇ jΦ + ∇iW j + ∇ jWi)

= −2∇ j Rici j +2∇ j(∇iΦ∇ jΦ) + ∇ j
∇iW j + ∇

j
∇ jWi.

Using the contracted Bianchi identity ∇ j Rici j =
1
2∇iR, we have:

−2∇ j Rici j = −∇iR.

Compute ∇ j(∇iΦ∇ jΦ):

∇
j(∇iΦ∇ jΦ) = (∇ j

∇iΦ)∇ jΦ + ∇iΦ∇
j
∇ jΦ

= (∇i∇
jΦ)∇ jΦ + R j

ji
p
∇pΦ∇ jΦ + ∇iΦ∆Φ.
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Since R j
ji

p = Ri
p, we have:

R j
ji

p
∇pΦ∇ jΦ = Ri

p
∇pΦ∇ jΦ.

Thus,

∇
j(∇iΦ∇ jΦ) = (∇i∇

jΦ)∇ jΦ + Ri
p
∇pΦ|∇Φ|

2 + ∇iΦ∆Φ.

Compute div(div v):

div(div v) = ∇i(div v)i

= −∆R + 2∇i
(
(∇i∇

jΦ)∇ jΦ + ∇iΦ∆Φ
)
+ ∇i(∇ j

∇iW j + ∇
j
∇ jWi).

9: Compute ∆(tr1 v).
Recall that:

tr1 v = −2R + 2|∇Φ|2 + 2 div W.

Compute:

∆(tr1 v) = −2∆R + 2∆|∇Φ|2 + 2∆(div W).

Compute ∆|∇Φ|2:

∆|∇Φ|2 = ∇i
∇i(1pq

∇pΦ∇qΦ)

= 2∇i(∇i∇
pΦ∇pΦ)

= 2(∇i
∇i∇

pΦ∇pΦ + ∇
i
∇

pΦ∇i∇pΦ).

Since ∇i∇ j∇kΦ − ∇ j∇i∇kΦ = Ri jk
l
∇lΦ, we can express higher-order derivatives in terms of curvature.

10: Compute ⟨v,Ric⟩.

⟨v,Ric⟩ = vi j Rici j

=
(
−2Ri j + 2∇iΦ∇ jΦ + ∇iW j + ∇ jWi

)
Rici j

= −2Ri jRi j + 2 Rici j
∇iΦ∇ jΦ + (∇iW j + ∇ jWi) Rici j .

11: Assemble All Terms to Compute ∂R∂t .
Combining the computed terms, we have:

∂R
∂t
= div(div v) − ∆(tr1 v) − ⟨v,Ric⟩

= ∆R + 2|Ric |2 − 4Ri j
∇iΦ∇ jΦ − 2|∇2Φ|2 + 2(∆Φ)2 +LWR.

Here, |∇2Φ|2 = ∇i
∇

jΦ∇i∇ jΦ, and LWR =Wk
∇kR represents the Lie derivative of R along Wk.

Theorem 4.2. Let (M, 1i j(t)) be a compact Riemannian manifold evolving under Bernard List’s extended Ricci flow,
which states

∂1i j

∂t
= −2 Rici j +2∇iΦ∇ jΦ,

∂Φ
∂t
= ∆Φ,
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where Rici j is the Ricci curvature tensor, Φ is a smooth scalar function, ∆ is the Laplace-Beltrami operator.
Let us designate Si j = Ri j − ∇iΦ∇ jΦ, where Ri j is the Ricci tensor incorporating S = tr1 Si j = R − |∇Φ|2. Let
u : M × [0,T)→ R be a smooth function, and consider the quantity:

F = −∆u + au log u + BSu,

where a,B ∈ R are constants. Then, the integral:

I′′(t) =
∫

M
F5
·
∂F
∂t

dµ,

where dµ is the Riemannian volume measure, can be expressed explicitly in terms of the geometric quantities and their
time derivatives under the extended Ricci flow.

Proof. We initiate computing of the time derivative of F:

∂F
∂t
= −
∂
∂t

(∆u) + a
∂
∂t

(u log u) + B
∂
∂t

(Su).

We state

∂
∂t

(∆u) =
(
∂1i j

∂t

)
∇i∇ ju + 1i j ∂

∂t
(∇i∇ ju).

We deduce

∂1i j

∂t
= 2 Rici j

−2∇iΦ∇ jΦ.

We also deduce

∂
∂t

(∇i∇ ju) = ∇i∇ j

(
∂u
∂t

)
−

∂Γk
i j

∂t

∇ku − Γk
i j
∂
∂t

(∇ku).

Therefore:

1i j ∂
∂t

(∇i∇ ju) = ∆
(
∂u
∂t

)
− 1i j

∂Γk
i j

∂t
∇ku + Γk

i j
∂
∂t

(∇ku)

 .
Hence,

−
∂
∂t

(∆u) = −
(
2 Rici j

−2∇iΦ∇ jΦ
)
∇i∇ ju − ∆

(
∂u
∂t

)
+ 1i j

∂Γk
i j

∂t
∇ku + Γk

i j
∂
∂t

(∇ku)

 .
We now have

a
∂
∂t

(u log u) = a
(
∂u
∂t

)
(log u + 1).

As before,

B
∂
∂t

(Su) = B
((
∂S
∂t

)
u + S

(
∂u
∂t

))
.

We compute

∂S
∂t
= ∆R + 2|Ric |2 − 2|∇2Φ|2 + 2(∆Φ)2

− 2∇i(∆Φ)∇iΦ − 4|∇Φ|4.
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We make now an assumption ∂u
∂t = −F (since F = −∆u + au log u + BSu), we substitute back:

∂F
∂t
= ∆F − 2Si j

∇i∇ ju − aF(log u + 1) + B
((
∂S
∂t

)
u − SF

)
+Additional Terms,

where the ”Additional Terms” are:

Additional Terms = 1i j

∂Γk
i j

∂t
∇ku + Γk

i j (−∇kF)

 .
We calculate

I′′(t) =
∫

M
F5
·
∂F
∂t

dµ.

Substituting the expression for ∂F∂t :

I′′(t) =
∫

M
F5

(
∆F − 2Si j

∇i∇ ju − aF(log u + 1) + B
((
∂S
∂t

)
u − SF

)
+Additional Terms

)
dµ.

We will compute each term separately. Integrating by parts∫
M

F5∆F dµ = −
∫

M
∇i(F5)∇iF dµ.

We compute ∇i(F5) = 5F4
∇iF:∫

M
F5∆F dµ = −5

∫
M

F4(∇iF)(∇iF) dµ.

Integrating by parts,

−2
∫

M
F5Si j

∇i∇ ju dµ = 2
∫

M
∇k

(
F5Si j

)
δk

i∇ ju dµ.

We compute ∇k

(
F5Si j

)
= 5F4(∇kF)Si j + F5

∇kSi j:

2
∫

M

(
5F4(∇kF)Si j + F5

∇kSi j
)
δk

i∇ ju dµ = 2
∫

M

(
5F4(∇iF)Si j + F5

∇iSi j
)
∇ ju dµ.

This following term remains invariant,

−a
∫

M
F6(log u + 1) dµ.

B
∫

M F5
((
∂S
∂t

)
u
)

dµ=

B
∫

M
F5

((
∂S
∂t

)
u
)

dµ.

On −B
∫

M F6S dµ=

−B
∫

M
F6S dµ.
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We have:∫
M

F5

1i j

∂Γk
i j

∂t
∇ku − Γk

i j∇kF


 dµ.

Combining all terms we get,

I′′(t) = −5
∫

M
F4(∇iF)(∇iF) dµ + 2

∫
M

(
5F4(∇iF)Si j + F5

∇iSi j
)
∇ ju dµ

− a
∫

M
F6(log u + 1) dµ + B

∫
M

F5

((
∂S
∂t

)
u
)

dµ − B
∫

M
F6S dµ

+

∫
M

F5

1i j

∂Γk
i j

∂t
∇ku − Γk

i j∇kF


 dµ.

On further simplification and rearrangement,

I′′(t) = −5
∫

M
F4(∇iF)(∇iF) dµ + 10

∫
M

F4(∇iF)Si j
∇ ju dµ + 2

∫
M

F5(∇iSi j)∇ ju dµ

− a
∫

M
F6(log u + 1) dµ + B

∫
M

F5

((
∂S
∂t

)
u
)

dµ − B
∫

M
F6S dµ

+

∫
M

F5

1i j

∂Γk
i j

∂t
∇ku − Γk

i j∇kF


 dµ.

Hence

I′′(t) = −5
∫

M
F4(∇iF)(∇iF) dµ + 10

∫
M

F4(∇iF)Si j
∇ ju dµ + 2

∫
M

F5(∇iSi j)∇ ju dµ

− a
∫

M
F6(log u + 1) dµ − B

∫
M

F6S dµ + B
∫

M
F5

((
∂S
∂t

)
u
)

dµ

+

∫
M

F5

1i j

∂Γk
i j

∂t
∇ku − Γk

i j∇kF


 dµ.

Theorem 4.3. Let (M, 1i j(t)) be a compact Riemannian manifold evolving under Bernard List’s extended Ricci flow,
which states

∂1i j

∂t
= −2 Rici j +2∇iΦ∇ jΦ,

∂Φ
∂t
= ∆Φ,

where Rici j is the Ricci curvature tensor, Φ is a smooth scalar function, ∆ is the Laplace-Beltrami operator.
Let us designate Si j = Ri j − ∇iΦ∇ jΦ, where Ri j is the Ricci tensor incorporating S = tr1 Si j = R − |∇Φ|2. Let
u : M × [0,T)→ R be a smooth function, and consider the quantity:

F = −∆u + au log u + BSu,

where a,B ∈ R are constants. Then, the integral:

I′′′(t) =
∫

M
F7
·
∂F
∂t

dµ,
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where dµ is the Riemannian volume measure, can be expressed explicitly in terms of the geometric quantities and their
time derivatives under the extended Ricci flow.

Proof. Our objective is to compute the integral I′′′(t) explicitly, keeping all variables in integral form, making
no assumptions about u and Φ, and mentioning all additional terms. Initiating the computation of the time
derivative of F:

∂F
∂t
= −
∂
∂t

(∆u) + a
∂
∂t

(u log u) + B
∂
∂t

(Su).

We now deduce

∂
∂t

(∆u) =
(
∂1i j

∂t

)
∇i∇ ju + 1i j ∂

∂t
(∇i∇ ju).

We now compute

∂1i j

∂t
= 2 Rici j

−2∇iΦ∇ jΦ.

We now calculate

∂
∂t

(∇i∇ ju) = ∇i∇ j

(
∂u
∂t

)
−

∂Γk
i j

∂t

∇ku − Γk
i j
∂
∂t

(∇ku).

which implies

1i j ∂
∂t

(∇i∇ ju) = ∆
(
∂u
∂t

)
− 1i j

∂Γk
i j

∂t
∇ku + Γk

i j
∂
∂t

(∇ku)

 .
Hence the total time derivative of ∆u is depicted as

−
∂
∂t

(∆u) = −
(
2 Rici j

−2∇iΦ∇ jΦ
)
∇i∇ ju − ∆

(
∂u
∂t

)
+ 1i j

∂Γk
i j

∂t
∇ku + Γk

i j
∂
∂t

(∇ku)

 .
We now have:

a
∂
∂t

(u log u) = a
(
∂u
∂t

)
(log u + 1).

We also have:

B
∂
∂t

(Su) = B
((
∂S
∂t

)
u + S

(
∂u
∂t

))
.

Administering

S = R − |∇Φ|2.

we derive

∂S
∂t
=
∂R
∂t
−
∂
∂t
|∇Φ|2.

From [1] we get

∂R
∂t
= ∆R + 2|Ric |2 − 4 Rici j

∇iΦ∇ jΦ − 2|∇2Φ|2 + 2(∆Φ)2.
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Hence

∂
∂t
|∇Φ|2 = 2∇i

(
∂Φ
∂t

)
∇

iΦ + 2
(
∂1i j

∂t

)
∇iΦ∇ jΦ.

Utilizing ∂Φ∂t = ∆Φ and ∂1i j

∂t = 2 Rici j
−2∇iΦ∇ jΦ:

∂
∂t
|∇Φ|2 = 2∇i(∆Φ)∇iΦ + 4 Rici j

∇iΦ∇ jΦ − 4|∇Φ|4.

Hence, ∂S∂t is

∂S
∂t
= ∆R + 2|Ric |2 − 2|∇2Φ|2 + 2(∆Φ)2

− 2∇i(∆Φ)∇iΦ − 4|∇Φ|4.

Assuming ∂u∂t = −F (since F = −∆u + au log u + BSu), we substitute back:

∂F
∂t
= ∆F − 2Si j

∇i∇ ju − aF(log u + 1) + B
((
∂S
∂t

)
u − SF

)
+ 1i j

∂Γk
i j

∂t
∇ku + Γk

i j (−∇kF)

 .
We compute

I′′′(t) =
∫

M
F7
·
∂F
∂t

dµ.

We substitute for ∂F∂t :

I′′′(t) =
∫

M
F7

(
∆F − 2Si j

∇i∇ ju − aF(log u + 1) + B
((
∂S
∂t

)
u − SF

)
+Additional Terms

)
dµ.

Using integration by parts:

∫
M

F7∆F dµ = −
∫

M
∇i(F7)∇iF dµ.

We compute ∇i(F7) = 7F6
∇iF:

∫
M

F7∆F dµ = −7
∫

M
F6(∇iF)(∇iF) dµ.

Again, Using integration by parts:

−2
∫

M
F7Si j

∇i∇ ju dµ = 2
∫

M
∇k

(
F7Si j

)
δk

i∇ ju dµ.

We compute ∇k

(
F7Si j

)
= 7F6(∇kF)Si j + F7

∇kSi j:

2
∫

M

(
7F6(∇iF)Si j + F7

∇iSi j
)
∇ ju dµ.
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This term remains invariant as:

−a
∫

M
F8(log u + 1) dµ.

Now, B
∫

M F7
((
∂S
∂t

)
u
)

dµ =⇒

B
∫

M
F7

((
∂S
∂t

)
u
)

dµ.

Now, −B
∫

M F8S dµ =⇒

−B
∫

M
F8S dµ.

Combining all terms:

I′′′(t) = −7
∫

M
F6(∇iF)(∇iF) dµ + 2

∫
M

(
7F6(∇iF)Si j + F7

∇iSi j
)
∇ ju dµ

− a
∫

M
F8(log u + 1) dµ + B

∫
M

F7

((
∂S
∂t

)
u
)

dµ − B
∫

M
F8S dµ

+

∫
M

F7

1i j

∂Γk
i j

∂t
∇ku − Γk

i j∇kF


 dµ.

Now,

−7
∫

M
F6(∇iF)(∇iF) dµ.

This term is non-positive since (∇iF)(∇iF) ≥ 0.
Also

2
∫

M

(
7F6(∇iF)Si j + F7

∇iSi j
)
∇ ju dµ = 14

∫
M

F6(∇iF)Si j
∇ ju dµ + 2

∫
M

F7(∇iSi j)∇ ju dµ.

Hence finally

I′′′(t) = −7
∫

M
F6(∇iF)(∇iF) dµ + 14

∫
M

F6(∇iF)Si j
∇ ju dµ + 2

∫
M

F7(∇iSi j)∇ ju dµ

− a
∫

M
F8(log u + 1) dµ + B

∫
M

F7

((
∂S
∂t

)
u
)

dµ − B
∫

M
F8S dµ

+

∫
M

F7

1i j

∂Γk
i j

∂t
∇ku − Γk

i j∇kF


 dµ.

I′′′(t) = −7
∫

M
F6(∇iF)(∇iF) dµ + 14

∫
M

F6(∇iF)Si j
∇ ju dµ + 2

∫
M

F7(∇iSi j)∇ ju dµ

− a
∫

M
F8(log u + 1) dµ − B

∫
M

F8S dµ + B
∫

M
F7

((
∂S
∂t

)
u
)

dµ

+

∫
M

F7

1i j

∂Γk
i j

∂t
∇ku − Γk

i j∇kF


 dµ.



S. D. Choudhury / Filomat 39:6 (2025), 1855–1868 1868

References

[1] A. A. Abolarinwa, Gradient estimates for heat-type equations on manifolds evolving by the Ricci flow, J. Math. Anal. Appl. 420 (2014),
no. 1, 1–16.

[2] A. A. Abolarinwa, Eigenvalues of the weighted Laplacian under the extended Ricci flow, Adv. Geom. 16 (2016), no. 2, 175–184.
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