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Characterization theorem for third degree symmetric semiclassical
forms of class two

Mohamed Khalfallah?

*University of Monastir, Faculty of Sciences of Monastir, Department of Mathematics, 5019 Monastir, Tunisia

Abstract. Relying on their third degree character, this paper offers a comprehensive description of a
large family of symmetric semiclassical forms of class two. A characterization theorem for all third degree
symmetric semiclassical forms of class two is stated and proved. In fact, by using the Stieltjes function
and the moments of those forms, we give necessary and sufficient conditions for a regular form to be at
the same time of strict third degree (resp. second degree), symmetric and semiclassical of class two under
condition ®(0) = 0. Thus, we focus our attention on the link between these forms and the Jacobi forms
‘V]q"[ =Jk+q/3,1-q/3),k+1>-1,kleZ,qe€ 1,2} (resp. Ty :=F(p—-1/2,9-1/2),p+q20,p,q € Z).

All of them are rational transformations of the Jacobi form V := J (-2/3, =1/3) (resp. the Tchebychev form
of firstkind 7 := 9 (-1/2,-1/2)).

1. Introduction

This work is grounded in the theory of semiclassical orthogonal polynomials. Following J. Shohat’s
pioneering paper on semiclassical orthogonal polynomials [33], many authors have explored this area.
Specifically, an orthogonal polynomial sequence associated with a regular linear form (linear functional) w
is considered semiclassical if there exists a monic polynomial ® and a polynomial W with deg ¥ > 1, such
that (Pw)” + Ww = 0. These polynomials naturally generalize the well-known classical orthogonal polyno-
mials, including Hermite, Laguerre, Jacobi, and Bessel polynomials. Over the past four decades, this theory
has been extensively developed and studied. P. Maroni has contributed significantly to its advancement,
particularly from an algebraic and structural viewpoint (see [25] for a comprehensive review, as well as [15]

for a discussion on the role of semiclassical linear forms in the analysis of polynomial sequences orthogonal
with respect to Sobolev inner products).

The study of semiclassical forms with class greater than or equal to one presents a significant challenge.
In [5], class-one semiclassical linear forms w are described through the Pearson equations they satisfy (also
referenced in [13, 28, 29]). Examples of semiclassical forms of class two can be found in [17, 18, 31, 34],
among others. Due to the complexities in solving the Laguerre-Freud equations, as highlighted in [6],
it becomes increasingly essential to utilize alternative methods for constructing semiclassical forms (see
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[2, 3, 8, 30, 31], among others), either by employing algebraic equations satisfied by the associated Stieltjes
function or through their integral representation.

On the other hand, studying regular forms whose associated formal Stieltjes function

S@)(a) =~ ) (w,x") /2"

n>0

satisfies an algebraic equation offers a compelling approach for analyzing their properties.

Second degree linear forms are defined via a quadratic equation with polynomial coefficients
M(z)S*(w)(z) + N(z)S(w)(z) + R(z) = 0.

These forms were first introduced in [27]. Examples of second degree linear forms have been examined
in various contexts, including the classical case (as seen in [4]), in the semiclassical case with class s = 1 (see
[2,3,9,11,17, 30], among others), and in the semiclassical case of class s = 2 in [17], [31].

Third degree linear forms (TDREF in short)) are characterized by the fact that their formal Stieltjes
function satisfies a cubic equation with polynomial coefficients

A(Z)SS(w)(z) + B(Z)SZ(ZU)(Z) + C(2)S(w)(z) + D(z) = 0.

A regular form w is said to be a strict third degree form (STDRE, in short) if it is a TDRF and its Stieltjes func-
tion does not satisfy a quadratic equation with polynomial coefficients, i. e., it is not a second degree form.
It is important to notice that a third degree form belongs to the Laguerre-Hahn class [12]. In [7] (resp. [4])
all classical forms which are STDRFs (resp. second degree forms) are determined. It is worthy to mention
that the unique classical STDRFs (resp. second degree forms) are the Jacobi forms ' (k + /3,1 —q/3), where
g € {1,2} and k, | are integer numbers with k+1 > —1 (see [7]) (resp. S (p —1/2,9—1/2), where p, q are integer
numbers with p + g > 0 (see [4])). Properties and examples of TDRF are given in [7]. On the other hand, an
approach to construct certain families of TDRF is presented there, either through spectral perturbations of
the linear form (see [10]) or by employing a cubic decomposition of the associated sequences of orthogonal
polynomials (see [8], [18]).

Characterizations of some families of semiclassical linear forms of class s < 2 which are TDRF are given
in (see [2-4, 7-9, 11, 17, 19, 20, 22, 30, 31], as well as the nice Table 1 in [20] which summarizes the Pearson
equations for some useful examples of third degree semiclassical forms of class at most 2).

Our work focuses on the analysis of semiclassical forms of class s = 2 that are TDRE. Specifically, we aim
to describe a large family of symmetric forms using their strict third degree and second-degree character-
istics. These forms are such that their corresponding sequences of orthogonal polynomials {W,},>o satisfy
the three-term recurrence relation (TTRR) W2(x) = xWi1(x) — Y1 Wi(x), n > 0, with initial conditions
Wo(x) = 1 and Wi(x) = x, where y,.1 # 0 for all n. Symmetric forms have been the subject of numerous
studies (see [1, 14, 28, 31], among others).

The goal of our contribution is to describe not only all symmetric semiclassical forms of class two under
the condition ®(0) = 0 that are STDRFs (or second-degree forms) and symmetric, but also to go further
by addressing the identification of this family of forms in relation to classical forms that are STDRFs (or
second-degree forms). Our primary method relies on the explicit expression of their Stieltjes function.

We now provide a brief overview of the paper’s structure. In Section 2, we review essential notations,
definitions, and results that will be utilized in the following sections. In Section 3, we first revisit the
definitions and key properties of third degree forms. Next, we present some results regarding strict third
degree classical forms, denoted by ‘VZ’I =Jk+q/3,1-q/3),k+1> -1, k1€ Z, q€{1,2} (resp. second
degree classical forms, denoted by 7, := J(p —1/2,q - 1/2),p +q 2 0, p,q € Z), which are needed in the
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sequel. In Section 4, we provide and characterize all forms that meet our objective. In Section 5, we present
the main results of the paper, which establish the equivalence between conditions (a), (b), (c), (d), (e), and
(f) as stated in Theorem 5.1 (and similarly, (i), (ii), (iii), (iv), (v), and (vi) in Theorem 5.2). Specifically, we
derive necessary and sufficient conditions for a regular form to simultaneously be a symmetric, strict third
degree (or second-degree) and semiclassical form of class two, under the condition ®(0) = 0. Furthermore,

we establish the connection between these forms and the Jacobi forms (V],;”, showing that all of these forms
are rational transformations of the Jacobi form V = J (-2/3,-1/3) (or, for the second degree case, the
Chebyshev form of the first kind 7 := J (-1/2,-1/2)).

2. Notation and basic background

Let P be the vector space of polynomials in one variable with complex coefficients and let £’ be its
algebraic dual. The elements of # will be called linear forms (linear functionals). By (-, -), we denote the
duality brackets between # and #’. Given a linear form w € #’, we denote by (w),, =: (w, x") the moment of
order n of w. In the sequel {(w),},>0 Will denote the sequence of moments of w with respect to the monomial
sequence {x"},50.

Let us define the following operations on #’. Foranya € C—{0}, b,c€ C, f,g € P, and w € P’ (see [25])

o, fr=@a, W)=~ ), -owp=wop={w D)

xX—C
(haw, f) = (w, haf) = w, f(ax)), (Tyw, f) ={w,T_pf) = (W, f(x +D)).

For f € # and w € #’, the right product wf is the polynomial (wf)(x) := <w, %ﬁﬂc» This allows us to
define the Cauchy product of two forms

(vw, fy:=(,wf), vweP, feP.

The above product is commutative, associative and distributive with respect to the sum of forms.
In #’, we have the well-known formula

oh,=h,ot,1, ac€C-{0}, beC. (1)

The linear form w € %’ is said to be a rational perturbation of v € #’ if there exist polynomials M and N,
such that

M(x)w = N(x)v.
The even part of a form w is given by
(o(w), f) = w,0(f)), feP,

where the linear operator 0 : P — P is defined by o(f)(x) := f(x2) for every f € P.
We introduce the so-called anti-symmetrization operator a : #* — #’, [25], such that for @ € P’

(a(@), =0, (a(@)), . =@ n>0. )
We will also use the so-called formal Stieltjes function associated with w € #’ that is defined by [14, 25]

S(w)(z) = — S"fl
n=>0

Remark 2.1. Foranyp € Pand w € P, S(w)(z) = p(z) if and only if w = 0 and f = 0.
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For any f €  and w,v € ¥, the following properties hold [25]

S(wo)(z) = —z5(w)(2)5(v)(2), @3)

S(fw)(z) = f(2)S(w)(z) + (WO f)(2). 4)
Let us recall that a form w is said to be regular, see [25], (quasi-definite according to [14] ) if there exists a
monic polynomial sequence {W,},»o with deg W,, = n such that (w, W,W,,) = #,0,,u, n,m > 0, where {r,},>0
is a sequence of nonzero complex numbers and 6, ,, is the Kronecker symbol.
{Wy}ns0 is called a monic orthogonal polynomial sequence (MOPS, in short) with respect to the form w. It
is characterized by the following three-term recurrence relation

WO(x) = 11 Wl(x) =X- ﬁOI

Wn+2(x) = (x - ,Bn+1)Wn+1(x) — Vn+1 Wn(-x)/ n=0. (5)

Here {B,}n>0 and {yu+1}ns0 are sequences of complex numbers such that y,.1 # 0 for all n. This is the so
called Favard’s theorem (see [14], [16]). The form w is said to be normalized if (w)y = 1. In the sequel, only
normalized forms will be considered.
In this work, we will deal with a MOPS {W,},>0 with respect to the form w fulfilling a three term
recurrence relation (5) with coefficients
B.=0, n>0.

In this case, we will say that {W,},»0 is symmetric. The corresponding form w is symmetric.
In the sequel, the following results will be useful.

Lemma 2.2. [1, 14] Let {W,},0 be a MOPS with respect to the form w. The following statements are equivalent:

(a) {Wylnso is symmetric.

(0) Wy(=x) = (=1)"W,(x), n > 0.

(c) (w)2n+1 =0,n2>0.

(d) The sequence {W,},»o has the following quadratic decomposition

Wau(x) = Py (¥2),  Waa () = 2R, (¥*), 720,

where {P,},>o is orthogonal with respect to the form u = o(w) and {R,},so is orthogonal with respect to the
form v = y;txo(w).

Thus,
S(w)(z) = zS(u)(zz), (6)
S(0)(@) = y7'28(u)@ + 7"

A form w is called semiclassical (see [25]) when it is regular and there exist two polynomials ® and ¥,
® monic, deg® > 0, deg W > 1, such that w satisfies a Pearson’s equation

(Pw) + Yw = 0. (7)

Equivalently, the formal Stieltjes function of w satisfies a nonhomogeneous first order linear differential
equation with polynomial coefficients

Ap(2)S' (w)(z) = Co(2)S(w)(2) + Do(2),
where

A() = CD, C() =-Q - \I’, DO = —(wGO(D)’ - (wQO‘I’) (8)
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Furthermore, if the polynomials Ay, Cp, and Dy appearing in (8) are coprime, then the class of w is defined

by
s = max{degCy — 1,degDy}.

If {W,},>0 is a MOPS with respect to a semiclassical form w of class s, then {W,},,»( is called a semiclassical
OPS of class s. In particular, when s = 0,i. e., deg @ < 2 and deg W = 1, one obtains, up to an affine
change of variables, the four families of classical forms : Hermite, H; Laguerre, L(a); Jacobi, J(a, f) and
Bessel, B(a) (see [26]). Taking into account Jacobi forms J («, ) will be used in the sequel, we point out that
Ox) =22 -1,¥(x) = —(@+ B +2)x + (a - p).

To finish this section, we point out that the semiclassical character of a form is preserved by shifting (or
by an affine transformation). Indeed, the shifted form w = (h,-1 0 t_p)w, a € C\{0},b € C, is also semiclassical
having the same class as that of w and satisfies

(a‘deg4’¢(ax + b)z’J)l +al"9e8 Py (ax + b)w = 0.

Hence, a displacement does not change neither the semiclassical character nor the class of a semiclassical
form [25]. Therefore, we can take canonical functional equations, by re-situating the zeros of in Eq. (7).
This will be put in evidence in the sequel.

The sequence {Wn}nzo, where Wn(x) = a"Wy(ax + b), n > 0, is orthogonal with respect to w. The
recurrence coefficients are given by ,En =a (B —b), Yur1 = a >y, n > 0[25].
For any a € C\{0}, b € C, the moments of the shifted form w = (h,-1 o 7_)w are

(W), = nla™ Z b

Iy!
v+u=n Vi

@), n>0. 9)

The formal Stieltjes function of the shifted form w = (1,1 o 7_p)w,a € C\{0}, b € C satisfies [7]

S()(z) = aS(w)(az + b). (10)

3. Third degree semiclassical forms

3.1. Third degree form

In this subsection, we briefly review the definitions and list some basic properties of the third degree
regular forms. Afterwards, we will give some results concerning strict third degree classical forms (resp.
second degree classical forms) which are needed later on in this paper.

Definition 3.1. The form w is called a third degree reqular form (TDRE, in short) if it is reqular and if there exist
four polynomials, A monic, B, C and D, such that

A(2)S*(w)(z) + B(2)S*(w)(z) + C(z)S(w)(z) + D(z) = 0. (11)
Notice that D depends on A, B, C and w. Indeed, D(z) = (w363A)(z) - (wZGéB)(z) + (wGOC)(z).

Remark 3.2. 1. A reqular form w is called a second degree form if the corresponding Stieltjes function satisfies a
quadratic equation with polynomial coefficients B, C, D (see [27]))

B(2)S*(w)(z) + C(2)S(w)(z) + D(z) = 0, (12)

where B # 0,C? —4BD # 0,D # 0 since the regularity of w.

2. When the form w is a TDRF and it is not a second degree form, it will be said to be a strict third degree regular
form (STDRE, in short) [7].
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Remark 3.3. Among the most well-known STDRFs (resp. second degree forms) you get the Jacobi form V =
J(=3,-3%) [7] (resp. the Tchebychev form of first kind T~ := j( - 1/2,—1/2) [4]). Indeed, its formal Stieltjes
function is S(V)(z) = —(z + 1)723(z — 1)713 (resp. S(T)(z) = —(z* — 1)"Y/2) and satisfies the cubic equation

z+ 1) z-1S(V)(z)+1=0.
(resp. the quadratic equation

@ -1SH(T)(2)-1=0)

The third degree character is preserved by an affine transformation. Indeed,

Proposition 3.4. [7] Let w be a TDRF and satisfying (11). Then the shifted form w = (h,- ot_p)w, a € C\{0},b € C,
fulfils:

A@S(@)(2) + B@)S* @) + C2)S@)(z) + D) =0,

with . N
A(z) = a%84A(az +b),  B(z) = a'"984B(az + b),
C(z) = a*984C(az + b), D(z) = a>984D(az + b).
Elementary transformations of linear forms as k-associated and k-anti-associated perturbations, shift,
multiplication and division by a polynomial, inversion, among others preserve the family of linear forms

of third degree [7, 10, 23]. In particular, if you deal with a the following rational spectral transformations
(see [10], [35]), then,

Lemma 3.5. [7] Let w and v be two reqular forms satisfying M(x)w = N(x)v, where M(x) and N(x) are polynomials.
If one of the two forms w and v is a third degree form, then it is the same for the other one. If w is a third degree form
satisfying (12), then v is also a third degree form and

AyS2(0) + B,S*(v) + CoS(v) + D, = 0,
with
A, = AN®, B, = N*{BM + 3A((v60N) - (u6oM))},
Co = N{CM? + 2BM((00oN) — (u0oM)) + 3A((v6oN) - (uGoM))z},

3 > 2 3
D, = DM® + CM*((v0oN) — (u0oM)) + BM((006N) — (u8M)) + A((006N) — (u6M)) .

3.2. Third degree classical forms

As mentioned in the introduction, the classical forms which are of STDRFs (resp. second degree forms)
are determined in [7] (resp. in [4]). More precisely, only some Jacobi forms are TDRF. Indeed,

Theorem 3.6. [4, 7] Among the classical forms, only the Jacobi forms J(k +q/3,1 — q/3), wherek +1> -1, k,l €
Z, qe{1,2} (resp. T (p—1/2,9 = 1/2), wherep +q > 0, p,q € Z), are STDRFs (resp. are second degree forms).

Remark 3.7. Throughout this paper the following notation will be used:
Vi =g (k+q/3,1-q/3), withk+1> -1, k1€Z, g€{1,2}, (13)
Tpq:=Jp—-1/2,q-1/2), withp+q 20, p,q € Z. (14)

The next lemma provides us with fundamental relations to be used in the sequel. More precisely, it

emphasizes the fact that the strict third degree classical forms (VS’Z (resp. second degree classical forms 7, ;)
are perturbations as (3.5) of i_;-1V (resp. 7).
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Lemma 3.8. [9,18] Let g € {1,2} and k,| € Z with k +1 > =1 (resp. p,q € Z withp +q 2 0). The forms (V’q"l and
V (resp. T4 and T') are related by

HVE = gV, (15)
(resp.  LpgTpq=RpyT,) (16)

where ,;"l and g’,;’l (resp. Ly 4 and Ry ) are polynomials with

) =gV, e+ DI - ) ) )T -1, (17)
@ =V e+ )T =) )+ )T - E (18)

e
L) =(T, (x+ D'F (- ) )+ DT @ -1)'F, (19)
Rpg@) :=(Tpg, 0+ )T (= )T )Y@ + 1) F (x - 1)'F) (20)

In the following remark, we summarize some results concerning the forms (V];’l and 7,4 defined above.

Remark 3.9. Let us recall that the moments of the Jacobi form (V],;” withk+12> -1, k1 € Z,q € {1,2} (resp. Tp,4
withp+9>0, p,q € Z), are

1 Ttk+1+2
()= L [ s 2 (419 w20 @

where

Tv+k+1+1) Tv+I1-1+1)

Fuy(k+2,1-21)= (1" + (-1 , 22
( 3 3) 1) Tk+1+1) 1) r(-1+1) )
(resp.
_ = ()., Tlp+q+1) 11

(7.;7"7)” - o~ (V)z F(V +P + q T 1)Fn,v(p z/q 2)/ nz= 0/ (23)

where
Tw+p+1 Tv+q+1
Fn,v(P — %,q - %) = (_1)n—v(v—p12) + (_1)V(V—qlz,) (24)
I'p+3) I'(g+3

and T is the gamma function [26].

Remark 3.10. Let g € {1,2} and k,] € Z with k + | > —1. Notations that will be used In the sequel are introduced

Vi 1= (happ 0 TV, (25)
V* = (haapp 0 1)V, (26)
— A+ / f—

. )YV A=l 27)
V-V ifq=2,

where V and (V],;’l denote the forms given in Remark 3.3 and Remark 3.7, respectively.
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On the other hand,

Lemma 3.11. Let q € {1,2}, then

~28(I_yy V)(=222 + 1) = 2715(V7) ). (28)
Remark 3.12. Let p,q € Z with p + q > 0. Notations that will be used In the sequel are introduced

Tpq = (o120 T1) Ty, (29)

T i= (haj2 0 T)T, (30)

where T~ and T, denote the forms given in Remark 3.3 and Remark 3.7, respectively.
Lemma 3.13. [11] One has

S(T)() = 27S(T)(2). (31)

The following proposition plays an important role in order to prove our main results.

Proposition 3.14. [9, 18] Let w be a reqular symmetric form. The following statements are equivalent

(a) wis a second degree regular form (resp. STDRF).
(b) u = o(w) is a second degree regular form (resp. STDRF).
(c) v =y;'xo(w) is a second degree form (resp. STDRF).

4. Third degree symmetric semiclassical forms of class s = 2 with ®(0) = 0

In this section, we obtain several characterizations for ymmetric semiclassical forms of class two un-
der condition ®(0) = 0 which are STDRFs , by pointing out the connection with the forms 7,,, their
corresponding Stieltjes function and their moments.

Recently, in [32], the description of symmetric semiclassical linear forms of class two with ®(0) = 0 is
presented. In this particular case, the authors state that it is possible to characterize these semiclassical
forms of class s = 2, as they describe in the following result.

Theorem 4.1. [32] The following statements are equivalent:

(a) uis a symmetric semiclassical normalized form of class s = 2 satisfying (7) with ®(0) = 0.

(b) There exist a symmetric semiclassical normalized linear form v of class § < 1, and (do, @, ¢1,C3) € C* such that :
u=-Axv+08), A=—(u),

{ ((53.7('3 + Elx) 'U), + (ﬁzxz + ﬁo) U= O,
IG3| +|¢1] #0, d,#0, dy#0
- (253 + ﬁz) A+ (251 + ﬁo) # 0.
There are three cases in terms of the canonical choice of the polynomial ®. Precisely,

e First case: ®(x) = x2. In this case, W(x) = 2x3 — (2a + 1)x and ov = L(a) where L(«) is the classical
Laguerre form.

e Second case: ®(x) = x*. In this case, W(x) = (—4a + 1)x® — 4x and 0v = B(a) where B(«a) is the classical
Bessel form.



M. Khalfallah / Filomat 39:7 (2025), 2101-2119 2109

e Third case: ®(x) = x?(x*>—1). In this case, W(x) = —(2a+2B+3)x> +(2+1)xand 0v = (hl o 7:1) J(a,p),
2
where J (o, ) is the classical Jacobi form.

Keeping the same notation in [31], let L(a,, A) be the form satisfying the following distributional
equation:

(2®(2 = 1) Ll B, V) +((-20 =26 =3 + 2B+ Dx) L(a,$, 1) =0, Ao+ +1) #p.

In addition, we have
_ () (n+a+p+1)d,i1(A)
Y1=A Yum2 = Grarpenemagag,ms 2 0
_ (n+1)(n+a+1)d,(A)
= n>0
Yon+3 = Guratpro)@urarprddamn)’ 1t = Y-

with
T(+1)I(a+p+ DI (n+ DI (n+a+1)
A=Farr n+ﬁ+1)r raipr) T a+ﬁ+1 -ABla+p+1)#0,n=0,

_ -1 k+DI'(a+k+1)I(B+1)
dn(/\)— 1- AZ” W’ ‘8——1,7’120,

2k: 2 -1 _
a+1 /\Zk 0 (k+1)?kl§-+a+1 ﬁ 0,n20, (ZO - O)'

The regularity condition is
a#t-n-1, Bp#-n-1, a+p+-n-1, A#0, d,A)#0, neNN.
Moreover,
(1t © T172) (x0 L, B, 1) = AT (@, B): (32)

Now we are in a position to state and to prove the main result of this subsection. Only one solution
appears, up to affine transformation. Indeed,

Theorem 4.2. Among the symmetric semiclassical forms of class s = 2 satisfying (7) with ®(0) = 0, only:

o the forms L(k +4,1- %,A) are STDRF, provided k + 1> -1, A™! # 3(];1;1) kleZ,qe(1,2);

o the forms L( 1q9-1, /\) are second degree forms, provided p +q >0, A7 # 22(5”1’), p,qE€Z.

Proof. The forms that emerge in the first and second cases (families) are not STDRFs (resp. are not second
degree forms). Indeed, for the first and second cases, since L(a) and B(a) are not STDRFs [7] (resp. are not
second degree forms [4]), according to Proposition 3.14 and Lemma 3.5, we conclude that these forms are
not STDRFs (resp. are not second degree forms).

Some of the forms that emerge in the third case (or family) are TDRFs. Indeed, Using (32) and according
to Theorem 3.6, Proposition 3.14 and Lemma 3.5, we get that w is a STDRF (resp. second degree form)
symmetric semiclassical form of class three if and only if &« = k+¢g/3and f =1—-¢q/3, withk+1> -1, k] €
Z,q€{l,2} (resp.a=p—-1/2and f=q-1/2, withp+4q>0,p,9€2Z). O

Remark 4.3. The result of the previous theorem for second degree forms was established in [9] and [31].

5. A description of third degree symmetric semiclassical forms of class s = 2 with ®(0) = 0

The main object of interest of this section is to establish several characterizations of the symmetric
semiclassical linear forms of class three that satisfy functional equation (7) with the condition ®(0) = 0,
and which are TDRE. So, we only need to analyze separately the STDRF and the second degree forms,
respectively.
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5.1. Strict third degree symmetric semiclassical forms of class s = 2 with ®(0) =

The main result of this section provides a characterization of the strict third degree symmetric semiclas-
sical forms of class two, that satisfy (7) with the condition ®(0) = 0, in terms of their formal Stieltjes function
(that is explicitly given) and, as consequence, the moments are deduced.

Theorem 5.1. Let w be a regular form. The following statements are equivalent.

(a) The form w is a second degree symmetric semiclassical form of class two satisfying (7) with ®(0) =
(b) (The connection between the regular forms via the operator o). There exist (k,I,A) € Z* x (C — {0}) and
g€ef{l,2}, withk+1>-1and A™! # ’;71;1) such that
xXow = )\(T/Z'l.

(c) (The connection between the reqular forms). There exist (k,1,A) € Z>x(C—{0}) and g € {1,2}, withk+1 > -1

and A71 # 3(];?_1;1), such that

P22+ Dw = Ag (-2 + )V, (33)
and
(wlefy! (=222 + 1))(2) =2Az((h 1y VOogl') = (VE'Oofy")) (=222 + 1)
+ A V9005 (222 + 1)))(@) + 2f} (-22 + 1), (34)

where k” and gk’l are polynomials defined by (19) and (20), respectively.
(d) (The connectzon between the Stieltjes functions). There exist (k,1,A) € Z* x (C — {0}) and g € {1,2}, with
k+1>~Tand A~ # X2 such that

2S(w)(2) = AS(VE')@) - 1. (35)

(e) (The connection between the regular forms via the operator a). There exist (k,[, ) € Z* x (C — {0}) and
ge{l,2}, withk+1>-1and A= # Skt 1) , such that

N

xw = )\a(;l}’,;’l). (36)

() (The moments). There exist (k,1,1) € Z2 x (C — {0}) and q € {1,2}, with k +1 > =1 and A~ # 252 such
that

() =1, (W1 =0, n=>0, (37)

(W)ansz = Anl(=2)" Z T 2( ) ‘ﬂfZ—Ef)z) Fuilk+4,1-1), n>0, (38)

VHu=n
where F ru’(k +3,1- g) is defined by (24).

Proof. (a) = (b) Let w be a strict third degree symmetric semiclassical form of class two satisfying (7) with
®(0) = 0. Taking into account Theorem 4.2, there exist (k,1,A) € Z* x (C — {0}) and g € {1,2}, with k+ [ > —1

and A1 £ 3(’;7121), such that
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From (1), (32) becomes
xow = Ay 0 1)V (39)
(b) = (a) According to (6), (10) and (39), we get
z2S(w)(z) = —2AS(Vi')(-22* +1) - 1.
Multiplying both sides of last equation by z f;’l(—Zz2 + 1), from (4) we deduce

2 (=22% + 1)S(w)(2)
= “2AzS(f' Vi )(=22% + 1) + 2A2( VS 0o f ) (=222 + 1) - 2 £ (=22 + 1)

VLY 20z Ly V)22 + 1) + 202 VEO ) (222 + 1) - 2 (<222 + 1)

MY pazghl (-2 + DS 1y VN(=222 + 1) = 2A2((h_yy1 Vo5t = (VEOo f5))(~22 + 1)

-z ,;"1(—222 +1)

MEY gl (-2 + DS(V7)(@) = 2A2((h 1y VOoge) = (VE' 0o f))(-222 + 1) — 2 (222 + 1).

Using (4), the above relation reads as
S(2 £ (=222 + w)(2) = AS(g5 (=222 + Dy V(@) + P(2),
with

PE) =~ 21a(heay Vo0t~ (Vi00f )22
+ (wefy (=222 + 1))(@) - A(V100(g5 (-2 + 1) )(2) - 2fy' (=222 + 1),

or equivalently,
S(P (=22 + Dw — Agl! (-2 + )V7)(2) = P(2) € P.
Thus, taking into Remark 2.1 we get
P22 + Dw - A (-2 + DVI =0 in P,

and

P(z) =0.

Thus the result follows.
(c) = (d) Applying the operator S to (33) and taking into account (4) we get

21 (=22% + 1)S(w)(2) =Agy! (-22% + 1)5(}1(—1)"’1(‘/)(2) - (wiefy (2 + 1))
+ AVI0y(g5' (-2 + 1)) @),
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Thus, from (28)
(=222 + 1)S(W)(2) = - 24245 (=222 + 1)S(h V(=222 + 1) — (w(xfy (-2¢* + 1)) (2)
+ Ay VO (g (222 + 1)) (2)
by (1) _ 2228(fHVEN (222 + 1) = (w(xf(-222 +1)))(@)

+ A1y VO (gl (-22% + 1)) )(2) + 2Az(_yy+VOogh')(-22% + 1)
MY oaz (222 + DS(VH)(-22 + 1) = (w(afF (=227 +1)))(2)

+ Al 1y VOo(gy (=222 + 1)))(@) + 2Az(h 1)1 VOogs')(—222 + 1)

—242(Vy' 0o f')(-22% + 1).
Therefore, by using (34), the last equation becomes

2fi(=22 + D)SW)(2) = ~2Azf} (=22 + DS(VY')(=22 + 1) - 2f}(-22> + 1),

AS a Consequence,
2S(w)(z) = —2AS(Vy')(-222 + 1) - 1.

The statement (d) holds.
(d) = (e) First, observe that

arkl

Akl Akl
S(a((T/’;J)) @) = - Z (0‘(;/—+‘71))n by (2) _Z % by (2) _Z (;fl?) _ ((sz)(zz)

n>0 n>0 n>0

Together with (35) we have
2S(w)(2) = AS (a(V}')) (2) - 1.
Therefore, using (4), the last equation becomes
S(rw)(z) = AS (o VE)) ().
By using Remark 2.1 the desired relation holds.

(e) = (f)
@hne1 = (L7 (Aa( V), = A(a(VE), "0, nzo0. (40)
(w)2n+2 = (XZU)zn+1 byé:%) (Aa(:‘y‘;’l))Zn+l ( (rVkl))Zn+1 hy=(2) A(r’i}l‘;l)n' nz O (41)

Using (9) and taking into account (21)-(22), (37)-(38) follow in a straightforward way.
(f) = (a) By hypothesis we have

@0 =1, @1 =0, @nwa=A(Vf'), nx0.
It remains to show that

_ A(VH
(V) () == ) () =Y e Y O s+ ) = s 1 (@)

n>0 n=0 n>1

Moreover, the fact that the affine transformation of a strict third degree form is also a second degree form
yields (VS’Z is a strict third degree form such that

AP @SV @) + BY @Y (V)@ + CF'(28(VE')@) + D' (2) = 0, (43)
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with
na _ —t Akl Tk, _ 1-t pk,l
A2) = (-2 A (=22 +1), BY(2) = (-2)''BE (-2 + 1),
Cz) = (-2*'CH (=22 +1), D¥'(z) = (-2)*'Df'(-2z + 1),

where t = w + 3, and A’{;’l, B]q"l, Cg’l and D};’l are polynomials

A'@) = (@ - D(z+ @),

Bi'(2) =3 - Dz + (1) ((Vi'60fy") @) = ((hay V)O0gs ) @) (£ (2),
Ci(2) =32 - Dz + (~17) (VE0u ) @) ~ (1 VIB0g ) @) (2,
DE'@) = (5@ + @ - Dz + (17 (V50 ) @) = ((h ey V)00d) @) (@).

(44)

Making z « z? in (43), multiplying this equation by A and taking into account (42) we get
Au(2)S*(W)(2) + B(2)S*()(2) + Cu(2)S(®)(2) + Du(2) = 0,
where
Au(z) = 2AY (),
Bu(2) = 3224 (2) + A22BY(23),
Cul2) = 324K (2%) + 2A2BY(2%) + A22CH(22),

Da(2) = AH(2%) + ABY (2%) + A2CH(22) + A°DF(22).

As a consequence, w is a strict third degree form.
To finish the proof, it remains to prove that the class of w is two. Based on (10), the relation (42) becomes

z2S(w)(z) = —2AS(Vy')(-222 +1) - 1. (45)
Taking formal derivatives in the last equation we get
S(w)(z) + 28" (w)(z) = 8AzS"(Vi')(-22 +1).
From the above expression we obtain

z§'(w)(z) + S(w)(z)
81z ’
Using the first order linear differential equation satisfied by the Stieltjes function of the Jacobi form [25], it

SV (222 +1) = (46)

is a straightforward exercise to prove that S((Vf;'l)(z) satisfies

$2)S'(Vi')(2) = ChL @S(VE')@) + D (2), (47)
with @, Cg’/lq, and Dg’/lq given by
(P(Z) = Zz - 1/
k1 2q
Coiq(z) =k+Dz+1-k- 3 (48)

Dﬁ;’q(z):k+l+1.
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In (47) the change of variable z « —2z% + 1 yields
P(=22% + 1)S'(VE) (=222 + 1) = C)I(=22% + 1)S(Vy')(=22% + 1) + Dy I(=22% + 1). (49)
Replacing (45) and (46) in (49), and multiplying both sides of the resulting equation by 81z, one obtains
Dy(2)S' (w)(2) = Cu(2)S(W)(2) + Dyu(2), (50)
where the polynomials ®,, C;, and D,, are
Dy(z) = zc¢>(—222 +1),
Cul2) = =P(=22* +1) - 42°Cy (22" + 1),
Dy(z) = —42Cy (=22° + 1) + 842D (=22° + 1),
Therefore, from (48) S(w)(z) fulfils (50) with
D,(2) = 42°(2* - 1),
Col@) = —42%( - 1) — 42| (k + )(-222 + 1) + | — k - é—q] (51)
Dy(z) = —4z[(k + (=222 +1)+1—k— ?] +8A(k +1+ 1)z

Therefore, the polynomials @, Cy, and Dy, given by (51) have 472 as a common factor, and so dividing these
polynomials by 4z we obtain

q)w(z) = 22(22 — ]),
Cu(z) = @k +21 -1+ (-2 +1+ 3z,

Du(z) = 2(k + )22 + 2A(k + 1+ 1) = 2(1 - 1).

Now, taking into account that 2k + 2/ =1 # O and A(k + [+ 1) - (l - g) # 0 hold, then ®,,C,, and D,, are
coprime. As a consequence, since deg D,, < 2 and deg C,, = 3, the class of w is two. [

5.2. Second degree symmetric semiclassical forms of class s = 2 with ®(0) = 0

The main result of this section provides a characterization of the second degree symmetric semiclassical
forms of class two with @(0) = 0 in terms of their formal Stieltjes function (that is explicitly given) and, as
consequence, the moments are deduced.

Theorem 5.2. Let w be a reqular form. The following statements are equivalent.
(i) The form w is a second degree symmetric semiclassical form of class two satisfying (7) with ®(0) = 0.
(ii) (The connection between the regular forms via the operator o). There exists (p,q, ) € Z* X (C — {0}) with

p+q=0and A1 # % such that

xXow = /\ﬁ,q.
(iii) (The connection between the reqular forms). There exists (p,q,A) € Z* X (C — {0}) with p + q > 0 and

Al £ ZQZfZ) such that

XLy (=227 + Dw = AR, 4(=2%> + 1)T, (52)
and
(@(xLyq(=2x* +1)))(2) =2A2((T O0Rpq) = (TpqO0Lpq))(-22% + 1)
+ AT Oo(Rpq(—22* +1)))(2) + 2Ly 0(-22% + 1), (53)

where Ly, and R, ; are polynomials defined by (19) and (20), respectively.
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(iv) (The connection between the Stieltjes functions). There exists (p,q,A) € Z* X (C — {0}) with p + q > 0 and

AL £ 22(5? such that

28(w)(2) = AS(T,q)(2) - 1. (54)

(v) (The connection between the regular forms via the operator a). There exists (p,q,A) € Z* x (C — {0}) with
p+g>0and A=t # 2(p+'7) such that

xw = Aa(‘}:p,q). (55)
(vi) (The moments). There exists (p,q, ) € Z* X (C = {0}) withp +q > 0and A™! # 2(Z+q) such that

W) =1, (W1 =0, n20, (56)

(W)ane2 = Anl(=2) ™" Z - Z( ) ‘1%}" (p-%a-1) n=o, (57)

v+u=n

where Fw(p -1q- %) is defined by (24).

Proof. (i) = (ii) Let w be a second degree symmetric semiclassical form of class two satisfying (7) with
®(0) = 0. Taking into account Theorem 4.2, there exists (p, g, A) € Z> X (C—{0}) withp+g > 0and A7 # 22(5?

such that . .
w= L(p— E,q - E,A).
From (1), (32) becomes
xow = A(h1 0 T-1)T g (58)
(i1) = (iif) According to (6), (10) and (58), we get
zS(w)(z) = —=2AS(T,0)(-222 + 1) — 1.
Multiplying both sides of last equation by ZLW(—ZZ2 + 1), from (4) we deduce
ZZLW(—ZZ2 + 1)S(w)(z)
= —2028(Ly g Tpq)(=22% + 1) + 2A2(T} 0oLy )(~222 + 1) = 2Ly 1(~22% + 1)
YL _228(Ry g T ) (=222 + 1) + 242(T 4 0oLy ) (222 + 1) = 2Ly (222 + 1)
Y 22R,, (<22 + )S(T)(~22 + 1) = 2A2((T 00Ry ) = (Tp400Lpg))(-22 + 1) — 2Ly (22 + 1)
VLY ARy (22 + DS(T)(2) = 222((T 00Ryg) = (TpgO0Lg))(-22% + 1) = 2Ly (=22 + 1),
Using (4), the above relation reads as
S(22Lpq(-22% + w)(2) = AS(Rpg(-26% + )T )(2) + P(a),
with
P(z) = = 2A2((T 00Ryq) = (Tpq00Lpq))(—22% + 1)
+ (WL (=222 + 1)))(2) = AT Oo(Ry g (~2x* + 1)))(2) = 2Ly 0(~22* + 1),
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or equivalently,
S(xLp (227 + Dw = ARy (~22% + 1)T)(2) = P(2) € P.

Thus, taking into Remark 2.1 we get
XLy (=22 + D)w — ARy 4(-2x* + 1)7 =0 in 7,

and
P(z) =

Thus the result follows.
(iif) = (iv) Applying the operator S to (52) and taking into account (4) we get

2Ly (=22 + 1)SW)(2) =AR,5(~22* + 1DS(T)(@) — (w(xLyy(~22* + 1)))(2)
+ AT Oo(Rp (=22 + 1)))(2).
Thus, from (31)
2Ly g(=22 + 1)SW)(2) = = 2A2Ry4(=22 + 1)S(T )(=22* + 1) = (w(xLy 4(-2x> + 1)) (2)
+ AT Oo(Rpq(-22* +1)))(2)
YL 02S(Lyg Ty (=222 4+ 1) = (w(xLyg (<22 + 1))
+ AT O0(Rpq(=22% +1)))(2) + 2A2(T OoR, 1 )(—22% + 1)
M DAL, (<222 + )S(T50 ) (<22 + 1) = (w(xLy g(-20 + 1)) (2)
+ AT O0(Rpq(—22* +1)))(@) + 2A2(T OoRy 0 )(=22% + 1) — 242(T 1 00Ly 0 (222 + 1).
Therefore, by using (53), the last equation becomes
2Ly (=22 + 1)S@)(2) = ~2AzL (=22 + 1)S(T}0 (=222 + 1) — 2Ly o(-22% + 1).

As a consequence,
2S(w)(z) = ~248(7,)(-222 +1) - 1.

The statement (iv) holds.
(iv) = (v) First, observe that

_ Ty, T, T, _
S (Dt(’rp,q)) @)= - Z (a(zn#))" by Z % by Q) Z (Zz(?;z?? _ 5(7',;,,7)(22)- (59)

n>0 n>0 n>0

28(w)(z) = AS (a(T ) (@) —

Therefore, using (4), the last equation becomes

S(w)(z) = AS (&(T}4)) ).

By using Remark 2.1 the desired relation holds.
(v) = (vi)

Together with (54) we have

@arn = ) " (A(Tya),, = 2 (&(Tya)),, =0, =0 (60)

@z = Gt "L (1a(), Ao, " AFoe), 20 @
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Using (9) and taking into account (23)-(24), (56)-(57) follow in a straightforward way.
(vi) = (i) By hypothesis we have

() =1, Whaw+1=0, (Whn+2= /\((}:p,q)n/ n 0.
It remains to show that

_ AT,
157 () -~ L ey Wy s )

n=0 n=0 nx1

Moreover, the fact that the affine transformation of a second degree form is also a second degree form yields
T, is a second degree form such that

By,(2)5%(T}q)(@) + Cpg(2)S(T g ) (@) + Dyg(2) = (63)
with
Byy(2) = (~2) "B y(~2z + 1), cm(z) = (-2)"1Cpg(=22 + 1), Dpy(2) = (22D y(~22 + 1),
where t = M and B, 4, C,; and D, ; are polynomials
Byq(2) = (£ -1)L2,(2)
Cpg(@) =2(2 = 1) Ly (2) ((T1400Lpq) (2) = (T O0Rpg) (2))
D@ = (22 = 1) (T3400Lp) @) — (TO0R,0) @) — B2, (2).
Making z « z2in (63), multiplying this equation by A% and taking into account (62) we get
By (2)S*(w)(2) + Cu(2)S(w)(2) + Dy(2) = 0,
where

Bu(2) = 27B,4(2?),
Co(2) = 22B, ,(2%) + A2C, 4(22),
Co(2) = Bpyg(22) + AC,4(2%) + 2D, 4(27).

As a consequence, w is a second degree form.
To finish the proof, it remains to prove that the class of w is two. Based on (10), the relation (62) becomes

zS(w)(z) = =2AS(Tpq)(—22* + 1) - 1. (64)
Taking formal derivatives in the last equation we get
S(w)(z) + zS8' (w)(z) = 8/\25’(‘7'},,q)(—2,z2 +1).
From the above expression we obtain

STy (<222 +1) = ZS’(M(%)); S@)()

Using the first order linear differential equation satisfied by the Stieltjes function of the Jacobi form, it is a

(65)

straightforward exercise to prove that S (7',,,,7) (z) satisfies

D)8 (Tpq) @) = C)'(@)S (Tp4) (@) + D), (66)
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where ©(z), Cg’q(z), and Dg’q(z) are polynomials given by

Piz)=2"-1, C'@)=@p+q-Dz+q-p, Diz)=p+q. (67)
In (66) the change of variable z « —2z% + 1 yields

D(—22" + 1)S'(T,0) (=22 + 1) = C1(=22% + 1)S(T},0)(—22> + 1) + D)1(=22% + 1). (68)
Replacing (64) and (65) in (68), and multiplying both sides of the resulting equation by 81z, one obtains

Doy (2)S' (w)(2) = Co(2)S(w)(2) + Du(2), (69)
where the polynomials ®@,,, C;, and Dy, are

Dy(z) = z20(-22% + 1),

Cu(z) = —0(-22% + 1) — 42°C)"(-22% + 1),

Du(z) = —42Ch (=22 + 1) + 8AzD}"(-22% + 1).
Therefore, from (67) S(w)(z) fulfils (69) with

Dy(z) = 42322 - 1),

Cu(z) = —422(2 - 1) - 422[(;0 +g-1)(22+1)+q- p], (70)

Dy(z) = —42[(;9 +q-1)(222+1)+q - p] +8A(p + 9)z.

Therefore, the polynomials @, Cy, and Dy, given by (70) have 47? as a common factor, and so dividing these
polynomials by 4z we obtain

Dy(2) = 222 - 1),
Co(z)=2p+29+ 1)z3 - 2gz,
Dy(z) =2(p +q - 1)z + 2AMp+q) —29+1.

Now, taking into account that 2p + 29 +1 # 0 and 2A(p + q) — 29 + 1 # 0 hold, then &, Cy, and D,, are
coprime. As a consequence, since deg D,, < 2 and deg C,, = 3, the class of w is two. [

6. Concluding remarks.

Very few examples of TDRFs that are semiclassical of class s = 2 are found in the literature. In
this contribution, we have demonstrated several examples of TDRFs that are semiclassical of class two,
generated through symmetrization processes. An intriguing question that arises is how to characterize all
third-degree semiclassical forms of class s = 2.

The study of the analytic properties of MOPS associated with the linear forms described in Section 5
remains an open problem. More specifically, since the linear form w belongs to the semiclassical class with
s = 3, the associated MOPS satisfies a second-order linear differential equation, derived from the raising
and lowering operators tied to this linear form. Therefore, an electrostatic interpretation of the zeros of
these MOPS would be highly valuable.
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