
Filomat 39:6 (2025), 1883–1894
https://doi.org/10.2298/FIL2506883N

Published by Faculty of Sciences and Mathematics,
University of Niš, Serbia
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Abstract. We study the existence, uniqueness and exponential stability of pseudo almost periodic (PAP-)
mild solutions for the Boussinesq systems with the initial data in Lp(Hd(R))-phase space for p > d, where
Hd(R) is a real hyperbolic manifold with dimension d ⩾ 2. First, we prove the existence and the uniqueness
of the bounded mild solutions for the corresponding linear systems by using dispersive and smoothing
estimates of the vectorial matrix semigroup. Then, we prove a Massera-type principle to obtain the existence
of PAP-mild solutions to the linear systems. Next, using the fixed point arguments, we can pass from the
linear systems to the semilinear systems to establish the well-posedness of such solutions. Finally, we will
establish the exponential stability of PAP-mild solutions by using Gronwall’s inequality.

1. Introduction

We are concerned with the incompressible Boussinesq system on the whole line time-axis R and on the
real hyperbolic space (Hd(R), 1), where the dimension d ⩾ 2 and 1 is the hyperbolic metric

ut + (u · ∇)u − Lu + ∇p = κθh + F x ∈Hd(R), t ∈ R,
div u = 0 x ∈Hd(R),

θt − L̃θ + (u · ∇)θ = f x ∈Hd(R), t ∈ R,
(1)

where where L = −(d − 1) +
−→
∆ is Ebin-Marsden’s Laplace operator, L̃ = ∆1 is Laplace-Beltrami operator

associated with metric 1, the constant κ > 0 is the volume expansion coefficient. The field h(x, t) represents
the generalized gravitational field and the constantκ > 0 is the volume expansion coefficient. The unknowns
u(x, t) is the velocity field, p(x, t) is the scalar pressure, and θ(x, t) is the temperature. The fields f (x, t) and
F(x, t) represent the external force. Considering the zero-temperature case, i.e., θ = 0, then Boussinesq
system (1) becomes the Navier-Stokes equation.
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We first recall some recent works of the well-posedness and stability for fluid dynamical flows on
the real hyperbolic manifold and non-compact manifolds with some bounded and negative conditions
of curvatures. In [10], Pierfelice proved the dispersive and smoothing estimates of vectorial heat and
Stokes semigroups and, then the author used these estimates to establish establish the well-posedness of
mild solutions for Navier-Stokes equations on the hyperbolic manifolds and on non-compact manifolds.
The existence and exponential stability of periodic and almost periodic mild solutions for Navier-Stokes
equations were obtained by Huy et al. in [3, 4, 6]. Such problems of asymptically almost periodic mild
solutions for Navier-Stokes equations on the hyperbolic manifolds were been presented by Xuan et al.
in [11, 12] and for Keller-Segel systems in [13]. We recall also some related papers on the existence
and stability of weighted pseudo almost periodic mild solutions for Navier-Stokes equations on exterior
domains of Rn was been provided in [7]. Moreover, such problems of periodic and almost periodic mild
solutions for Boussinesq systems on Euclidean space Rd were done in [4, 9, 14]. However, there is no work
which provides the well-posedness and asymptotic behaviour of pseudo almost periodic mild solutions for
Boussinesq systems in the framework of hyperbolic manifolds.

In this paper, we extend the results obtained in [11, 13] to study the existence, uniqueness and exponential
stability of pseudo almost periodic (PAP-) mild solutions for Boussinesq systems (1). We first represent
system (1) under the matrix intergral equation. Then, we use the dispersive and smoothing estimates of the
matrix semigroup to prove the well-posedness of bounded mild solutions defined on the whole line time-
axisR for the linear Boussinesq systems (see Theorem 3.2 (i)). This well-posedness permits us to define the
solution operator for linear systems. Then, we prove a Massera-type principle to guarantees the existence
of PAP-mild solutions for linear Boussinesq systems (see Theorem 3.2 (ii)). Using the results of linear
Boussinesq systems and fixed point argument we establish the well-posedness of PAP-mild solutions for
the Boussinesq systems (1) (see Theorem 4.1). Finally, we prove an exponential stability for such PAP-mild
solutions by using the Gronwall inequality (see Theorem 4.2).

This paper is organized as follows: Section 2 relies on some preliminaries consisting the setting of
Boussinesq systems on hyperbolic manifolds and notions of generalized functions; Section 3 gives the
well-posedness of PAP-mild solutions for linear Boussinesq systems; Section 4 provides the well-posedness
and stability of PAP-mild solutions for Boussinesq systems.

2. Preliminaries

2.1. Boussinesq systems on hyperbolic manifold
Let (M =: Hd(R), 1) be a real hyperbolic manifold of dimension d ⩾ 2 which is realized as the upper

sheet
x2

0 − x2
1 − x2

2... − x2
d = 1 (x0 ⩾ 1),

of hyperboloid in Rd+1, equipped with the Riemannian metric

1 := −dx2
0 + dx2

1 + ... + dx2
d.

In geodesic polar coordinates, the hyperbolic manifold is

Hd(R) :=
{
(cosh τ, ω sinh τ), τ ⩾ 0, ω ∈ Sd−1

}
with the metric

1 := dτ2 + (sinh τ)2dω2

where dω2 is the canonical metric on the sphere Sd−1. A remarkable property on M is the Ricci curvature
tensor : Rici j = −(d − 1)1i j.

For simplicity, we assume that the volume expansion coefficient κ = 1 and the Boussinesq system
becomes

ut + (u · ∇)u − Lu + ∇p = θh + F x ∈M, t ∈ R,
∇ · u = 0 x ∈M,

θt − L̃θ + (u · ∇)θ = f x ∈M, t ∈ R,
(2)
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where L = −(d − 1) +
−→
∆ is Ebin-Marsden’s Laplace operator (see [11] and also [2, 10]), L̃ = ∆1 is Laplace-

Beltrami operator associating with metric 1. Normally, the gravitational field and is not depend on the
time, but in this paper we will consider the general case, where h(x, t) : M × R → Γ(TM) is depend on
the time. The functions f : M × R → Γ(TM) is given such that div f represents the reference temperature
and F : M × R → Γ(TM ⊗ TM) is a second order tensor fields such that divF represents the external force.
The unknowns are u(x, t) : M × R → Γ(TM), p(x, t) : M × R → R and θ(x, t) : M × R → R representing
respectively, the velocity field, the pressure and the temperature of the fluid at point (x, t) ∈M ×R.

Since we have the following identity

div(θu) = θdivu + (∇θ) · u = (u · ∇)θ,

the Boussinesq system (2) can be rewritten as
ut + div(u ⊗ u) − Lu + ∇p = θh + F x ∈M, t ∈ R,

∇ · u = 0 x ∈M,
θt − L̃θ + div(θu) = f x ∈M, t ∈ R,

(3)

We consider system (3) for (u, θ) in the Casterian product space Cb(R,Lp(M;Γ(TM))) × Cb(R,Lp(M;R)),
where p > d. Assume that h ∈ Cb(R,L∞(M,Γ(TM))) and F ∈ Cb(R,Lp(M,Γ(TM))). Therefore, by applying
the Kodaira-Hodge operator P := I + grad(−∆1)−1div to the system (3) (similar the same manner for
Navier-Stokes equation, in details see [10, 11]), we get

ut = Lu + P(θh) + Pdiv(−u ⊗ u) + P(F) x ∈M, t ∈ R,
∇ · u = 0 x ∈M,
θt = L̃θ + div(−θu) + f x ∈M, t ∈ R.

(4)

We setA :=
[
−L 0
0 −̃L

]
acting on the Cartesian product space Lp(M;Γ(TM))× Lp(M;R). Therefore, using

Duhamel’s principle in a matrix form, we arrive at the following integral formulation for (4)[
u(t)
θ(t)

]
= B

([
u
θ

]
,

[
u
θ

])
(t) +Hh(θ)(t) + F

([
F
f

])
(t), (5)

where the bilinear, linear-coupling and external forced operators used in the above equation are given
respectively by

B

([
u
θ

]
,

[
v
ξ

])
(t) := −

∫ t

−∞

e−(t−s)Adiv
[
P(u ⊗ v)

uξ

]
(s)ds, (6)

Hh(θ)(t) :=
∫ t

−∞

e−(t−s)A

[
P(hθ)

0

]
(s)ds (7)

and

F

([
F
f

])
(t) :=

∫ t

−∞

e−(t−s)A

[
P(F)

f

]
(s)ds. (8)

2.2. Pseudo almost periodic functions
We recall some concepts of generalized functions. For more details we refer the readers to books [1] and

references therein. Let X be a Banach space, we denote

Cb(R,X) := { f : R→ X | f is continuous on R and sup
t∈R
∥ f (t)∥X < ∞}

which is a Banach space endowed with the norm ∥ f ∥∞,X = ∥ f ∥Cb(R,X) := sup
t∈R
∥ f (t)∥X.
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Definition 2.1. (AP-function) A function h ∈ Cb(R,X) is called almost periodic function if for each ϵ > 0, there
exists lϵ > 0 such that every interval of length lϵ contains at least a number T with the following property

sup
t∈R
∥h(t + T) − h(t)∥ < ϵ.

The collection of all almost periodic functions h : R → X will be denoted by AP(R,X) which is a Banach space
endowed with the norm ∥h∥AP(R,X) = sup

t∈R
∥h(t)∥X.

Definition 2.2. (PAP-function) A function f ∈ Cb(R,X) is called pseudo almost periodic if it can be decomposed as
f = 1 + ϕ where 1 ∈ AP(R,X) and ϕ is a bounded continuous function with vanishing mean value i.e

lim
L→∞

1
2L

∫ L

−L
∥ϕ(t)∥Xdt = 0.

We denote the set of all functions with vanishing mean value by PAP0(R,X) and the set of all the pseudo almost
periodic (PAP-) functions by PAP(R,X).

We have that (PAP(R,X), ∥.∥∞,X) is a Banach space, where ∥.∥∞,X is the supremum norm (see [1, Theorem
5.9]). We have the following decomposition (see also [1]):

PAP(R,X) = AP(R,X) ⊕ PAP0(R,X).

The notion of pseudo almost periodic function is a generalisation of the periodic and almost periodic
functions. Precisely, we have the following inclusions

P(R,X) ↪→ AP(R,X) ↪→ PAP(R,X) ↪→ Cb(R,X).

where P(R,X) is the space of all continuous and periodic functions from R to X.
Example.

(i) The function h(t) = sin t + sin(
√

2t) is almost periodic but not periodic, h̃(t) = sin t + sin(
√

2t) +
1
|t|

is

pseudo almost periodic but not almost periodic.

(ii) Let X be a Banach space and 1 ∈ X − {0}, we have that f = h1 ∈ AP(R,X) and f̃ = h̃1 ∈ PAP(R,X).

3. Wellposedness of PAP-mild solutions for linear systems

We denote and use the norm on the product space Lp(M;Γ(TM)) × Lp(M;R) by∥∥∥∥∥∥
[
u
θ

]∥∥∥∥∥∥
Lp×Lp

= ∥u∥Lp(M;Γ(TM)) + ∥θ∥Lp(M;R).

For a given vector (v, η) ∈ Lp(M;Γ(TM)) × Lp(M;R) we consider the following linear equation[
u(t)
θ(t)

]
= B

([
v
η

]
,

[
v
η

])
(t) +Hh(η)(t) + F

([
F
f

])
(t), (9)

where the operators B,Hh and F given by (6),(7) and (8), respectively.
The dispersive and smoothing estimates of matrix semigroup e−tA are given in the following lemma.

Lemma 3.1.
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(i) (Dispersive estimates) For t > 0, and p, q such that 1 ⩽ p ⩽ q ⩽ ∞, the following dispersive estimates hold:∥∥∥∥∥∥e−tA
[
u0
θ0

]∥∥∥∥∥∥
Lq×Lq

⩽ [hd(t)]
1
p−

1
q e−t(γp,q)

∥∥∥∥∥∥
[
u0
θ0

]∥∥∥∥∥∥
Lp×Lp

(10)

for all (u0, θ0) ∈ Lp(M;Γ(TM)) × Lp(M;R), where hd(t) := C max
(

1
td/2 , 1

)
, γp,q := δd

2

[(
1
p −

1
q

)
+ 8

q

(
1 − 1

p

)]
and δd

are positive constants depending only on d.

(ii) (Smoothing estimates) For p and q such that 1 < p ⩽ q < ∞ we obtain for all t > 0 that∥∥∥∥∥∥e−tAdiv

T♯0
U♯0

∥∥∥∥∥∥
Lq×Lq

⩽ [hd(t)]
1
p−

1
q+

1
d e−t

( γq,q+γp,q
2

) ∥∥∥∥∥∥
T♯0
U♯0

∥∥∥∥∥∥
Lp×Lp

(11)

for all tensor T♯0 ∈ Lp(M;Γ(TM ⊗ TM)) and vector field U0 ∈ Lp(M;Γ(TM)).

Proof. We have e−tA =

[
etL 0
0 et̃L

]
. Assertion (i) is valid since the fact that: for t > 0, and p, q such that

1 ⩽ p ⩽ q ⩽ ∞, the following Lp
− Lq-dispersive estimates hold (see [10, Theorem 4.1] and its proof):∥∥∥etLu0

∥∥∥
Lq ⩽ [hd(t)]

1
p−

1
q e−t(d−1+γp,q)

∥u0∥Lp ⩽ [hd(t)]
1
p−

1
q e−t(γp,q)

∥u0∥Lp

for all u0 ∈ Lp(M;Γ(TM)) and∥∥∥∥et̃Lθ0

∥∥∥∥
Lq
⩽ [hd(t)]

1
p−

1
q e−t(γp,q)

∥θ0∥Lp for all θ0 ∈ Lp(M;R),

where hd(t) := C max
(

1
td/2 , 1

)
, γp,q := δd

2

[(
1
p −

1
q

)
+ 8

q

(
1 − 1

p

)]
and δd are positive constants depending only on

d.
Assertion (ii) comes from the following Lp

− Lq-smoothing estimates: for 1 < p ⩽ q < ∞ and t > 0 we
have (see [10, Corollary 4.3] and its proof):∥∥∥∥etLdivT♯0

∥∥∥∥
Lq
⩽ [hd(t)]

1
p−

1
q+

1
d e−t

(
d−1+

γq,q+γp,q
2

) ∥∥∥∥T♯0
∥∥∥∥

Lp

⩽ [hd(t)]
1
p−

1
q+

1
d e−t

( γq,q+γp,q
2

) ∥∥∥∥T♯0
∥∥∥∥

Lp

and ∥∥∥∥et̃LdivU♯0
∥∥∥∥

Lq
⩽ [hd(t)]

1
p−

1
q+

1
d e−t

( γq,q+γp,q
2

) ∥∥∥∥U♯0
∥∥∥∥

Lp

for all tensor T♯0 ∈ Lp(M;Γ(TM ⊗ TM)) and vector field U0 ∈ Lp(M; TM).

Now we state and prove the main results of this section in the following theorem.

Theorem 3.2. Let (M, 1) be a d-dimensional real hyperbolic manifold with d ⩾ 2. For given functions v ∈ X :=
Cb(R,Lp(M;Γ(TM))), η ∈ S := Cb(R,Lp(M;R)), if the fields h ∈ H := Cb(R,Lp(M;Γ(TM))), F ∈ F :=
Cb(R,Lr(M;Γ(TM)), f ∈ O := Cb(R,Lr(M;R)) with p > d and dp

2p+d < r ⩽ p, then the following assertions hold

(i) The linear equation (9) has a unique bounded solution (û, θ̂) ∈X ×S . Moreover, we have satisfying∥∥∥∥∥∥
[
û
θ̂

]∥∥∥∥∥∥
X ×S

⩽M1

∥∥∥∥∥∥
[
v
η

]∥∥∥∥∥∥2

X ×S

+M2∥h∥H

∥∥∥∥∥∥
[
v
η

]∥∥∥∥∥∥
X ×S

+M3

∥∥∥∥∥∥
[
F
f

]∥∥∥∥∥∥
F×O

. (12)

Here the positive constants M1, M2 and M3 do not depend on given functions v, η, h, F and f .
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(ii) If the functions v(x, ·), η(x, ·), h(x, ·),F(x, ·) and f (x, ·) are both pseudo almost periodic, then the mild solution
(û, θ̂) obtained in Assertion (i) is also pseudo almost periodic.

Proof. (i) Using Lemma 3.1 and the boundedness of the operator P (see [8]), we have∥∥∥∥∥∥
[
u(t)
θ(t)

]∥∥∥∥∥∥
Lp×LP

⩽

∥∥∥∥∥∥B
([

v
η

]
,

[
v
η

])
(t)

∥∥∥∥∥∥
Lp×Lp

+ ∥Hh(η)(t)∥Lp +

∥∥∥∥∥∥F
([

F
f

])
(t)

∥∥∥∥∥∥
Lp×Lp

⩽

∫ t

−∞

∥∥∥∥∥∥e−(t−τ)Adiv
[
P(v ⊗ v)

vη

]
(τ)

∥∥∥∥∥∥
Lp×Lp

dτ +
∫ t

−∞

∥∥∥∥∥∥e−(t−τ)A
[
P(hη)(τ)

0

]∥∥∥∥∥∥
Lp×Lp

dτ

+

∫ t

−∞

∥∥∥∥∥∥e−(t−τ)A
[
P(F)

f

]
(τ)

∥∥∥∥∥∥
Lp×Lp

dτ

⩽

∫ t

−∞

[hd(t − τ)]
1
p+

1
d e−β2(t−τ)

∥∥∥∥∥∥
[
v ⊗ v

vη

]
(τ)

∥∥∥∥∥∥
L

p
2 ×L

p
2

dτ

+

∫ t

−∞

[hd(t − τ)]
1
p e−β1(t−τ)

∥∥∥∥∥∥
[
(hη)(τ)

0

]∥∥∥∥∥∥
L

p
2 ×L

p
2

dτ

+

∫ t

−∞

[hd(t − τ)]
1
r −

1
p e−β3(t−τ)

∥∥∥∥∥∥
[
F
f

]
(τ)

∥∥∥∥∥∥
Lr×Lr

dτ

⩽

∫ t

−∞

[hd(t − τ)]
1
p+

1
d e−β2(t−τ)

∥∥∥∥∥∥
[
v
η

]
(τ)

∥∥∥∥∥∥
Lp×Lp

∥∥∥∥∥∥
[
v
η

]
(τ)

∥∥∥∥∥∥
Lp×Lp

dτ

+

∫ t

−∞

[hd(t − τ)]
1
p e−β1(t−τ)

∥h(τ)∥Lp∥η(τ)∥Lp dτ

+

∫ t

−∞

[hd(t − τ)]
1
r −

1
p e−β3(t−τ)

∥∥∥∥∥∥
[
F
f

]
(τ)

∥∥∥∥∥∥
Lr×Lr

dτ

⩽

∫ t

−∞

[hd(t − τ)]
1
p e−β1(t−τ)dτ∥h∥H ∥η∥S +

∫ t

−∞

[hd(t − τ)]
1
p+

1
d e−β2(t−τ)dτ

∥∥∥∥∥∥
[
v
η

]∥∥∥∥∥∥2

X ×S

+

∫ t

−∞

[hd(t − τ)]
1
r −

1
p e−β3(t−τ)dτ

∥∥∥∥∥∥
[
F
f

]∣∣∣∣∣∣
F×O

⩽

∫ +∞

0
C

1
p

[
τ−

d
2p + 1

]
e−β1τdτ∥h∥H ∥η∥S +

∫ +∞

0
C

1
p+

1
d

[
τ−

d
2p−

1
2 + 1

]
e−β2τdτ

∥∥∥∥∥∥
[
v
η

]∥∥∥∥∥∥2

X ×S

+

∫ +∞

0
C

1
r −

1
p

[
τ−

d
2r+

d
2p + 1

]
e−β3τdτ

∥∥∥∥∥∥
[
F
f

]∥∥∥∥∥∥
F×O

⩽ C
1
p

[
β

d
2p−1

1 Γ

(
1 −

d
2p

)
+

1
β1

]
∥h∥H ∥η∥S + C

1
p+

1
d

[
β

d
2p−

1
2

2 Γ

(
1
2
−

d
2p

)
+

1
β2

] ∥∥∥∥∥∥
[
v
η

]∥∥∥∥∥∥2

X ×S

+C
1
r −

1
p

[
β

d
2r−

d
2p−1

3 Γ

(
1 −

d
2r
+

d
2p

)
+

1
β3

] ∥∥∥∥∥∥
[
F
f

]∥∥∥∥∥∥
F×O

⩽ M1

∥∥∥∥∥∥
[
v
η

]∥∥∥∥∥∥2

X ×S

+M2∥h∥H

∥∥∥∥∥∥
[
v
η

]∥∥∥∥∥∥
X ×S

+M3

∥∥∥∥∥∥
[
F
f

]∣∣∣∣∣∣
F×O

. (13)

Here β1 := γp/2,p, β2 := γp,p+γp/2,p

2 , β3 := γr,p, and with the fact that p > d ⩾ 2 and dp
2p+d < r ⩽ p the above

gamma integrals are bounded by the following constants

M1 = C
1
p+

1
d

[
β

d
2p−

1
2

2 Γ

(
1
2
−

d
2p

)
+

1
β2

]
, M2 = C

1
p

[
β

d
2p−1

1 Γ

(
1 −

d
2p

)
+

1
β1

]
,

M3 = C
1
r −

1
p

[
β

d
2r−

d
2p−1

3 Γ

(
1 −

d
2r
+

d
2p

)
+

1
β3

]
. (14)
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(ii) From the existence of the bounded mild solution of linear integral equation (9) on the whole line
time-axis, we define a solution operator associating with equation (9) as follows

S : X ×S ×H ×F × O −→X ×S

(v, η) 7−→ (u, θ),

where (u, θ)(t) is the bounded mild solution of equation (9). This means that

S
(
v, η, h,F, f

)
(t) = (u, θ)(t)

for all t ∈ R.
Since

(
v, η, h,F, f

)
∈X ×S ×H ×F ×O is pseudo almost periodic, there exist the following functions

(v1, η1, h1,F1, f1) ∈ AP (R,Lp(M;Γ(TM)) × Lp(M;R) × Lp(M;Γ(TM)) × Lr(M;Γ(TM)) × Lr(M;R))

and

(v2, η2, h2,F2, f2) ∈ PAP0 (R+,Lp(M;Γ(TM)) × Lp(M;R) × Lp(M;Γ(TM)) × Lr(M;Γ(TM)) × Lr(M;R))

such that v(t) = v1(t) + v2(t), η(t) = η1(t) + η2(t), h(t) = h1(t) + h2(t), F(t) = F1(t) + F2(t) and f (t) = f1(t) + f2(t)
for all t ∈ R.

Therefore, for all t ∈ R, we have

S
(
v, η, h,F, f

)
(t)

=

∫ t

−∞

e−(t−τ)Adiv
[
P(v ⊗ v)

vη

]
(τ)dτ +

∫ t

−∞

e−(t−τ)A
[
P(hη)(τ)

0

]
dτ +

∫ t

−∞

e−(t−τ)A
[
P(F)

f

]
(τ)dτ

=

∫ t

−∞

e−(t−τ)Adiv
[
P(v1 ⊗ v1)

v1η1

]
(τ)dτ +

∫ t

−∞

e−(t−τ)A
[
P(h1η1)(τ)

0

]
dτ +

∫ t

−∞

e−(t−τ)A
[
P(F1)

f1

]
(τ)dτ

+

∫ t

−∞

e−(t−τ)Adiv
[
P(v1 ⊗ v2)

v1η2

]
(τ)dτ +

∫ t

−∞

e−(t−τ)Adiv
[
P(v2 ⊗ v)

v2η

]
(τ)dτ

+

∫ t

−∞

e−(t−τ)A
[
P(h1η2)(τ)

0

]
dτ +

∫ t

−∞

e−(t−τ)A
[
P(h2η)(τ)

0

]
dτ +

∫ t

−∞

e−(t−τ)A
[
P(F2)

f2

]
(τ)dτ

= S(v1, η1, h1,F1, f1)(t) + I(t),

where

I(t) =

∫ t

−∞

e−(t−τ)Adiv
[
P(v1 ⊗ v2)

v1η2

]
(τ)dτ +

∫ t

−∞

e−(t−τ)Adiv
[
P(v2 ⊗ v)

v2η

]
(τ)dτ

+

∫ t

−∞

e−(t−τ)A
[
P(h1η2)(τ)

0

]
dτ +

∫ t

−∞

e−(t−τ)A
[
P(h2η)(τ)

0

]
dτ +

∫ t

−∞

e−(t−τ)A
[
P(F2)

f2

]
(τ)dτ.

In order to obtain that the functionS
(
v, η, h,F, f

)
(·) is pseudo almost periodic, we prove thatS(v1, η1, h1,F1, f1)(·)

is almost periodic and I(·) is PAP0-function.
Indeed, since t 7→ (v1, η1, h1,F1, f1)(t) is almost periodic, we have: for each ε > 0, there is the constant

Lε > 0 such that every interval with length Lε contains at least a number T in order to

sup
t∈R

(
∥v1(t + T) − v1(t)∥Lp + ∥η1(t + T) − η1(t)∥Lp + ∥h1(t + T) − h1(t)∥Lp

+∥F1(t + T) − F1(t)∥Lr + ∥ f1(t + T) − f1(t)∥Lr
)
< ε.

Therefore, we can estimate∥∥∥S(v1, η1, h1,F1, f1)(t + T) − S(v1, η1, h1,F1, f1)(t)
∥∥∥

Lp×Lp

⩽

∥∥∥∥∥∥
∫ t+T

−∞

e−(t+T−τ)Adiv
[
P(v1 ⊗ v1)

v1η1

]
(τ)dτ −

∫ t

−∞

e−(t−τ)Adiv
[
P(v1 ⊗ v1)

v1η1

]
(τ)dτ

∥∥∥∥∥∥
Lp×Lp
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+

∥∥∥∥∥∥
∫ t+T

−∞

e−(t+T−τ)A
[
P(h1η1)(τ)

0

]
dτ −

∫ t

−∞

e−(t−τ)A
[
P(h1η1)(τ)

0

]
dτ

∥∥∥∥∥∥
Lp×Lp

+

∥∥∥∥∥∥
∫ t+T

−∞

e−(t+T−τ)A
[
P(F1)

f1

]
(τ)dτ −

∫ t

−∞

e−(t−τ)A
[
P(F1)

f1

]
(τ)dτ

∥∥∥∥∥∥
Lp×Lp

=

∥∥∥∥∥∥
∫ +∞

0
e−zA

(
div

[
P(v1 ⊗ v1)

v1η1

]
(t + T − z) − div

[
P(v1 ⊗ v1)

v1η1

]
(t − z)

)
dz

∥∥∥∥∥∥
Lp×Lp

+

∥∥∥∥∥∥
∫ +∞

0
e−zA

([
P(h1η1)

0

]
(t + T − z) −

[
P(h1η1)

0

]
(t − z)

)
dz

∥∥∥∥∥∥
Lp×Lp

+

∥∥∥∥∥∥
∫ +∞

0
e−zA

([
P(F1)

f1

]
(t + T − z) −

[
P(F1)

f1

]
(t − z)

)
dz

∥∥∥∥∥∥
Lp×Lp

=

∥∥∥∥∥∥
∫ +∞

0
e−zA

(
div

[
P([v1(t + T − z) − v1(t − z)] ⊗ v1(t + T − z))

[v1(t + T − z) − v1(t − z)]η1(t + T − z)

])
dz

∥∥∥∥∥∥
Lp×Lp

+

∥∥∥∥∥∥
∫ +∞

0
e−zA

(
div

[
P(v1(t − z) ⊗ [v1(t + T − z) − v1(t − z)])

v1(t − z)[η1(t + T − z) − η1(t − z)]

])
dz

∥∥∥∥∥∥
Lp×Lp

+

∥∥∥∥∥∥
∫ +∞

0
e−zA

([
P([h1(t + T − z) − h1(t − z)]η1(t + T − z))

0

])
dz

∥∥∥∥∥∥
Lp×Lp

+

∥∥∥∥∥∥
∫ +∞

0
e−zA

([
P(h1(t − z)[η1(t + T − z) − η1(t − z)])

0

])
dz

∥∥∥∥∥∥
Lp×Lp

+

∥∥∥∥∥∥
∫ +∞

0
e−zA

([
P(F1)

f1

]
(t + T − z) −

[
P(F1)

f1

]
(t − z)

)
dz

∥∥∥∥∥∥
Lp×Lp

⩽ 2M1

∥∥∥∥∥∥
[
v1
η1

]∥∥∥∥∥∥
X ×S

sup
z∈R

∥∥∥∥∥∥
[
v1(z + T) − v1(z)
η1(z + T) − η1(z)

]∥∥∥∥∥∥
Lp×Lp

+M2∥η1∥S sup
z∈R
∥h1(z + T) − h1(z)∥Lp +N∥h1∥H sup

z∈R
∥η1(z + T) − η1(z)∥Lp

+M3 sup
z∈R

∥∥∥∥∥∥
[
F1
f1

]
(z + T) −

[
F1
f1

]
(z)

∥∥∥∥∥∥
Lr×Lr

<

(
(2M1 +M2)

∥∥∥∥∥∥
[
v1
η1

]∥∥∥∥∥∥
X ×S

+N∥h1∥H +M3

)
ε, ∀t ∈ R.

Here the constants M1,M2 and M3 are determined in Assertion (i). This implies that S(v1, η1, h1,F1, f1)(·) is
almost periodic.

We now prove that I(·) is a PAP0-function, i.e.,

lim
t→+∞

1
2L

∫ L

−L
∥I(t)∥Lp×Lp dt = 0 (15)

provided that (v2, η2, h2,F2, f2) is a PAP0-function. We have

∥I(t)∥Lp×Lp ⩽

∥∥∥∥∥∥
∫ t

−∞

e−(t−τ)Adiv
[
P(v1 ⊗ v2)

v1η2

]
(τ)dτ

∥∥∥∥∥∥
Lp×Lp

+

∥∥∥∥∥∥
∫ t

−∞

e−(t−τ)Adiv
[
P(v2 ⊗ v)

v2η

]
(τ)dτ

∥∥∥∥∥∥
Lp×Lp

+

∥∥∥∥∥∥
∫ t

−∞

e−(t−τ)A
[
P(h1η2)(τ)

0

]
dτ

∥∥∥∥∥∥
Lp×Lp

+

∥∥∥∥∥∥
∫ t

−∞

e−(t−τ)A
[
P(h2η)(τ)

0

]
dτ

∥∥∥∥∥∥
Lp×Lp

+

∥∥∥∥∥∥
∫ t

−∞

e−(t−τ)A
[
P(F2)

f2

]
(τ)dτ

∥∥∥∥∥∥
Lp×Lp

. (16)

Below, we prove that

lim
L→+∞

1
2L

∫ L

−L

∥∥∥∥∥∥
∫ t

−∞

e−(t−τ)Adiv
[
P(v1 ⊗ v2)

v1η2

]
(τ)dτ

∥∥∥∥∥∥
Lp×Lp

dt = 0. (17)
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The limits of remain terms in right hand-side of (16) are zero by the same way and we obtain the desired
limit (15). We have

lim
L→+∞

1
2L

∫ L

−L

∥∥∥∥∥∥
∫ t

−∞

e−(t−τ)Adiv
[
P(v1 ⊗ v2)

v1η2

]
(τ)dτ

∥∥∥∥∥∥
Lp×Lp

dt

⩽ lim
L→+∞

1
2L

∫ L

−L

∥∥∥∥∥∥
∫
−L

−∞

e−(t−τ)Adiv
[
P(v1 ⊗ v2)

v1η2

]
(τ)dτ

∥∥∥∥∥∥
Lp×Lp

dt

+ lim
L→+∞

1
2L

∫ L

−L

∥∥∥∥∥∥
∫ t

−L
e−(t−τ)Adiv

[
P(v1 ⊗ v2)

v1η2

]
(τ)dτ

∥∥∥∥∥∥
Lp×Lp

dt (18)

By the boundedness of mild solutions obtained in Assertion (i) we have

lim
L→+∞

1
2L

∫ L

−L

∥∥∥∥∥∥
∫
−L

−∞

e−(t−τ)Adiv
[
P(v1 ⊗ v2)

v1η2

]
(τ)dτ

∥∥∥∥∥∥
Lp×Lp

dt =
1

2L

∫ L

−L
0dt = 0. (19)

Moreover, by the same estimations in Assertion (i), Fubini’s theorem and changing variables we can estimate

1
2L

∫ L

−L

∥∥∥∥∥∥
∫ t

−L
e−(t−τ)Adiv

[
P(v1 ⊗ v2)

v1η2

]
(τ)dτ

∥∥∥∥∥∥
Lp×Lp

dt

⩽
1

2L

∫ L

−L

∫ t

−L
[hd(t − τ)]

1
p+

1
d e−β2(t−τ)

∥∥∥∥∥∥
[
v1 ⊗ v2

v1η2

]
(τ)

∥∥∥∥∥∥
L

p
2 ×L

p
2

dτdt

⩽
1

2L

∫ L

−L

∫ t+L

0
[hd(τ)]

1
p+

1
d e−β2τ

∥∥∥∥∥∥
[
v1 ⊗ v2

v1η2

]
(t − τ)

∥∥∥∥∥∥
L

p
2 ×L

p
2

dτdt

⩽
1

2L

∫ 2L

0
[hd(τ)]

1
p+

1
d e−β2τ

∫ L

τ

∥∥∥∥∥∥
[
v1 ⊗ v2

v1η2

]
(t − τ)

∥∥∥∥∥∥
L

p
2 ×L

p
2

dtdτ

⩽

∫ 2L

0
[hd(τ)]

1
p+

1
d e−β2τdτ

1
2L

∫ L

−L

(
∥v1(t)∥Lp∥v2(t)∥Lp + ∥v1(t)∥Lp∥η2(t)∥Lp

)
dtdτ

⩽
M1

2L

∫ L

−L

(
∥v1(t)∥Lp∥v2(t)∥Lp + ∥v1(t)∥Lp∥η2(t)∥Lp

)
dt

⩽ M1∥v1∥∞,Lp

(
1

2L

∫ L

−L
∥v2(t)∥Lp dt +

1
2L

∫ L

−L
∥η2(t)∥Lp dt

)
−→ 0 (20)

as t→ +∞ since (v2, η2)(·) is a PAP0-function.
Combining (18),(19) and (20) we obtain the desired limit (17). Our proof is complete.

4. Wellposedness and exponential stability for semilinear systems

4.1. Existence and uniquness of PAP-mild solutions

We state and prove the existence and uniqueness of PAP-mild solution for the semilinear equation (5)
in the following theorem.

Theorem 4.1. (Global-in-time well-posedness). Let (M, 1) be a d-dimensional real hyperbolic manifold with d ⩾ 2.
Suppose that the fields (h,F, f ) ∈ PAP(R,Lp(M;Γ(TM)) × Lr(M;Γ(TM)) × Lr(M;R)) for p > d, dp

d+2p < r ⩽ p. If

the norms ∥h∥H and

∥∥∥∥∥∥
[
F
f

]∥∥∥∥∥∥
F×O

are small enough, then the semilinear equation (5) has a unique PAP-mild solution

(u, θ).
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Proof. We set

B
PAP
ρ := {(v, η) ∈ PAP (R,Lp(M;Γ(TM)) × Lp(M;R)) such that ∥(v, η)∥X ×S ⩽ ρ}.

For a given (v, η) ∈ BPAP
ρ , we consider the linear equation[

u(t)
θ(t)

]
= B

([
v
η

]
,

[
v
η

])
(t) +Hh(η)(t) + F

([
F
f

])
(t). (21)

By the boundedness (12) obtained in Theorem 3.2, we get that for a given (v, η) ∈ BPAP
ρ there is a unique

bounded mild solution (u, θ) to equation (21) satisfying∥∥∥∥∥∥
[
u
θ

]∥∥∥∥∥∥
X ×S

⩽ M1

∥∥∥∥∥∥
[
v
η

]∥∥∥∥∥∥2

X ×S

+M2∥h∥H ∥η∥S +M3

∥∥∥∥∥∥
[
F
f

]∥∥∥∥∥∥
F×O

⩽ M1ρ
2 +M2ρ∥h∥H +M3

∥∥∥∥∥∥
[
F
f

]∥∥∥∥∥∥
F×O

. (22)

As a direct consequence, we can define a map Φ : X ×S →X ×S as following:

Φ

[
v
η

]
=

[
u
θ

]
. (23)

From inequality (22), we obtain that

∥∥∥∥∥∥
[
u
θ

]∥∥∥∥∥∥
X ×S

⩽ ρ provided that ρ, ∥h∥H and

∥∥∥∥∥∥
[
F
f

]∥∥∥∥∥∥
F×O

are small enough.

Hence, the operator Φ acts BPAP
ρ into itself.

Moreover, it is clear from (23) that

Φ

([
v
η

])
(t) = B

([
v
η

]
,

[
v
η

])
(t) +Hh(η)(t) + F

([
F
f

])
(t). (24)

Hence, for (v1, η1), (v2, η2) ∈ BPAP
ρ , by the same arguments for the bilinear estimates B(·, ·) and the linear

estimate forH(·) as in the proof of Theorem 3.2, we see that∥∥∥∥∥∥Φ
([

v1
η1

])
−Φ

([
v2
η2

])∥∥∥∥∥∥
X ×S

=

∥∥∥∥∥∥B
([

v1
η1

]
,

[
v1
η1

])
− B

([
v2
η2

]
,

[
v2
η2

])
+Hh(η1 − η2)

∥∥∥∥∥∥
X ×S

⩽ sup
t∈R

∥∥∥∥∥∥
∫ t

−∞

e−(t−τ)Adiv
[
v2 ⊗ (v2 − v1) + v1 ⊗ (v2 − v1)

v2(η1 − η2) − η1(v2 − v1)

]
(τ)dτ

∥∥∥∥∥∥
Lp×Lp

+∥Hh(η1 − η2)∥X ×S

⩽

∥∥∥∥∥∥
[
v1 − v2
η1 − η2

]∥∥∥∥∥∥
X ×S

(
M1

∥∥∥∥∥∥
[
v1
η1

]∥∥∥∥∥∥
X ×S

+M1

∥∥∥∥∥∥
[
v2
η2

]∥∥∥∥∥∥
X ×S

+M2∥h∥H

)
⩽

∥∥∥∥∥∥
[
u1 − u2
η1 − η2

]∥∥∥∥∥∥
X ×S

(
2M1ρ +M2∥h∥H

)
. (25)

Therefore, if ρ and ∥h∥H are small enough such that 2M1ρ +M2∥h∥H < 1, the operator Φ is a contraction
on BPAP

ρ .

By using fixed point arguments there is a unique fixed point (u, θ) of Φ, and by the definition of Φ, this
fixed point (u, θ) is a bounded mild solution to equation (5). The uniqueness of (u, θ) in the small ball BPAP

ρ
is clearly by using inequality (25).
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4.2. Exponential stability

This section we establish an exponential stability of the PAP-mild solutions obtained in Theorem 4.1.

Theorem 4.2. (Exponential stability). Let (M, 1) be a d-dimensional real hyperbolic manifold with d ⩾ 2. The
PAP-mild solution (u, θ) obtained in Theorem 4.1 is exponentially stable in the sense that for any other mild solution
(ũ, θ̃) ∈X ×S of the equation (5), we have∥∥∥∥∥∥

[
u − ũ
θ − θ̃

]
(t)

∥∥∥∥∥∥
Lp×Lp

⩽ Ce−αt

∥∥∥∥∥∥
[
u(0) − ũ(0)
θ(0) − θ̃(0)

]∥∥∥∥∥∥
Lp×Lp

for all t > 0, (26)

where α < min{γp,p, β1, β2} with β1 = γp/2,p, β2 =
γp,p + γp/2,p

2
.

Proof. Let ρ̃ > 0 be satisfied that ∥(ũ, θ̃)∥X ×I < ρ̃. It is not hard to see that[
u(t) − ũ(t)
θ(t) − θ̃(t)

]
⩽ e−tA

[
u(0) − ũ(0)
θ(0) − θ̃(0)

]
+

∫ t

0
e−(t−τ)Adiv

[
P[ũ ⊗ (ũ − u) + u ⊗ (ũ − u)]

ũ(θ − θ̃) − θ(ũ − u)

]
(τ)dτ

+

∫ t

0
e−(t−τ)A

[
P[h(θ − θ̃)

0

]
(τ)dτ. (27)

By the same wave as in the proof of Theorem 3.2, we can obtain that∥∥∥∥∥∥
[
u(t) − ũ(t)
θ(t) − θ̃(t)

]∥∥∥∥∥∥
Lp×Lp

⩽

∥∥∥∥∥∥e−tA
[
u(0) − ũ(0)
θ(0) − θ̃(0)

]∥∥∥∥∥∥
Lp×Lp

+

∫ t

0

∥∥∥∥∥∥e−(t−τ)Adiv
[
P[ũ ⊗ (ũ − u) + u ⊗ (ũ − u)]

ũ(θ − θ̃) − θ(ũ − u)

]
(τ)

∥∥∥∥∥∥
Lp×Lp

dτ

+

∫ t

0

∥∥∥∥∥∥e−(t−τ)A
[
P[h(θ − θ̃)

0

]
(τ)

∥∥∥∥∥∥
Lp×Lp

dτ

⩽ e−γp,pt

∥∥∥∥∥∥
[
u(0) − ũ(0)
θ(0) − θ̃(0)

]∥∥∥∥∥∥
Lp×Lp

+

∫ t

0
[hd(t − τ)]

1
p+

1
d e−β2(t−τ)

∥∥∥∥∥∥
[
ũ ⊗ (ũ − u) + u ⊗ (ũ − u)

ũ(θ − θ̃) − θ(ũ − u)

]
(τ)

∥∥∥∥∥∥
L

p
2 ×L

p
2

dτ

+

∫ t

0
[hd(t − τ)]

1
p e−β1(t−τ)

∥∥∥∥∥∥
[
h(θ − θ̃)

0

]
(τ)

∥∥∥∥∥∥
L

p
2 ×L

p
2

dτ

⩽ e−γp,pt

∥∥∥∥∥∥
[
u(0) − ũ0

θ(0) − θ̃0

]∥∥∥∥∥∥
Lp×Lp

+

∫ t

0
[hd(t − τ)]

1
p+

1
d e−β2(t−τ)

∥∥∥∥∥∥
[
u − ũ
θ − θ̃

]
(τ)

∥∥∥∥∥∥
Lp×Lp

(∥∥∥∥∥∥
[
u
θ

]
(τ)

∥∥∥∥∥∥
Lp×Lp

+

∥∥∥∥∥∥
[
ũ
θ̃

]
(τ)

∥∥∥∥∥∥
Lp×Lp

)
dτ

+

∫ t

0
[hd(t − τ)]

1
p e−β1(t−τ)

∥h(τ)∥Lp

∥∥∥∥∥∥
[

0
θ − θ̃

]
(τ)

∥∥∥∥∥∥
Lp

dτ

⩽ e−γp,pt

∥∥∥∥∥∥
[
u(0) − ũ(0)
θ(0) − θ̃(0)

]∥∥∥∥∥∥
Lp×Lp

+ (ρ + ρ̃)
∫ t

0
[hd(t − τ)]

1
p+

1
d e−β2(t−τ)

∥∥∥∥∥∥
[
u − ũ
θ − θ̃

]
(τ)

∥∥∥∥∥∥
Lp×Lp

dτ

+∥h∥H

∫ t

0
[hd(t − τ)]

1
p e−β1(t−τ)

∥∥∥∥∥∥
[
u − ũ
θ − θ̃

]
(τ)

∥∥∥∥∥∥
Lp×Lp

dτ. (28)

Here β1 = γp/2,p, β2 =
γp,p + γp/2,p

2
.

By setting y(τ) = eατ
∥∥∥∥∥∥
[
u(τ) − ũ(τ)
θ(τ) − θ̃(τ)

]∥∥∥∥∥∥
Lp

for α < min{γp,p, β1, β2},we obtain from (28) that

y(t) ⩽ e−(γp,p−α)t

∥∥∥∥∥∥
[
u(0) − ũ(0)
θ(0) − θ̃(0)

]∥∥∥∥∥∥
Lp×Lp

+ (ρ + ρ̃)
∫ t

0
[hd(t − τ)]

1
p+

1
d e−(β2−α)(t−τ)y(τ)dτ



T.T. Ngoc, P.T. Xuan / Filomat 39:6 (2025), 1883–1894 1894

+∥h∥H

∫ t

0
[hd(t − τ)]

1
p e−(β1−α)(t−τ)y(τ)dτ. (29)

By the following convergences∫ t

0
[hd(t − τ)]

1
p+

1
d e−(β2−α)(t−τ)dτ ⩽ Q1 < +∞ and

∫ t

0
[hd(t − τ)]

1
p e−(β1−α)(t−τ)dτ ⩽ Q2 < +∞.

We can use Gronwall’s inequality to obtain from (29) that

|y(t)| ⩽ eQ1(ρ+ρ̃)+Q2∥h∥H

∥∥∥∥∥∥
[
u(0) − ũ(0)
θ(0) − θ̃(0)

]∥∥∥∥∥∥
Lp×Lp

for all t > 0.

This implies the exponential stability (26). Our proof is complete.
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272–298.
[9] K. Nakao, On time-periodic solutions to the Boussinesq equations in exterior domains, J. Math. Anal. Appl. 482 (2020), 123537
[10] V. Pierfelice, The incompressible Navier-Stokes equations on non-compact manifolds, J. Geom. Anal. 27 (2017), 577–617.
[11] P.T. Xuan, N.T. Van and B. Quoc, On Asymptotically Almost Periodic Solution of Parabolic Equations on real hyperbolic Manifolds, J.

Math. Anal. Appl. 517 (2023), 126578.
[12] P.T. Xuan and N.T. Van, On asymptotically almost periodic solutions to the Navier-Stokes equations in hyperbolic manifolds, J. Fixed Point

Theory Appl. 25 (2023), 1–32.
[13] P.T. Xuan, N.T. Van and T.V. Thuy, On asymptotically almost periodic solutions of the parabolic-elliptic Keller-Segel system on real

hyperbolic manifolds, Dyn. Syst. (2024), 1–18 (early access https://doi.org/10.1080/14689367.2024.2360204)
[14] E.J. Villamizar-Roa, M.A. Rodriguez-Bellido and M.A. Rojas-medar, Periodic solutions in unbounded domains for the Boussinesq

system, Acta Math. Sin. (Engl. Ser.) 26 (2010), 837–862


