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Available at: http://www.pmf.ni.ac.rs/filomat
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Abstract. In this paper, we study three dimensional system of difference equations. Firstly, we examine
the solutions of the mentioned system depending on whether the parameters are equal to zero or non-zero.
In addition, the solutions of this system are obtained in closed form. Finally, we also describe the forbidden
set of the solutions of the system of difference equations.

1. Introduction and preliminaries

First of all, recall thatN,N0,Z, R, C, stand for the set of natural, non-negative integer, integer, real and
complex numbers, respectively. If k, l ∈ Z, k ≤ l, the notation i = k, l stands for {i ∈ Z : k ≤ i ≤ l}.

In the recent years, the interest of difference equations and their systems has increased. Researchers
are interested in solutions and behavior of solutions of difference equations and their systems [3, 4, 6, 10–
13, 15, 22, 23, 25, 27–30, 32, 33]. One of difference equations is homogeneous linear difference equations
with constant coefficients, which is in the following form:

sn = asn−3, n ∈N0, (1)

where the initial values s−3, s−2, s−1 and the parameter a are real numbers. The solution of linear difference
equation (1) is given

s3m+i = am+1si−3, m ∈N0, (2)

for i ∈ {0, 1, 2}.
Another difference equation is non-homogeneous linear difference equation with constant coefficients,
which is in the following form:

sn = asn−3 + b, n ∈N0, (3)
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where the initial values s−3, s−2, s−1 and the parameters a, b are real numbers. The solution of equation (3)
can be written as follows

s3m+i =

 b+am+1((1−a)si−3−b)
1−a , a , 1,

si−3 + b (m + 1) , a = 1,
(4)

where m ∈N0 and i ∈ {0, 1, 2}.
Kara and Yazlik in [21], obtained the solutions of the following difference equations

xn =
xn−kxn−k−l

xn−l (an + bnxn−kxn−k−l)
, n ∈N0, (5)

where the initial values are real numbers. Also they studied the forbidden set and the asymptotic behavior
of equation (5). Moreover, the case k = 3, l = 1, an = ±1 = bn, in equation (5), which is studied by Alzubaidi
and Elsayed in [2]. In addition, the case k = 3, l = 4, an = ±1 = bn, in equation (5), which is studied by
Bukhari and Elsayed in [5].
Yazlik and Güngör in [34] obtained the solution of the following difference equation

xn =
xn−4xn−5xn−6

xn−1xn−2 (a + bxn−3xn−4xn−5xn−6)
, n ∈N0, (6)

where the initial values and the parameters are real numbers. Also, they investigated the asymptotic
behavior of the solution of equation (6).
Some authors studied two dimensional system of difference equations. For instance, Touafek and Elsayed
investigated the solutions of the following systems of difference equations

xn+1 =
yn

xn−1
(
±1 ± yn

) , yn+1 =
xn

xn−1 (±1 ± xn)
, n ∈N0,

where the initial values are nonzero real numbers in [31].
Kara and Yazlik in [19], investigated the solutions of the following system of difference equations

xn =
xn−kyn−k−l

yn−l
(
an + bnxn−kyn−k−l

) , yn =
yn−kxn−k−l

xn−l
(
αn + βnyn−kxn−k−l

) , n ∈N0, (7)

where the initial values are real numbers and (an)n∈N0
, (bn)n∈N0

, (αn)n∈N0
,
(
βn

)
n∈N0

are the sequences of real
numbers. Moreover, the asymptotic behavior of well-defined solutions of system (7) was studied for the
case k = 2, l = k.
There are the particular cases of system (7) in literature. For example, the case k = 2, l = 2, an = −1 = bn,
αn = ±1 = βn, in equation (7), which is investigated by Almatrafi in [1]. Similarly, the authors of [18]
solved the case k = 2, l = 1, in equation (7). Furthermore, they described the asymptotic behavior and
the periodicity of the solutions when all sequences are constant. There are some systems of difference
equations which are not particular cases of system (7). Such as Halim et. al. investigated the solutions of
the following system of difference equations

xn+1 =
yn−1xn−2

yn
(
a + byn−1xn−2

) , yn+1 =
xn−1yn−2

xn
(
a + bxn−1yn−2

) , n ∈N0,

where the initial values and the parameters are real numbers in [14].
The authors of [9] solved the following systems of difference equations

xn+1 =
yn−5xn−8

yn−2
(
1 + yn−5xn−8

) , yn+1 =
xn−5yn−8

xn−2
(
±1 ± xn−5yn−8

) , n ∈N0,

where the initial values are nonzero real numbers.
Karakaya et. al. obtained the solutions of the following system of difference equations

xn =
xn−4yn−5xn−6

yn−1xn−2
(
a + byn−3xn−4yn−5xn−6

) , yn =
yn−4xn−5yn−6

xn−1yn−2
(
c + dxn−3yn−4xn−5yn−6

) , n ∈N0, (8)



Ö. Aktaş et al. / Filomat 39:7 (2025), 2229–2267 2231

where the initial values and the parameters are real numbers. Also, they defined the forbidden set of the
solutions of system (8) in [26].
A lot of mathematicians solved three-dimensional systems of difference equations with constant or variable
coefficients. For example, Elsayed et.al. in [8], gained the solutions of the following systems of the difference
equations

Pn+1 =
Pn−4Sn−2Qn

Sn−3Qn−1 (1 ± Pn−4Sn−2Qn)
,Qn+1 =

Qn−4Pn−2Sn

Pn−3Sn−1 (1 ±Qn−4Pn−2Sn)
,Sn+1 =

Sn−4Qn−2Pn

Qn−3Pn−1 (1 ± Sn−4Qn−2Pn)
,

for n ∈N0, the initial values are nonzero real numbers.
In addition, Kara and Aktaş in [17], investigated the solutions of the following system of difference equations

xn =
xn−2yn−3

yn−1
(
a + bxn−2yn−3

) , yn =
yn−2zn−3

zn−1
(
c + dyn−2zn−3

) , zn =
zn−2xn−3

xn−1
(
e + f zn−2xn−3

) , n ∈N0, (9)

where the parameters and the initial values are nonzero real numbers.
The following system of difference equations with variable coefficients

xn =
xn−2zn−3

zn−1 (an + bnxn−2zn−3)
, yn =

yn−2xn−3

xn−1
(
αn + βnyn−2xn−3

) , zn =
zn−2yn−3

yn−1
(
An + Bnzn−2yn−3

) , n ∈N0,

was studied by Kara and Yazlik in [20], where the initial values are nonzero real numbers and (an)∈N0
,

(bn)∈N0
, (αn)∈N0

,
(
βn

)
∈N0

, (An)∈N0
, (Bn)∈N0

, are nonzero real numbers sequences. Also, they defined the
forbidden set of the solutions and obtained the periodic solutions of the aforementioned system.
Recently, Kara obtained the solutions of the following system of difference equations

xn =
yn−4zn−5

yn−1(an+bnzn−2xn−3 yn−4zn−5) ,

yn =
zn−4xn−5

zn−1(αn+βnxn−2 yn−3zn−4xn−5) , n ∈N0,

zn =
xn−4 yn−5

xn−1(An+Bn yn−2zn−3xn−4 yn−5) ,

(10)

where (an)∈N0
, (bn)∈N0

, (αn)∈N0
,
(
βn

)
∈N0

, (An)∈N0
, (Bn)∈N0

and the initial values are real numbers. Also, she
investigated the forbidden set of the solutions of system (10) in [16].
Lately, Kara et.al. in [24], got the solutions of the following system of difference equations

xn+1 =
∏k

j=0 zn−3 j∏k
j=1 xn−(3 j−1)

(
an+bn

∏k
j=0 zn−3 j

) ,
yn+1 =

∏k
j=0 xn−3 j∏k

j=1 yn−(3 j−1)

(
cn+dn

∏k
j=0 xn−3 j

) , n ∈N0,

zn+1 =
∏k

j=0 yn−3 j∏k
j=1 zn−(3 j−1)

(
en+ fn

∏k
j=0 yn−3 j

) ,
(11)

where the initial values and the sequences are real numbers. Furthermore, they described the forbidden set
of the solutions of system (11).
Motivated by these papers, we study three dimensional form of system (8) as follows:

xn =
yn−4zn−5xn−6

yn−1zn−2(α+βxn−3 yn−4zn−5xn−6) ,

yn =
zn−4xn−5 yn−6

zn−1xn−2(γ+θyn−3zn−4xn−5 yn−6) , n ∈N0,

zn =
xn−4 yn−5zn−6

xn−1 yn−2(η+ζzn−3xn−4 yn−5zn−6) ,

(12)

where the initial values x−p, y−p, z−p for p = 1, 6 and the parameters α, β, γ, θ, η, ζ are real numbers. Note
that system (12) is a natural extension of both equation (6) and system (8).

Definition 1.1. [7] Let
(
xn, yn, zn

)
n≥−6 be a solution of a system (12). The solution

(
xn, yn, zn

)
n≥−6 is called eventually

periodic with period p if xn+p = xn, yn+p = yn and zn+p = zn for all n ≥ n0 where n0 ∈ Z. If n0 = −6 is said that the
solution is periodic with period p.
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2. The Solutions of the particular cases of system (12)

We will deal with well-defined solutions to system (12). Hence, we suppose that

xn , 0, yn , 0, zn , 0, n ≥ −6,

and

α + βxn−3yn−4zn−5xn−6 , 0, γ + θyn−3zn−4xn−5yn−6 , 0, η + ζzn−3xn−4yn−5zn−6 , 0, n ∈N0.

It is obvious that if x−p = 0 or y−p = 0 or z−p = 0, for some p ∈ {1, 2}, then x0 or y0 or z0 is not defined. Likely,
if x−3 = 0 (or y−3 = 0 (or z−3 = 0)), then z1 = 0 (or x1 = 0 (or y1 = 0)) and y2 (or z2 (or x2)) is not defined,
respectively while if x−q = 0, y−q = 0, z−q = 0, for some q ∈ {4, 5, 6}, then x0 = 0, or y0 = 0, z0 = 0, so that x1 or
y1 or z1 is not defined. On the other hand, we assume that xn0 = 0, for some n0 ∈ N0, and xn , 0, for every
n < n0, then from system (12) it follows that yn0−4 = 0 or zn0−5 = 0, that is contradiction. For this reason, the
set {

F⃗ : x−p = 0 or y−p = 0 or z−p = 0, p ∈ {1, 2, 3, 4, 5, 6}
}

is a subset of forbidden set of the solutions of the initial values of system (12). Thus, for well-defined
solutions of system (12),

(
xn, yn, zn

)
n≥−6, we get

xnynzn , 0, n ≥ −6,

if and only if x−iy−iz−i , 0, i ∈ {1, 2, 3, 4, 5, 6}.

There are 64 cases depending on whether the parameters are equal to zero or not. In 37 cases out of the
64 mentioned cases, system (12) is not defined. For example, Case α = β = 0, γθηζ , 0, Case α = β = γ = 0,
θηζ , 0, Case α = β = γ = θ = 0, ηζ , 0, Case α = β = γ = θ = η = 0, ζ , 0, Case α = β = γ = θ = η = ζ = 0,
etc.

In the rest of this study, we show solvability of the following 27 systems of difference equations by
presenting closed-form formulas for their well-defined solutions.

Case 1: Let α = γ = η = 0 and βθζ , 0. In this case, system (12) transforms into the following system

xn =
1

βyn−1zn−2xn−3
, yn =

1
θzn−1xn−2yn−3

, zn =
1

ζxn−1yn−2zn−3
, n ∈N0. (13)

Multiplying the first equation in system (13) by yn−1 for all n ∈N0, the second by zn−1 for all n ∈N0 and the
third by xn−1 for all n ∈N0, it follows that

xnyn−1 =
1

βzn−2xn−3
, ynzn−1 =

1
θxn−2yn−3

, znxn−1 =
1

ζyn−2zn−3
, n ∈N0. (14)

Using the change of variables

xnyn−1 = un, ynzn−1 = ûn, znxn−1 = ũn, n ≥ −2, (15)

system (14) becomes

un =
1
βũn−2

, ûn =
1
θun−2

, ũn =
1
ζûn−2

, n ∈N0. (16)

From (16), we have

un = un−12, ûn = ûn−12, ũn = ũn−12, n ≥ 10,
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which means that (un)n≥−2, (ûn)n≥−2 and (ũn)n≥−2, are twelve-periodic, that is,

u12m+ j = u j−12, û12m+ j = û j−12, ũ12m+ j = ũ j−12, m ∈N0,

where j = −2, 9.
From (15), we attain

x12n+i = x12(n−1)+i, y12n+i = y12(n−1)+i, z12n+i = z12(n−1)+i, n ∈N0,

where i = 9, 20, and we get

x12m+i = xi−12, y12m+i = yi−12, z12m+i = zi−12, (17)

for every m ∈N0 and i = 9, 20.

Case 2: Let β = θ = ζ = 0 and αγη , 0 In this case, system (12) is expressed as

xn =
yn−4zn−5xn−6

αyn−1zn−2
, yn =

zn−4xn−5yn−6

γzn−1xn−2
, zn =

xn−4yn−5zn−6

ηxn−1yn−2
, n ∈N0. (18)

Multiplying the first equation in system (18) by yn−1zn−2xn−3, for all n ∈ N0, the second by zn−1xn−2yn−3, for
all n ∈N0 and the third by xn−1yn−2zn−3, for all n ∈N0, it follows that

xnyn−1zn−2xn−3 =
xn−3yn−4zn−5xn−6

α
, ynzn−1xn−2yn−3 =

yn−3zn−4xn−5yn−6

γ
, znxn−1yn−2zn−3 =

zn−3xn−4yn−5zn−6

η
,

(19)

for n ∈N0.
By using the change of variables

xnyn−1zn−2xn−3 = wn, ynzn−1xn−2yn−3 = ŵn, znxn−1yn−2zn−3 = w̃n, n ≥ −3, (20)

system (19) becomes

wn =
1
α

wn−3, ŵn=
1
γ

ŵn−3, w̃n =
1
η

w̃n−3, n ∈N0. (21)

From (2), the solutions of equations in (21) are the following form

w3m+i =
( 1
α

)m+1

wi−3, ŵ3m+i =

(
1
γ

)m+1

ŵi−3, w̃3m+i =

(
1
η

)m+1

w̃i−3, m ∈N0, (22)

for i ∈ {0, 1, 2}.
From (20), we get

xn =
wnŵn−4w̃n−8

ŵn−1w̃n−5wn−9
xn−12, yn =

ŵnw̃n−4wn−8

w̃n−1wn−5ŵn−9
yn−12, zn =

w̃nwn−4ŵn−8

wn−1ŵn−5w̃n−9
zn−12, n ≥ 6, (23)

and therefore
x12m+ j =

w12m+ jŵ12m+ j−4w̃12m+ j−8

ŵ12m+ j−1w̃12m+ j−5w12m+ j−9
x12(m−1)+ j,

y12m+ j =
ŵ12m+ jw̃12m+ j−4w12m+ j−8

w̃12m+ j−1w12m+ j−5ŵ12m+ j−9
y12(m−1)+ j, m ∈N0,

z12m+ j =
w̃12m+ jw12m+ j−4ŵ12m+ j−8

w12m+ j−1ŵ12m+ j−5w̃12m+ j−9
z12(m−1)+ j,

(24)
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for j = 6, 17.
From (24), we attain

x12m+3r+s =x3r+s−12

m∏
p=0

w12p+3r+sŵ12p+3r+s−4w̃12p+3r+s−8

ŵ12p+3r+s−1w̃12p+3r+s−5w12p+3r+s−9
,

y12m+3r+s =y3r+s−12

m∏
p=0

ŵ12p+3r+sw̃12p+3r+s−4w12p+3r+s−8

w̃12p+3r+s−1w12p+3r+s−5ŵ12p+3r+s−9
, (25)

z12m+3r+s =z3r+s−12

m∏
p=0

w̃12p+3r+sw12p+3r+s−4ŵ12p+3r+s−8

w12p+3r+s−1ŵ12p+3r+s−5w̃12p+3r+s−9
,

where m ∈N0, r ∈ {2, 3, 4, 5} and s ∈ {0, 1, 2}.
From (22) and (25), we obtain

x12m+3r+s =
(γη
α3

)m+1
x3r+s−12, y12m+3r+s =

(
αη

γ3

)m+1

y3r+s−12, z12m+3r+s =

(
αγ

η3

)m+1

z3r+s−12, (26)

where m ∈N0, r ∈ {2, 3, 4, 5} and s ∈ {0, 1, 2}.

Case 3: Let α = γ = ζ = 0 and βθη , 0. In this case, system (12) turns into the following system

xn =
1

βyn−1zn−2xn−3
, yn =

1
θzn−1xn−2yn−3

, zn =
xn−4yn−5zn−6

ηxn−1yn−2
, n ∈N0. (27)

Multiplying the first equation in system (27) by yn−1zn−2xn−3 for all n ∈ N0, the second by zn−1xn−2yn−3 for
all n ∈N0 and the third by xn−1yn−2zn−3 for all n ∈N0, it follows that

xnyn−1zn−2xn−3 =
1
β
, ynzn−1xn−2yn−3 =

1
θ
, znxn−1yn−2zn−3 =

zn−3xn−4yn−5zn−6

η
, n ∈N0. (28)

By using the change of variables
xnyn−1zn−2xn−3 = v(1)

n , n ∈N0,

ynzn−1xn−2yn−3 = v̂(1)
n , n ∈N0,

znxn−1yn−2zn−3 = ṽ(1)
n , n ≥ −3,

(29)

system (28) becomes

v(1)
n =

1
β
, v̂(1)

n =
1
θ
, ṽ(1)

n =
1
η

ṽ(1)
n−3, n ∈N0. (30)

From (2), the solution of the third equation in (30) is given

ṽ(1)
3m+i =

(
1
η

)m+1

ṽ(1)
i−3, (31)

for every m ∈N0 and i ∈ {0, 1, 2}.
From (29) we gain

xn =
v(1)

n v̂(1)
n−4ṽ(1)

n−8

v̂(1)
n−1ṽ(1)

n−5v(1)
n−9

xn−12, n ≥ 9,

yn =
v̂(1)

n ṽ(1)
n−4v(1)

n−8

ṽ(1)
n−1v(1)

n−5v̂(1)
n−9

yn−12, n ≥ 9,

zn =
ṽ(1)

n v(1)
n−4v̂(1)

n−8

v(1)
n−1v̂(1)

n−5ṽ(1)
n−9

zn−12, n ≥ 6,

(32)
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and eventually

x12m+ j1 =
v(1)

12m+ j1
v̂(1)

12m+ j1−4ṽ(1)
12m+ j1−8

v̂(1)
12m+ j1−1ṽ(1)

12m+ j1−5v(1)
12m+ j1−9

x12(m−1)+ j1 ,

y12m+ j1 =
v̂(1)

12m+ j1
ṽ(1)

12m+ j1−4v(1)
12m+ j1−8

ṽ(1)
12m+ j1−1v(1)

12m+ j1−5v̂(1)
12m+ j1−9

y12(m−1)+ j1 , m ∈N0,

z12m+ j2 =
ṽ(1)

12m+ j2
v(1)

12m+ j2−4v̂(1)
12m+ j2−8

v(1)
12m+ j2−1v̂(1)

12m+ j2−5ṽ(1)
12m+ j2−9

z12(m−1)+ j2 ,

(33)

for j1 = 9, 20 and j2 = 6, 17.
From (33), we attain

x12m+3r1+s =x3r1+s−12

m∏
p=0

v(1)
12p+3r1+sv̂

(1)
12p+3r1+s−4ṽ(1)

12p+3r1+s−8

v̂(1)
12p+3r1+s−1ṽ(1)

12p+3r1+s−5v(1)
12p+3r1+s−9

,

y12m+3r1+s =y3r1+s−12

m∏
p=0

v̂(1)
12p+3r1+sṽ

(1)
12p+3r1+s−4v(1)

12p+3r1+s−8

ṽ(1)
12p+3r1+s−1v(1)

12p+3r1+s−5v̂(1)
12p+3r1+s−9

, (34)

z12m+3r2+s =z3r2+s−12

m∏
p=0

ṽ(1)
12p+3r2+sv

(1)
12p+3r2+s−4v̂(1)

12p+3r2+s−8

v(1)
12p+3r2+s−1v̂(1)

12p+3r2+s−5ṽ(1)
12p+3r2+s−9

,

where m ∈N0, r1 ∈ {3, 4, 5, 6}, r2 ∈ {2, 3, 4, 5} and s ∈ {0, 1, 2}.
From (31) and (34), we obtain

x12m+3r1+s = η
m+1x3r1+s−12, y12m+3r1+s = η

m+1y3r1+s−12, z12m+3r2+s =

(
1
η3

)m+1

z3r2+s−12, (35)

where m ∈N0, r1 ∈ {3, 4, 5, 6}, r2 ∈ {2, 3, 4, 5} and s ∈ {0, 1, 2}.

Case 4: Let β = γ = η = 0 and αθζ , 0. In this case, we get the following system

xn =
yn−4zn−5xn−6

αyn−1zn−2
, yn =

1
θzn−1xn−2yn−3

, zn =
1

ζxn−1yn−2zn−3
, n ∈N0. (36)

By interchanging yn, zn, xn, θ, ζ and α instead of xn, yn, zn, β, θ and η in system (27), we obtain system (36).
So, the solutions in (35) turn into the following formulas

x12m+3r2+s =
( 1
α3

)m+1

x3r2+s−12, y12m+3r1+s = α
m+1y3r1+s−12, z12m+3r1+s = α

m+1z3r1+s−12,

where m ∈N0, r1 ∈ {3, 4, 5, 6}, r2 ∈ {2, 3, 4, 5} and s ∈ {0, 1, 2}.

Case 5: Let α = θ = η = 0 and βγζ , 0. In this case, we get the following system

xn =
1

βyn−1zn−2xn−3
, yn =

zn−4xn−5yn−6

γzn−1xn−2
, zn =

1
ζxn−1yn−2zn−3

, n ∈N0. (37)

By interchanging zn, xn, yn, ζ, β and γ instead of xn, yn, zn, β, θ and η in system (27), we obtain system (37).
So, the solutions in (35) turn into the following formulas

x12m+3r1+s = γ
m+1x3r1+s−12, y12m+3r2+s =

(
1
γ3

)m+1

y3r2+s−12, z12m+3r1+s = γ
m+1z3r1+s−12,
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where m ∈N0, r1 ∈ {3, 4, 5, 6}, r2 ∈ {2, 3, 4, 5} and s ∈ {0, 1, 2}.

Case 6: Let α = θ = ζ = 0 and βγη , 0. In this case, system (12) transforms into the following system

xn =
1

βyn−1zn−2xn−3
, yn =

zn−4xn−5yn−6

γzn−1xn−2
, zn =

xn−4yn−5zn−6

ηxn−1yn−2
, n ∈N0. (38)

Multiplying the first equation in system (38) by yn−1zn−2xn−3 for all n ∈ N0, the second by zn−1xn−2yn−3 for
all n ∈N0 and the third by xn−1yn−2zn−3 for all n ∈N0, it follows that

xnyn−1zn−2xn−3 =
1
β
, ynzn−1xn−2yn−3 =

yn−3zn−4xn−5yn−6

γ
, znxn−1yn−2zn−3 =

zn−3xn−4yn−5zn−6

η
, (39)

where n ∈N0.
By employing change of variables

xnyn−1zn−2xn−3 = v(2)
n , n ∈N0,

ynzn−1xn−2yn−3 = v̂(2)
n , n ≥ −3,

znxn−1yn−2zn−3 = ṽ(2)
n , n ≥ −3,

(40)

system (39) becomes

v(2)
n =

1
β
, v̂(2)

n =
1
γ

v̂(2)
n−3, ṽ(2)

n =
1
η

ṽ(2)
n−3, n ∈N0. (41)

From (2), the solutions of the second and the third equations in (41) is given, respectively

v̂(2)
3m+i =

(
1
γ

)m+1

v̂(2)
i−3, ṽ(2)

3m+i =

(
1
η

)m+1

ṽ(2)
i−3, (42)

for every m ∈N0 and i ∈ {0, 1, 2}.
From (40), we obtain

xn =
v(2)

n v̂(2)
n−4ṽ(2)

n−8

v̂(2)
n−1ṽ(2)

n−5v(2)
n−9

xn−12, n ≥ 9,

yn =
v̂(2)

n ṽ(2)
n−4v(2)

n−8

ṽ(2)
n−1v(2)

n−5v̂(2)
n−9

yn−12, n ≥ 8,

zn =
ṽ(2)

n v(2)
n−4v̂(2)

n−8

v(2)
n−1v̂(2)

n−5ṽ(2)
n−9

zn−12, n ≥ 6,

(43)

and eventually

x12m+ j1 =
v(2)

12m+ j1
v̂(2)

12m+ j1−4ṽ(2)
12m+ j1−8

v̂(2)
12m+ j1−1ṽ(2)

12m+ j1−5v(2)
12m+ j1−9

x12(m−1)+ j1 ,

y12m+ j2 =
v̂(2)

12m+ j2
ṽ(2)

12m+ j2−4v(2)
12m+ j2−8

ṽ(2)
12m+ j2−1v(2)

12m+ j2−5v̂(2)
12m+ j2−9

y12(m−1)+ j2 , m ∈N0,

z12m+ j3 =
ṽ(2)

12m+ j3
v(2)

12m+ j3−4v̂(2)
12m+ j3−8

v(2)
12m+ j3−1v̂(2)

12m+ j3−5ṽ(2)
12m+ j3−9

z12(m−1)+ j3 ,

(44)

for j1 = 9, 20, j2 = 8, 19 and j3 = 6, 17.
From (44), we attain

x12m+3r1+s1 =x3r1+s1−12

m∏
p=0

v(2)
12p+3r1+s1

v̂(2)
12p+3r1+s1−4ṽ(2)

12p+3r1+s1−8

v̂(2)
12p+3r1+s1−1ṽ(2)

12p+3r1+s1−5v(2)
12p+3r1+s1−9

,
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y12m+3r2+s2 =y3r2+s2−12

m∏
p=0

v̂(2)
12p+3r2+s2

ṽ(2)
12p+3r2+s2−4v(2)

12p+3r2+s2−8

ṽ(2)
12p+3r2+s2−1v(2)

12p+3r2+s2−5v̂(2)
12p+3r2+s2−9

, (45)

z12m+3r2+s1 =z3r2+s1−12

m∏
p=0

ṽ(2)
12p+3r2+s1

v(2)
12p+3r2+s1−4v̂(2)

12p+3r2+s1−8

v(2)
12p+3r2+s1−1v̂(2)

12p+3r2+s1−5ṽ(2)
12p+3r2+s1−9

,

where m ∈N0, r1 ∈ {3, 4, 5, 6}, r2 ∈ {2, 3, 4, 5}, s1 ∈ {0, 1, 2} and s2 ∈ {2, 3, 4}.
From (42) and (45), we obtain

x12m+3r1+s1 =
(
γη

)m+1 x3r1+s1−12, y12m+3r2+s2 =

(
η

γ3

)m+1

y3r2+s2−12, z12m+3r2+s1 =

(
γ

η3

)m+1

z3r2+s1−12, (46)

where m ∈N0, r1 ∈ {3, 4, 5, 6}, r2 ∈ {2, 3, 4, 5}, s1 ∈ {0, 1, 2} and s2 ∈ {2, 3, 4}.

Case 7: Let β = γ = ζ = 0 and αθη , 0 In this case, we get the following system

xn =
yn−4zn−5xn−6

αyn−1zn−2
, yn =

1
θzn−1xn−2yn−3

, zn =
xn−4yn−5zn−6

ηxn−1yn−2
, n ∈N0. (47)

By interchanging yn, zn, xn, θ, η and α instead of xn, yn, zn, β, γ and η in system (38), we obtain system (47).
So, the solutions in (46) turn into the following formulas

x12m+3r2+s1 =
( η
α3

)m+1
x3r2+s1−12, y12m+3r1+s1 =

(
αη

)m+1 y3r1+s1−12, z12m+3r2+s2 =

(
α

η3

)m+1

z3r2+s2−12,

where m ∈N0, r1 ∈ {3, 4, 5, 6}, r2 ∈ {2, 3, 4, 5}, s1 ∈ {0, 1, 2} and s2 ∈ {2, 3, 4}.

Case 8: Let β = θ = η = 0 and αγζ , 0 In this case, we get the following system

xn =
yn−4zn−5xn−6

αyn−1zn−2
, yn =

zn−4xn−5yn−6

γzn−1xn−2
, zn =

1
ζxn−1yn−2zn−3

, n ∈N0. (48)

By interchanging zn, xn, yn, ζ, α and γ instead of xn, yn, zn, β, γ and η in system (38), we obtain system (48).
So, the solutions in (46) turn into the formulas

x12m+3r2+s2 =
( γ
α3

)m+1
x3r2+s2−12, y12m+3r2+s1 =

(
α

γ3

)m+1

y3r2+s1−12, z12m+3r1+s1 =
(
αγ

)m+1 z3r1+s1−12,

where m ∈N0, r1 ∈ {3, 4, 5, 6}, r2 ∈ {2, 3, 4, 5}, s1 ∈ {0, 1, 2} and s2 ∈ {2, 3, 4}.

Case 9: Let α = γ = 0 and βθηζ , 0. In this case, system (12) transforms into the following system

xn =
1

βyn−1zn−2xn−3
, yn =

1
θzn−1xn−2yn−3

, zn =
xn−4yn−5zn−6

xn−1yn−2
(
η + ζzn−3xn−4yn−5zn−6

) , n ∈N0. (49)

Multiplying the first equation in system (49) by yn−1zn−2xn−3 for all n ∈ N0, the second by zn−1xn−2yn−3 for
all n ∈N0 and the third by xn−1yn−2zn−3 for all n ∈N0, it follows that

xnyn−1zn−2xn−3 =
1
β
, ynzn−1xn−2yn−3 =

1
θ
, znxn−1yn−2zn−3 =

zn−3xn−4yn−5zn−6

η + ζzn−3xn−4yn−5zn−6
, n ∈N0. (50)

By using the change of variables
xnyn−1zn−2xn−3 = v(3)

n , n ∈N0,

ynzn−1xn−2yn−3 = v̂(3)
n , n ∈N0,

znxn−1yn−2zn−3 =
1

ṽ(3)
n
, n ≥ −3,

(51)
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system (50) becomes

v(3)
n =

1
β
, v̂(3)

n =
1
θ
, ṽ(3)

n = ηṽ
(3)
n−3 + ζ, n ∈N0. (52)

From (4), the solution of the third equation in (52) is given

ṽ(3)
3m+i =

 ζ+η
m+1

(
(1−η)ṽ(3)

i−3−ζ
)

1−η , η , 1,

ṽ(3)
i−3 + ζ (m + 1) , η = 1,

(53)

where m ∈N0 and i ∈ {0, 1, 2}.
From (51), we gain

xn =
v(3)

n v̂(3)
n−4ṽ(3)

n−5

v̂(3)
n−1ṽ(3)

n−8v(3)
n−9

xn−12, n ≥ 9,

yn =
v̂(3)

n ṽ(3)
n−1v(3)

n−8

ṽ(3)
n−4v(3)

n−5v̂(3)
n−9

yn−12, n ≥ 9,

zn =
v(3)

n−4v̂(3)
n−8ṽ(3)

n−9

ṽ(3)
n v(3)

n−1v̂(3)
n−5

zn−12, n ≥ 8,

(54)

and eventually

x12m+ j1 =
v(3)

12m+ j1
v̂(3)

12m+ j1−4ṽ(3)
12m+ j1−5

v̂(3)
12m+ j1−1ṽ(3)

12m+ j1−8v(3)
12m+ j1−9

x12(m−1)+ j1 ,

y12m+ j1 =
v̂(3)

12m+ j1
ṽ(3)

12m+ j1−1v(3)
12m+ j1−8

ṽ(3)
12m+ j1−4v(3)

12m+ j1−5v̂(3)
12m+ j1−9

y12(m−1)+ j1 ,

z12m+ j2 =
v(3)

12m+ j2−4v̂(3)
12m+ j2−8ṽ(3)

12m+ j2−9

ṽ(3)
12m+ j2

v(3)
12m+ j2−1v̂(3)

12m+ j2−5

z12(m−1)+ j2 ,

(55)

for m ∈N0, j1 = 9, 20 and j2 = 8, 19.
From (55), we attain

x12m+3r1+s1 =x3r1+s1−12

m∏
p=0

v(3)
12p+3r1+s1

v̂(3)
12p+3r1+s1−4ṽ(3)

12p+3r1+s1−5

v̂(3)
12p+3r1+s1−1ṽ(3)

12p+3r1+s1−8v(3)
12p+3r1+s1−9

,

y12m+3r1+s1 =y3r1+s1−12

m∏
p=0

v̂(3)
12p+3r1+s1

ṽ(3)
12p+3r1+s1−1v(3)

12p+3r1+s1−8

ṽ(3)
12p+3r1+s1−4v(3)

12p+3r1+s1−5v̂(3)
12p+3r1+s1−9

, (56)

z12m+3r2+s2 =z3r2+s2−12

m∏
p=0

v(3)
12p+3r2+s2−4v̂(3)

12p+3r2+s2−8ṽ(3)
12p+3r2+s2−9

ṽ(3)
12p+3r2+s2

v(3)
12p+3r2+s2−1v̂(3)

12p+3r2+s2−5

,

where m ∈N0, r1 ∈ {3, 4, 5, 6}, r2 ∈ {2, 3, 4, 5}, s1 ∈ {0, 1, 2} and s2 ∈ {2, 3, 4}.
From (53) and (56), we obtain

x12m+3r1+s1 =x3r1+s1−12

m∏
p=0

ζ + η4p+r1+⌊
s1−2

3 ⌋

(
(1 − η)ṽ(3)

s1−5−3⌊
s1−2

3 ⌋
− ζ

)
ζ + η4p+r1−1+⌊

s1−2
3 ⌋

(
(1 − η)ṽ(3)

s1−5−3⌊ s1−2
3 ⌋
− ζ

) ,

y12m+3r1+s1 =y3r1+s1−12

m∏
p=0

ζ + η4p+r1+1+⌊ s1−1
3 ⌋

(
(1 − η)ṽ(3)

s1−4−3⌊
s1−1

3 ⌋
− ζ

)
ζ + η4p+r1+⌊

s1−1
3 ⌋

(
(1 − η)ṽ(3)

s1−4−3⌊ s1−1
3 ⌋
− ζ

) , (57)
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z12m+3r2+s2 =z3r2+s2−12

m∏
p=0

ζ + η4p+r2−1+⌊ s2−3
3 ⌋

(
(1 − η)ṽ(3)

s2−6−3⌊ s2−3
3 ⌋
− ζ

)
ζ + η4p+r2+2+⌊ s2−3

3 ⌋

(
(1 − η)ṽ(3)

s2−6−3⌊ s2−3
3 ⌋
− ζ

) ,
if η , 1, and

x12m+3r1+s1 =x3r1+s1−12

m∏
p=0

ṽ(3)

s1−5−3⌊
s1−2

3 ⌋
+ ζ

(
4p + r1 + ⌊

s1−2
3 ⌋

)
ṽ(3)

s1−5−3⌊
s1−2

3 ⌋
+ ζ

(
4p + r1 − 1 + ⌊ s1−2

3 ⌋
) ,

y12m+3r1+s1 =y3r1+s1−12

m∏
p=0

ṽ(3)

s1−4−3⌊
s1−1

3 ⌋
+ ζ

(
4p + r1 + 1 + ⌊ s1−1

3 ⌋
)

ṽ(3)

s1−4−3⌊
s1−1

3 ⌋
+ ζ

(
4p + r1 + ⌊

s1−1
3 ⌋

) , (58)

z12m+3r2+s2 =z3r2+s2−12

m∏
p=0

ṽ(3)

s2−6−3⌊ s2−3
3 ⌋
+ ζ

(
4p + r2 − 1 + ⌊ s2−3

3 ⌋
)

ṽ(3)

s2−6−3⌊ s2−3
3 ⌋
+ ζ

(
4p + r2 + 2 + ⌊ s2−3

3 ⌋
) ,

if η = 1, where m ∈N0, r1 ∈ {3, 4, 5, 6}, r2 ∈ {2, 3, 4, 5}, s1 ∈ {0, 1, 2} and s2 ∈ {2, 3, 4}.

Case10: Let γ = η = 0 and αβθζ , 0. In this case, we get the following system

xn =
yn−4zn−5xn−6

yn−1zn−2
(
α + βxn−3yn−4zn−5xn−6

) , yn =
1

θzn−1xn−2yn−3
, zn =

1
ζxn−1yn−2zn−3

, n ∈N0. (59)

By interchanging yn, zn, xn, θ, ζ, β and α instead of xn, yn, zn, β, θ, ζ and η in system (49), we obtain system
(59). So, the solutions in (57) and (58) turn into the following formulas

x12m+3r2+s2 =x3r2+s2−12

m∏
p=0

β + α4p+r2−1+⌊ s2−3
3 ⌋

(
(1 − α)v(3)

s2−6−3⌊ s2−3
3 ⌋
− β

)
β + α4p+r2+2+⌊ s2−3

3 ⌋

(
(1 − α)v(3)

s2−6−3⌊ s2−3
3 ⌋
− β

) ,

y12m+3r1+s1 =y3r1+s1−12

m∏
p=0

β + α4p+r1+⌊
s1−2

3 ⌋

(
(1 − α)v(3)

s1−5−3⌊
s1−2

3 ⌋
− β

)
β + α4p+r1−1+⌊

s1−2
3 ⌋

(
(1 − α)v(3)

s1−5−3⌊
s1−2

3 ⌋
− β

) ,

z12m+3r1+s1 =z3r1+s1−12

m∏
p=0

β + α4p+r1+1+⌊
s1−1

3 ⌋

(
(1 − α)v(3)

s1−4−3⌊ s1−1
3 ⌋
− β

)
β + α4p+r1+⌊

s1−1
3 ⌋

(
(1 − α)v(3)

s1−4−3⌊ s1−1
3 ⌋
− β

) ,
if α , 1, and

x12m+3r2+s2 =x3r2+s2−12

m∏
p=0

v(3)

s2−6−3⌊ s2−3
3 ⌋
+ β

(
4p + r2 − 1 + ⌊ s2−3

3 ⌋
)

v(3)

s2−6−3⌊ s2−3
3 ⌋
+ β

(
4p + r2 + 2 + ⌊ s2−3

3 ⌋
) ,

y12m+3r1+s1 =y3r1+s1−12

m∏
p=0

v(3)

s1−5−3⌊
s1−2

3 ⌋
+ β

(
4p + r1 + ⌊

s1−2
3 ⌋

)
v(3)

s1−5−3⌊
s1−2

3 ⌋
+ β

(
4p + r1 − 1 + ⌊ s1−2

3 ⌋
) ,
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z12m+3r1+s1 =z3r1+s1−12

m∏
p=0

v(3)

s1−4−3⌊
s1−1

3 ⌋
+ β

(
4p + r1 + 1 + ⌊ s1−1

3 ⌋
)

v(3)

s1−4−3⌊
s1−1

3 ⌋
+ β

(
4p + r1 + ⌊

s1−1
3 ⌋

) ,
if α = 1, where m ∈N0, r1 ∈ {3, 4, 5, 6}, r2 ∈ {2, 3, 4, 5}, s1 ∈ {0, 1, 2} and s2 ∈ {2, 3, 4}.

Case11: Let α = η = 0 and βγθζ , 0. In this case, we get the following system

xn =
1

βyn−1zn−2xn−3
, yn =

zn−4xn−5yn−6

zn−1xn−2
(
γ + θyn−3zn−4xn−5yn−6

) , zn =
1

ζxn−1yn−2zn−3
, n ∈N0. (60)

By interchanging zn, xn, yn, ζ, β, θ and γ instead of xn, yn, zn, β, θ, ζ and η in system (49), we obtain system
(60). So, the solutions in (57) and (58) turn into the following formulas

x12m+3r1+s1 =x3r1+s1−12

m∏
p=0

θ + γ4p+r1+1+⌊
s1−1

3 ⌋

(
(1 − γ)v̂(3)

s1−4−3⌊
s1−1

3 ⌋
− θ

)
θ + γ4p+r1+⌊

s1−1
3 ⌋

(
(1 − γ)v̂(3)

s1−4−3⌊
s1−1

3 ⌋
− θ

) ,

y12m+3r2+s2 =y3r2+s2−12

m∏
p=0

θ + γ4p+r2−1+⌊ s2−3
3 ⌋

(
(1 − γ)v̂(3)

s2−6−3⌊ s2−3
3 ⌋
− θ

)
θ + γ4p+r2+2+⌊ s2−3

3 ⌋

(
(1 − γ)v̂(3)

s2−6−3⌊ s2−3
3 ⌋
− θ

) ,

z12m+3r1+s1 =z3r1+s1−12

m∏
p=0

θ + γ4p+r1+⌊
s1−2

3 ⌋

(
(1 − γ)v̂(3)

s1−5−3⌊
s1−2

3 ⌋
− θ

)
θ + γ4p+r1−1+⌊

s1−2
3 ⌋

(
(1 − γ)v̂(3)

s1−5−3⌊
s1−2

3 ⌋
− θ

)
if γ , 1, and

x12m+3r1+s1 =x3r1+s1−12

m∏
p=0

v̂(3)

s1−4−3⌊
s1−1

3 ⌋
+ θ

(
4p + r1 + 1 + ⌊ s1−1

3 ⌋
)

v̂(3)

s1−4−3⌊
s1−1

3 ⌋
+ θ

(
4p + r1 + ⌊

s1−1
3 ⌋

) ,
y12m+3r2+s2 =y3r2+s2−12

m∏
p=0

v̂(3)

s2−6−3⌊ s2−3
3 ⌋
+ θ

(
4p + r2 − 1 + ⌊ s2−3

3 ⌋
)

v̂(3)

s2−6−3⌊ s2−3
3 ⌋
+ θ

(
4p + r2 + 2 + ⌊ s2−3

3 ⌋
) ,

z12m+3r1+s1 =z3r1+s1−12

m∏
p=0

v̂(3)

s1−5−3⌊
s1−2

3 ⌋
+ θ

(
4p + r1 + ⌊

s1−2
3 ⌋

)
v̂(3)

s1−5−3⌊ s1−2
3 ⌋
+ θ

(
4p + r1 − 1 + ⌊ s1−2

3 ⌋
) ,

if γ = 1, where m ∈N0, r1 ∈ {3, 4, 5, 6}, r2 ∈ {2, 3, 4, 5}, s1 ∈ {0, 1, 2} and s2 ∈ {2, 3, 4}.

Case:12 Let β = θ = 0 and αγηζ , 0. In this case, system (12) turns into the following system

xn =
yn−4zn−5xn−6

αyn−1zn−2
, yn =

zn−4xn−5yn−6

γzn−1xn−2
, zn =

xn−4yn−5zn−6

xn−1yn−2
(
η + ζzn−3xn−4yn−5zn−6

) , n ∈N0. (61)

Multiplying the first equation in system (61) by yn−1zn−2xn−3 for all n ∈ N0, the second by zn−1xn−2yn−3 for
all n ∈N0 and the third by xn−1yn−2zn−3 for all n ∈N0, it follows that

xnyn−1zn−2xn−3 =
xn−3yn−4zn−5xn−6

α
, ynzn−1xn−2yn−3 =

yn−3zn−4xn−5yn−6

γ
, znxn−1yn−2zn−3 =

zn−3xn−4yn−5zn−6

η + ζzn−3xn−4yn−5zn−6
,
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(62)

for n ∈N0.
By using the change of variables

xnyn−1zn−2xn−3 = v(4)
n , ynzn−1xn−2yn−3 = v̂(4)

n , znxn−1yn−2zn−3 =
1

ṽ(4)
n

, n ≥ −3, (63)

system (62) becomes

v(4)
n =

1
α

v(4)
n−3, v̂(4)

n =
1
γ

v̂(4)
n−3, ṽ(4)

n = ηṽ
(4)
n−3 + ζ, n ∈N0. (64)

From (2), the solutions of the first and the second equations in (64) and from (4), the solution of the third
equation in (64) is given respectively

v(4)
3m+i =

(
1
α

)m+1
v(4)

i−3,

v̂(4)
3m+i =

(
1
γ

)m+1
v̂(4)

i−3,

ṽ(4)
3m+i =

 ζ+η
m+1

(
(1−η)ṽ(4)

i−3−ζ
)

1−η , η , 1,

ṽ(4)
m + ζ (m + 1) , η = 1,

(65)

where m ∈N0, and i ∈ {0, 1, 2}.
From (63), we obtain

xn =
v(4)

n v̂(4)
n−4ṽ(4)

n−5

v̂(4)
n−1ṽ(4)

n−8v(4)
n−9

xn−12, yn =
v̂(4)

n ṽ(4)
n−1v(4)

n−8

ṽ(4)
n−4v(4)

n−5v̂(4)
n−9

yn−12, zn =
v(4)

n−4v̂(4)
n−8ṽ(4)

n−9

ṽ(4)
n v(4)

n−1v̂(4)
n−5

zn−12, n ≥ 6, (66)

and consequently

x12m+ j =
v(4)

12m+ jv̂
(4)
12m+ j−4ṽ(4)

12m+ j−5

v̂(4)
12m+ j−1ṽ(4)

12m+ j−8v(4)
12m+ j−9

x12(m−1)+ j,

y12m+ j =
v̂(4)

12m+ jṽ
(4)
12m+ j−1v(4)

12m+ j−8

ṽ(4)
12m+ j−4v(4)

12m+ j−5v̂(4)
12m+ j−9

y12(m−1)+ j,

z12m+ j =
v(4)

12m+ j−4v̂(4)
12m+ j−8ṽ(4)

12m+ j−9

ṽ(4)
12m+ jv

(4)
12m+ j−1v̂(4)

12m+ j−5

z12(m−1)+ j,

(67)

where m ∈N0 and j = 6, 17.
From (67), we attain

x12m+3r+s =x3r+s−12

m∏
p=0

v(4)
12p+3r+sv̂

(4)
12p+3r+s−4ṽ(4)

12p+3r+s−5

v̂(4)
12p+3r+s−1ṽ(4)

12p+3r+s−8v(4)
12p+3r+s−9

,

y12m+3r+s =y3r+s−12

m∏
p=0

v̂(4)
12p+3r+sṽ

(4)
12p+3r+s−1v(4)

12p+3r+s−8

ṽ(4)
12p+3r+s−4v(4)

12p+3r+s−5v̂(4)
12p+3r+s−9

, (68)

z12m+3r+s =z3r+s−12

m∏
p=0

v(4)
12p+3r+s−4v̂(4)

12p+3r+s−8ṽ(4)
12p+3r+s−9

ṽ(4)
12p+3r+sv

(4)
12p+3r+s−1v̂(4)

12p+3r+s−5

,

where m ∈N0, r ∈ {2, 3, 4, 5} and s ∈ {0, 1, 2}.
From (65) and (68), we gain

x12m+3r+s =
( γ
α3

)m+1
x3r+s−12

m∏
p=0

ζ + η4p+r+⌊ s−2
3 ⌋

(
(1 − η)ṽ(4)

s−5−3⌊ s−2
3 ⌋
− ζ

)
ζ + η4p+r−1+⌊ s−2

3 ⌋

(
(1 − η)ṽ(4)

s−5−3⌊ s−2
3 ⌋
− ζ

) ,
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y12m+3r+s =

(
α

γ3

)m+1

y3r+s−12

m∏
p=0

ζ + η4p+r+1+⌊ s−1
3 ⌋

(
(1 − η)ṽ(4)

s−4−3⌊ s−1
3 ⌋
− ζ

)
ζ + η4p+r+⌊ s−1

3 ⌋

(
(1 − η)ṽ(4)

s−4−3⌊ s−1
3 ⌋
− ζ

) , (69)

z12m+3r+s =
(
αγ

)m+1 z3r+s−12

m∏
p=0

ζ + η4p+r−2
(
(1 − η)ṽ(4)

s−3 − ζ
)

ζ + η4p+r+1
(
(1 − η)ṽ(4)

s−3 − ζ
) ,

if η , 1, and

x12m+3r+s =
( γ
α3

)m+1
x3r+s−12

m∏
p=0

ṽ(4)
s−5−3⌊ s−2

3 ⌋
+ ζ

(
4p + r + ⌊ s−2

3 ⌋
)

ṽ(4)
s−5−3⌊ s−2

3 ⌋
+ ζ

(
4p + r − 1 + ⌊ s−2

3 ⌋
) ,

y12m+3r+s =

(
α

γ3

)m+1

y3r+s−12

m∏
p=0

ṽ(4)
s−4−3⌊ s−1

3 ⌋
+ ζ

(
4p + r + 1 + ⌊ s−1

3 ⌋
)

ṽ(4)
s−4−3⌊ s−1

3 ⌋
+ ζ

(
4p + r + ⌊ s−1

3 ⌋
) , (70)

z12m+3r+s =
(
αγ

)m+1 z3r+s−12

m∏
p=0

ṽ(4)
s−3 + ζ

(
4p + r − 2

)
ṽ(4)

s−3 + ζ
(
4p + r + 1

) ,
if η = 1, where m ∈N0, r ∈ {2, 3, 4, 5} and s ∈ {0, 1, 2}.

Case 13: Let θ = ζ = 0 and αβγη , 0. In this case, we get the following system

xn =
yn−4zn−5xn−6

yn−1zn−2
(
α + βxn−3yn−4zn−5xn−6

) , yn =
zn−4xn−5yn−6

γzn−1xn−2
, zn =

xn−4yn−5zn−6

ηxn−1yn−2
, n ∈N0. (71)

By interchanging yn, zn, xn, γ, η, β and α instead of xn, yn, zn, α, γ, ζ and η in system (61), we obtain system
(71). So, the solutions in (69) and (70) turn into the following formulas

x12m+3r+s =
(
γη

)m+1 x3r+s−12

m∏
p=0

β + α4p+r−2
(
(1 − α)v(4)

s−3 − β
)

β + α4p+r+1
(
(1 − α)v(4)

s−3 − β
) ,

y12m+3r+s =

(
η

γ3

)m+1

y3r+s−12

m∏
p=0

β + α4p+r+⌊ s−2
3 ⌋

(
(1 − α)v(4)

s−5−3⌊ s−2
3 ⌋
− β

)
β + α4p+r−1+⌊ s−2

3 ⌋

(
(1 − α)v(4)

s−5−3⌊ s−2
3 ⌋
− β

) ,

z12m+3r+s =

(
γ

η3

)m+1

z3r+s−12

m∏
p=0

β + α4p+r+1+⌊ s−1
3 ⌋

(
(1 − α)v(4)

s−4−3⌊ s−1
3 ⌋
− β

)
β + α4p+r+⌊ s−1

3 ⌋

(
(1 − α)v(4)

s−4−3⌊ s−1
3 ⌋
− β

) ,
if α , 1, and

x12m+3r+s =
(
γη

)m+1 x3r+s−12

m∏
p=0

v(4)
s−3 + β

(
4p + r − 2

)
v(4)

s−3 + β
(
4p + r + 1

) ,
y12m+3r+s =

(
η

γ3

)m+1

y3r+s−12

m∏
p=0

v(4)
s−5−3⌋ s−2

3 ⌋
+ β

(
4p + r + ⌊ s−2

3 ⌋
)

v(4)
s−5−3⌊ s−2

3 ⌋
+ β

(
4p + r − 1 + ⌊ s−2

3 ⌋
) ,

z12m+3r+s =

(
γ

η3

)m+1

z3r+s−12

m∏
p=0

v(4)
s−4−3⌋ s−1

3 ⌋
+ β

(
4p + r + 1 + ⌊ s−1

3 ⌋
)

v(4)
s−4−3⌊ s−1

3 ⌋
+ β

(
4p + r + ⌊ s−1

3 ⌋
) ,
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if α = 1, where m ∈N0, r ∈ {2, 3, 4, 5} and s ∈ {0, 1, 2}.

Case 14: Let β = ζ = 0 and αγθη , 0. In this case, we get the following system

xn =
yn−4zn−5xn−6

αyn−1zn−2
, yn =

zn−4xn−5yn−6

zn−1xn−2
(
γ + θyn−3zn−4xn−5yn−6

) , zn =
xn−4yn−5zn−6

ηxn−1yn−2
, n ∈N0. (72)

By interchanging zn, xn, yn, η, α, θ and γ instead of xn, yn, zn, α, γ, ζ and η in system (61), we obtain system
(72). So, the solutions in (69) and (70) turn into the following formulas

x12m+3r+s =
( η
α3

)m+1
x3r+s−12

m∏
p=0

θ + γ4p+r+1+⌊ s−1
3 ⌋

(
(1 − γ)v̂(4)

s−4−3⌊ s−1
3 ⌋
− θ

)
θ + γ4p+r+⌊ s−1

3 ⌋

(
(1 − γ)v̂(4)

s−4−3⌊ s−1
3 ⌋
− θ

) ,
y12m+3r+s =

(
αη

)m+1 y3r+s−12

m∏
p=0

θ + γ4p+r−2
(
(1 − γ)v̂(4)

s−3 − θ
)

θ + γ4p+r+1
(
(1 − γ)v̂(4)

s−3 − θ
) ,

z12m+3r+s =

(
α

η3

)m+1

z3r+s−12

m∏
p=0

θ + γ4p+r+⌊ s−2
3 ⌋

(
(1 − γ)v̂(4)

s−5−3⌊ s−2
3 ⌋
− θ

)
θ + γ4p+r−1+⌊ s−2

3 ⌋

(
(1 − γ)v̂(4)

s−5−3⌊ s−2
3 ⌋
− θ

) ,
if γ , 1, and

x12m+3r+s =
( η
α3

)m+1
x3r+s−12

m∏
p=0

v̂(4)
s−4−3⌊ s−1

3 ⌋
+ θ

(
4p + r + 1 + ⌊ s−1

3 ⌋
)

v̂(4)
s−4−3⌊ s−1

3 ⌋
+ θ

(
4p + r + ⌊ s−1

3 ⌋
) ,

y12m+3r+s =
(
αη

)m+1 y3r+s−12

m∏
p=0

v̂(4)
s−3 + θ

(
4p + r − 2

)
v̂(4)

s−3 + θ
(
4p + r + 1

) ,
z12m+3r+s =

(
α

η3

)m+1

z3r+s−12

m∏
p=0

v̂(4)
s−5−3⌊ s−2

3 ⌋
+ θ

(
4p + r + ⌊ s−2

3 ⌋
)

v̂(4)
s−5−3⌊ s−2

3 ⌋
+ θ

(
4p + r − 1 + ⌊ s−2

3 ⌋
) ,

if γ = 1, where m ∈N0, r ∈ {2, 3, 4, 5} and s ∈ {0, 1, 2}.

Case 15: Let α = θ = 0 and βγηθ , 0. In this case, system (12) transforms into the following system

xn =
1

βyn−1zn−2xn−3
, yn =

zn−4xn−5yn−6

γzn−1xn−2
, zn =

xn−4yn−5zn−6

xn−1yn−2
(
η + ζzn−3xn−4yn−5zn−6

) , n ∈N0. (73)

Multiplying the first equation system (73) by yn−1zn−2xn−3 for all n ∈ N0, the second by zn−1xn−2yn−3 for all
n ∈N0 and the third by xn−1yn−2zn−3 for all n ∈N0, it follows that

xnyn−1zn−2xn−3 =
1
β
, ynzn−1xn−2yn−3 =

yn−3zn−4xn−5yn−6

γ
, znxn−1yn−2zn−3 =

zn−3xn−4yn−5zn−6

η + ζzn−3xn−4yn−5zn−6
, n ∈N0.

(74)

By employing the change of variables
xnyn−1zn−2xn−3 = v(5)

n , n ∈N0,

ynzn−1xn−2yn−3 = v̂(5)
n , n ≥ −3,

znxn−1yn−2zn−3 =
1

ṽ(5)
n
, n ≥ −3,

(75)
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system (74) becomes

v(5)
n =

1
β
, v̂(5)

n =
1
γ

v̂(5)
n−3, ṽ(5)

n = ηṽ
(5)
n−3 + ζ, n ∈N0. (76)

From (2), the solution of the second equation in (76) and from (4), the solution of the third equation in (76)
is given respectively

v̂(5)
3m+i =

(
1
γ

)m+1
v̂(5)

i−3,

ṽ(5)
3m+i =

 ζ+η
m+1

(
(1−η)ṽ(5)

i−3−ζ
)

1−η , η , 1,

ṽ(5)
i−3 + ζ (m + 1) , η = 1,

(77)

where m ∈N0 and i ∈ {0, 1, 2}.
From (75), we gain

xn =
v(5)

n v̂(5)
n−4ṽ(5)

n−5

v̂(5)
n−1ṽ(5)

n−8v(5)
n−9

xn−12, n ≥ 9,

yn =
v̂(5)

n ṽ(5)
n−1v(5)

n−8

ṽ(5)
n−4v(5)

n−5v̂(5)
n−9

yn−12, n ≥ 8,

zn =
v(5)

n−4v̂(5)
n−8ṽ(5)

n−9

ṽ(5)
n v(5)

n−1v̂(5)
n−5

zn−12, n ≥ 6,

(78)

and consequently

x12m+ j1 =
v(5)

12m+ j1
v̂(5)

12m+ j1−4ṽ(5)
12m+ j1−5

v̂(5)
12m+ j1−1ṽ(5)

12m+ j1−8v(5)
12m+ j1−9

x12(m−1)+ j1 ,

y12m+ j2 =
v̂(5)

12m+ j2
ṽ(5)

12m+ j2−1v(5)
12m+ j2−8

ṽ(5)
12m+ j2−4v(5)

12m+ j2−5v̂(5)
12m+ j2−9

y12(m−1)+ j2 ,

z12m+ j3 =
v(5)

12m+ j3−4v̂(5)
12m+ j3−8ṽ(5)

12m+ j3−9

ṽ(5)
12m+ j3

v(5)
12m+ j3−1v̂(5)

12m+ j3−5

z12(m−1)+ j3 ,

(79)

where m ∈N0, j1 = 9, 20, j2 = 8, 19 and j3 = 6, 17.
From (79), we attain

x12m+3r1+s1 =x3r1+s1−12

m∏
p=0

v(5)
12p+3r1+s1

v̂(5)
12p+3r1+s1−4ṽ(5)

12p+3r1+s1−5

v̂(5)
12p+3r1+s1−1ṽ(5)

12p+3r1+s1−8v(5)
12p+3r1+s1−9

,

y12m+3r2+s2 =y3r2+s2−12

m∏
p=0

v̂(5)
12p+3r2+s2

ṽ(5)
12p+3r2+s2−1v(5)

12p+3r2+s2−8

ṽ(5)
12p+3r2+s2−4v(5)

12p+3r2+s2−5v̂(5)
12p+3r2+s2−9

, (80)

z12m+3r2+s1 =z3r2+s1−12

m∏
p=0

v(5)
12p+3r2+s1−4v̂(5)

12p+3r2+s1−8ṽ(5)
12p+3r2+s1−9

ṽ(5)
12p+3r2+s1

v(5)
12p+3r2+s1−1v̂(5)

12p+3r2+s1−5

,

where m ∈N0, r1 ∈ {3, 4, 5, 6}, r2 ∈ {2, 3, 4, 5}, s1 ∈ {0, 1, 2} and s2 ∈ {2, 3, 4}.
From (77) and (80), we obtain

x12m+3r1+s1 =γ
m+1x3r1+s1−12

m∏
p=0

ζ + η4p+r1+⌊
s1−2

3 ⌋

(
(1 − η)ṽ(5)

s1−5−3⌊ s1−2
3 ⌋
− ζ

)
ζ + η4p+r1−1+⌊ s1−2

3 ⌋

(
(1 − η)ṽ(5)

s1−5−3⌊ s1−2
3 ⌋
− ζ

) ,
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y12m+3r2+s2 =

(
1
γ3

)m+1

y3r2+s2−12

m∏
p=0

ζ + η4p+r2+1+⌊ s2−1
3 ⌋

(
(1 − η)ṽ(5)

s2−4−3⌊ s2−1
3 ⌋
− ζ

)
ζ + η4p+r2+⌊

s2−1
3 ⌋

(
(1 − η)ṽ(5)

s2−4−3⌊ s2−1
3 ⌋
− ζ

) , (81)

z12m+3r2+s1 =γ
m+1z3r2+s1−12

m∏
p=0

ζ + η4p+r2−2
(
(1 − η)ṽ(5)

s1−3 − ζ
)

ζ + η4p+r2+1
(
(1 − η)ṽ(5)

s1−3 − ζ
) ,

if η , 1, and

x12m+3r1+s1 =γ
m+1x3r1+s1−12

m∏
p=0

ṽ(5)

s1−5−3⌊
s1−2

3 ⌋
+ ζ

(
4p + r1 + ⌊

s1−2
3 ⌋

)
ṽ(5)

s1−5−3⌊
s1−2

3 ⌋
+ ζ

(
4p + r1 − 1 + ⌊ s1−2

3 ⌋
) ,

y12m+3r2+s2 =

(
1
γ3

)m+1

y3r2+s2−12

m∏
p=0

ṽ(5)

s2−4−3⌊ s2−1
3 ⌋
+ ζ

(
4p + r2 + 1 + ⌊ s2−1

3 ⌋
)

ṽ(5)

s2−4−3⌊ s2−1
3 ⌋
+ ζ

(
4p + r2 + ⌊

s2−1
3 ⌋

) , (82)

z12m+3r2+s1 =γ
m+1z3r2+s1−12

m∏
p=0

ṽ(5)
s1−3 + ζ

(
4p + r2 − 2

)
ṽ(5)

s1−3 + ζ
(
4p + r2 + 1

) ,
if η = 1, where m ∈N0, r1 ∈ {3, 4, 5, 6}, r2 ∈ {2, 3, 4, 5}, s1 ∈ {0, 1, 2} and s2 ∈ {2, 3, 4}.

Case 16: Let γ = ζ = 0 and αβθη , 0. In this case, we get the following system

xn =
yn−4zn−5xn−6

yn−1zn−2
(
α + βxn−3yn−4zn−5xn−6

) yn =
1

θzn−1xn−2yn−3
, zn =

xn−4yn−5zn−6

ηxn−1yn−2
, n ∈N0. (83)

By interchanging yn, zn, xn, α, β, η and θ instead of xn, yn, zn, η, ζ, γ and β in system (73), we obtain system
(83). So, the solutions in (81) and (82) turn into the following formulas

x12m+3r2+s1 =η
m+1x3r2+s1−12

m∏
p=0

β + α4p+r2−2
(
(1 − α)v(5)

s1−3 − β
)

β + α4p+r2+1
(
(1 − α)v(5)

s1−3 − β
) ,

y12m+3r1+s1 =η
m+1y3r1+s1−12

m∏
p=0

β + α4p+r1+⌊
s1−2

3 ⌋

(
(1 − α)v(5)

s1−5−3⌊
s1−2

3 ⌋
− β

)
β + α4p+r1−1+⌊

s1−2
3 ⌋

(
(1 − α)v(5)

s1−5−3⌊
s1−2

3 ⌋
− β

) ,

z12m+3r2+s2 =

(
1
η3

)m+1

z3r2+s2−12

m∏
p=0

β + α4p+r2+1+⌊ s2−1
3 ⌋

(
(1 − α)v(5)

s2−4−3⌊ s2−1
3 ⌋
− β

)
β + α4p+r2+⌊

s2−1
3 ⌋

(
(1 − α)v(5)

s2−4−3⌊ s2−1
3 ⌋
− β

) ,
if α , 1, and

x12m+3r2+s1 =η
m+1x3r2+s1−12

m∏
p=0

v(5)
s1−3 + β

(
4p + r2 − 2

)
v(5)

s1−3 + β
(
4p + r2 + 1

) ,
y12m+3r1+s1 =η

m+1y3r1+s1−12

m∏
p=0

v(5)

s1−5−3⌊
s1−2

3 ⌋
+ β

(
4p + r1 + ⌊

s1−2
3 ⌋

)
v(5)

s1−5−3⌊
s1−2

3 ⌋
+ β

(
4p + r1 − 1 + ⌊ s1−2

3 ⌋
) ,
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z12m+3r2+s2 =

(
1
η3

)m+1

z3r2+s2−12

m∏
p=0

v(5)

s2−4−3⌊ s2−1
3 ⌋
+ β

(
4p + r2 + 1 + ⌊ s2−1

3 ⌋
)

v(5)

s2−4−3⌊ s2−1
3 ⌋
+ β

(
4p + r2 + ⌊

s2−1
3 ⌋

) ,
if α = 1, where m ∈N0, r1 ∈ {3, 4, 5, 6}, r2 ∈ {2, 3, 4, 5}, s1 ∈ {0, 1, 2} and s2 ∈ {2, 3, 4}.

Case 17: β = η = 0 and αγθζ , 0. In this case, we get the following system

xn =
yn−4zn−5xn−6

αyn−1zn−2
, yn =

zn−4xn−5yn−6

zn−1xn−2
(
γ + θyn−3zn−4xn−5yn−6

) , zn =
1

ζxn−1yn−2zn−3
, n ∈N0. (84)

By interchanging zn, xn, yn, γ, θ, α and ζ instead of xn, yn, zn, η, ζ, γ and β in system (73), we obtain system
(84). So, the solutions in (81) and (82) turn into the following formulas

x12m+3r2+s2 =
( 1
α3

)m+1

x3r2+s2−12

m∏
p=0

θ + γ4p+r2+1+⌊ s2−1
3 ⌋

(
(1 − γ)v̂(5)

s2−4−3⌊ s2−1
3 ⌋
− θ

)
θ + γ4p+r2+⌊

s2−1
3 ⌋

(
(1 − γ)v̂(5)

s2−4−3⌊ s2−1
3 ⌋
− θ

) ,

y12m+3r2+s1 =α
m+1y3r2+s1−12

m∏
p=0

θ + γ4p+r2−2
(
(1 − γ)v̂(5)

s1−3 − θ
)

θ + γ4p+r2+1
(
(1 − γ)v̂(5)

s1−3 − θ
) ,

z12m+3r1+s1 =α
m+1z3r1+s1−12

m∏
p=0

θ + γ4p+r1+⌊
s1−2

3 ⌋

(
(1 − γ)v̂(5)

s1−5−3⌊
s1−2

3 ⌋
− θ

)
θ + γ4p+r1−1+⌊

s1−2
3 ⌋

(
(1 − γ)v̂(5)

s1−5−3⌊
s1−2

3 ⌋
− θ

) ,
if γ , 1, and

x12m+3r2+s2 =
( 1
α3

)m+1

x3r2+s2−12

m∏
p=0

v̂(5)

s2−4−3⌊ s2−1
3 ⌋
+ θ

(
4p + r2 + 1 + ⌊ s2−1

3 ⌋
)

v̂(5)

s2−4−3⌊ s2−1
3 ⌋
+ θ

(
4p + r2 + ⌊

s2−1
3 ⌋

) ,
y12m+3r2+s1 =α

m+1y3r2+s1−12

m∏
p=0

v̂(5)
s1−3 + θ

(
4p + r2 − 2

)
v̂(5)

s1−3 + θ
(
4p + r2 + 1

) ,
z12m+3r1+s1 =α

m+1z3r1+s1−12

m∏
p=0

v̂(5)

s1−5−3⌊
s1−2

3 ⌋
+ θ

(
4p + r1 + ⌊

s1−2
3 ⌋

)
v̂(5)

s1−5−3⌊ s1−2
3 ⌋
+ θ

(
4p + r1 − 1⌊ s1−2

3 ⌋
) ,

if γ = 1, where m ∈N0, r1 ∈ {3, 4, 5, 6}, r2 ∈ {2, 3, 4, 5}, s1 ∈ {0, 1, 2} and s2 ∈ {2, 3, 4}.

Case 18: Let α = ζ = 0 and βγθη , 0. In this case, system (12) turns into the following system

xn =
1

βyn−1zn−2xn−3
, yn =

zn−4xn−5yn−6

zn−1xn−2
(
γ + θyn−3zn−4xn−5yn−6

) , zn =
xn−4yn−5zn−6

ηxn−1yn−2
, n ∈N0. (85)

Multiplying the first equation in system (85) by yn−1zn−2xn−3 for all n ∈ N0, the second by zn−1xn−2yn−3 for
all n ∈N0 and the third by xn−1yn−2zn−3 for all n ∈N0, it follows that

xnyn−1zn−2xn−3 =
1
β
, ynzn−1xn−2yn−3 =

yn−3zn−4xn−5yn−6

γ + θyn−3zn−4xn−5yn−6
, znxn−1yn−2zn−3 =

zn−3xn−4yn−5zn−6

η
, n ∈N0.
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(86)

By using the change of variables
xnyn−1zn−2xn−3 = v(6)

n , n ∈N0,

ynzn−1xn−2yn−3 =
1

v̂(6)
n
, n ≥ −3,

znxn−1yn−2zn−3 = ṽ(6)
n , n ≥ −3,

(87)

system (86) becomes

v(6)
n =

1
β
, v̂(6)

n = γv̂(6)
n−3 + θ, ṽ(6)

n =
1
η

ṽ(6)
n−3, n ∈N0. (88)

From(4), the solution the second equation in (88) and from (2), the solution of the third equation in (88) is
given respectively

v̂(6)
3m+i =

θ+γ
m+1

(
(1−γ)v̂(6)

i−3−θ
)

1−γ , γ , 1,

v̂(6)
i−3 + θ (m + 1) , γ = 1,

ṽ(6)
3m+i =

(
1
η

)m+1
ṽ(6)

i−3,

(89)

where m ∈N0 and i ∈ {0, 1, 2}.
From (87), we gain

xn =
v(6)

n v̂(6)
n−1ṽ(6)

n−8

v̂(6)
n−4ṽ(6)

n−5v(6)
n−9

xn−12, n ≥ 9,

yn =
ṽ(6)

n−4v(6)
n−8v̂(6)

n−9

v̂(6)
n ṽ(6)

n−1v(6)
n−5

yn−12, n ≥ 8,

zn =
ṽ(6)

n v(6)
n−4v̂(6)

n−5

v(6)
n−1v̂(6)

n−8ṽ(6)
n−9

zn−12, n ≥ 6,

(90)

and eventually

x12m+ j1 =
v(6)

12m+ j1
v̂(6)

12m+ j1−1ṽ(6)
12m+ j1−8

v̂(6)
12m+ j1−4ṽ(6)

12m+ j1−5v(6)
12m+ j1−9

x12(m−1)+ j1 ,

y12m+ j2 =
ṽ(6)

12m+ j2−4v(6)
12m+ j2−8v̂(6)

12m+ j2−9

v̂(6)
12m+ j2

ṽ(6)
12m+ j2−1v(6)

12m+ j2−5

y12(m−1)+ j2 ,

z12m+ j3 =
ṽ(6)

12m+ j3
v(6)

12m+ j3−4v̂(6)
12m+ j3−5

v(6)
12m+ j3−1v̂(6)

12m+ j3−8ṽ(6)
12m+ j3−9

z12(m−1)+ j3 ,

(91)

where m ∈N0, j1 = 9, 20, j2 = 8, 19 and j3 = 6, 17.
From (91), we attain

x12m+3r1+s1 =x3r1+s1−12

m∏
p=0

v(6)
12p+3r1+s1

v̂(6)
12p+3r1+s1−1ṽ(6)

12p+3r1+s1−8

v̂(6)
12p+3r1+s1−4ṽ(6)

12p+3r1+s1−5v(6)
12p+3r1+s1−9

,

y12m+3r2+s2 =y3r2+s2−12

m∏
p=0

ṽ(6)
12p+3r2+s2−4v(6)

12p+3r2+s2−8v̂(6)
12p+3r2+s2−9

v̂(6)
12p+3r2+s2

ṽ(6)
12p+3r2+s2−1v(6)

12p+3r2+s2−5

, (92)

z12m+3r2+s1 =z3r2+s1−12

m∏
p=0

ṽ(6)
12p+3r2+s1

v(6)
12p+3r2+s1−4v̂(6)

12p+3r2+s1−5

v(6)
12p+3r2+s1−1v̂(6)

12p+3r2+s1−8ṽ(6)
12p+3r2+s1−9

,
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where m ∈N0, r1 ∈ {3, 4, 5, 6}, r2 ∈ {2, 3, 4, 5}, s1 ∈ {0, 1, 2} and s2 ∈ {2, 3, 4}.
From (89) and (92), we obtain

x12m+3r1+s1 =η
m+1x3r1+s1−12

m∏
p=0

θ + γ4p+r1+1+⌊
s1−1

3 ⌋

(
(1 − γ)v̂(6)

s1−4−3⌊
s1−1

3 ⌋
− θ

)
θ + γ4p+r1+⌊

s1−1
3 ⌋

(
(1 − γ)v̂(6)

s1−4−3⌊
s1−1

3 ⌋
− θ

) ,

y12m+3r2+s2 =η
m+1y3r2+s2−12

m∏
p=0

θ + γ4p+r2−1+⌊ s2−3
3 ⌋

(
(1 − γ)v̂(6)

s2−6−3⌊ s2−3
3 ⌋
− θ

)
θ + γ4p+r2+2+⌊ s2−3

3 ⌋

(
(1 − γ)v̂(6)

s2−6−3⌊ s2−3
3 ⌋
− θ

) , (93)

z12m+3r2+s1 =

(
1
η3

)m+1

z3r2+s1−12

m∏
p=0

θ + γ4p+r2+⌊
s1−2

3 ⌋

(
(1 − γ)v̂(6)

s1−5−3⌊
s1−2

3 ⌋
− θ

)
θ + γ4p+r2−1+⌊

s1−2
3 ⌋

(
(1 − γ)v̂(6)

s1−5−3⌊
s1−2

3 ⌋
− θ

) ,
if γ , 1, and

x12m+3r1+s1 =η
m+1x3r1+s1−12

m∏
p=0

v̂(6)

s1−4−3⌊
s1−1

3 ⌋
+ θ

(
4p + r1 + 1 + ⌊ s1−1

3 ⌋
)

v̂(6)

s1−4−3⌊
s1−1

3 ⌋
+ θ

(
4p + r1 + ⌊

s1−1
3 ⌋

) ,
y12m+3r2+s2 =η

m+1y3r2+s2−12

m∏
p=0

v̂(6)

s2−6−3⌊ s2−3
3 ⌋
+ θ

(
4p + r2 − 1 + ⌊ s2−3

3 ⌋
)

v̂(6)

s2−6−3⌊ s2−3
3 ⌋
+ θ

(
4p + r2 + 2 + ⌊ s2−3

3 ⌋
) , (94)

z12m+3r2+s1 =

(
1
η3

)m+1

z3r2+s1−12

m∏
p=0

v̂(6)

s1−5−3⌊
s1−2

3 ⌋
+ θ

(
4p + r2 + ⌊

s1−2
3 ⌋

)
v̂(6)

s1−5−3⌊
s1−2

3 ⌋
+ θ

(
4p + r2 − 1 + ⌊ s1−2

3 ⌋
) ,

if γ = 1, where m ∈N0, r1 ∈ {3, 4, 5, 6}, r2 ∈ {2, 3, 4, 5}, s1 ∈ {0, 1, 2} and s2 ∈ {2, 3, 4}.

Case 19: Let β = γ = 0 and αθηζ , 0. In this case, we get the following system

xn =
yn−4zn−5xn−6

αyn−1zn−2
, yn =

1
θzn−1xn−2yn−3

, zn =
xn−4yn−5zn−6

xn−1yn−2
(
η + ζzn−3xn−4yn−5zn−6

) , n ∈N0. (95)

By interchanging yn, zn, xn, α, θ, η and ζ instead of xn, yn, zn, η, β, γ and θ in system (85), we obtain system
(95). So, the solutions in (93) and (94) turn into the following formulas

x12m+3r2+s1 =
( 1
α3

)m+1

x3r2+s1−12

m∏
p=0

ζ + η4p+r2+⌊
s1−2

3 ⌋

(
(1 − η)ṽ(6)

s1−5−3⌊
s1−2

3 ⌋
− ζ

)
ζ + η4p+r2−1+⌊

s1−2
3 ⌋

(
(1 − η)ṽ(6)

s1−5−3⌊ s1−2
3 ⌋
− ζ

) ,

y12m+3r1+s1 =α
m+1y3r1+s1−12

m∏
p=0

ζ + η4p+r1+1+⌊ s1−1
3 ⌋

(
(1 − η)ṽ(6)

s1−4−3⌊
s1−1

3 ⌋
− ζ

)
ζ + η4p+r1+⌊

s1−1
3 ⌋

(
(1 − η)ṽ(6)

s1−4−3⌊ s1−1
3 ⌋
− ζ

) ,
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z12m+3r2+s2 =α
m+1z3r2+s2−12

m∏
p=0

ζ + η4p+r2−1+⌊ s2−3
3 ⌋

(
(1 − η)ṽ(6)

s2−6−3⌊ s2−3
3 ⌋
− ζ

)
ζ + η4p+r2+2+⌊ s2−3

3 ⌋

(
(1 − η)ṽ(6)

s2−6−3⌊ s2−3
3 ⌋
− ζ

) ,
if η , 1, and

x12m+3r2+s1 =
( 1
α3

)m+1

x3r2+s1−12

m∏
p=0

ṽ(6)

s1−5−3⌊
s1−2

3 ⌋
+ ζ

(
4p + r2 + ⌊

s1−2
3 ⌋

)
ṽ(6)

s1−5−3⌊
s1−2

3 ⌋
+ ζ

(
4p + r2 − 1 + ⌊ s1−2

3 ⌋
) ,

y12m+3r1+s1 =α
m+1y3r1+s1−12

m∏
p=0

ṽ(6)

s1−4−3⌊
s1−1

3 ⌋
+ ζ

(
4p + r1 + 1 + ⌊ s1−1

3 ⌋
)

ṽ(6)

s1−4−3⌊
s1−1

3 ⌋
+ ζ

(
4p + r1 + ⌊

s1−1
3 ⌋

) ,
z12m+3r2+s2 =α

m+1z3r2+s2−12

m∏
p=0

ṽ(6)

s2−6−3⌊ s2−3
3 ⌋
+ ζ

(
4p + r2 − 1 + ⌊ s2−3

3 ⌋
)

ṽ(6)

s2−6−3⌊ s2−3
3 ⌋
+ ζ

(
4p + r2 + 2 + ⌊ s2−3

3 ⌋
) ,

if η = 1, where m ∈N0, r1 ∈ {3, 4, 5, 6}, r2 ∈ {2, 3, 4, 5}, s1 ∈ {0, 1, 2} and s2 ∈ {2, 3, 4}.

Case 20: Let θ = η = 0 and αβγζ , 0. In this case, we get the following system

xn =
yn−4zn−5xn−6

yn−1zn−2
(
α + βxn−3yn−4zn−5xn−6

) , yn =
zn−4xn−5yn−6

γzn−1xn−2
, zn =

1
ζxn−1yn−2zn−3

, n ∈N0. (96)

By interchanging zn, xn, yn, γ, ζ, α and β instead of xn, yn, zn, η, β, γ and θ in system (85), we obtain system
(96). So, the solutions in (93) and (94) turn into the following formulas

x12m+3r2+s2 =γ
m+1x3r2+s2−12

m∏
p=0

β + α4p+r2−1+⌊ s2−3
3 ⌋

(
(1 − α)v(6)

s2−6−3⌊ s2−3
3 ⌋
− β

)
β + α4p+r2+2+⌊ s2−3

3 ⌋

(
(1 − α)v(6)

s2−6−3⌊ s2−3
3 ⌋
− β

) ,

y12m+3r2+s1 =

(
1
γ3

)m+1

y3r2+s1−12

m∏
p=0

β + α4p+r2+⌊
s1−2

3 ⌋

(
(1 − α)v(6)

s1−5−3⌊ s1−2
3 ⌋
− β

)
β + α4p+r2−1+⌊ s1−2

3 ⌋

(
(1 − α)v(6)

s1−5−3⌊ s1−2
3 ⌋
− β

) ,

z12m+3r1+s1 =γ
m+1z3r1+s1−12

m∏
p=0

β + α4p+r1+1+⌊ s1−1
3 ⌋

(
(1 − α)v(6)

s1−4−3⌊
s1−1

3 ⌋
− β

)
β + α4p+r1+⌊

s1−1
3 ⌋

(
(1 − α)v(6)

s1−4−3⌊ s1−1
3 ⌋
− β

) ,
if α , 1, and

x12m+3r2+s2 =γ
m+1x3r2+s2−12

m∏
p=0

v(6)

s2−6−3⌊ s2−3
3 ⌋
+ β

(
4p + r2 − 1 + ⌊ s2−3

3 ⌋
)

v(6)

s2−6−3⌊ s2−3
3 ⌋
+ β

(
4p + r2 + 2 + ⌊ s2−3

3 ⌋
) ,

y12m+3r2+s1 =

(
1
γ3

)m+1

y3r2+s1−12

m∏
p=0

v(6)

s1−5−3⌊
s1−2

3 ⌋
+ β

(
4p + r2 + ⌊

s1−2
3 ⌋

)
v(6)

s1−5−3⌊
s1−2

3 ⌋
+ β

(
4p + r2 − 1 + ⌊ s1−2

3 ⌋
) ,
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z12m+3r1+s1 =γ
m+1z3r1+s1−12

m∏
p=0

v(6)

s1−4−3⌊
s1−1

3 ⌋
+ β

(
4p + r1 + 1 + ⌊ s1−1

3 ⌋
)

v(6)

s1−4−3⌊
s1−1

3 ⌋
+ β

(
4p + r1 + ⌊

s1−1
3 ⌋

) ,
f α = 1, where m ∈N0, r1 ∈ {3, 4, 5, 6}, r2 ∈ {2, 3, 4, 5}, s1 ∈ {0, 1, 2} and s2 ∈ {2, 3, 4}.

Case 21: Let α = 0 and βγθηζ , 0. In this case, system (12) transforms into the following system

xn =
1

βyn−1zn−2xn−3
, yn =

zn−4xn−5yn−6

zn−1xn−2
(
γ + θyn−3zn−4xn−5yn−6

) , zn =
xn−4yn−5zn−6

xn−1yn−2
(
η + ζzn−3xn−4yn−5zn−6

) , (97)

for n ∈N0.
Multiplying the first equation in system (97) by yn−1zn−2xn−3 for all n ∈ N0, the second by zn−1xn−2yn−3 for
all n ∈N0 and the third by xn−1yn−2zn−3 for all n ∈N0, it follows that

xnyn−1zn−2xn−3 =
1
β
, ynzn−1xn−2yn−3 =

yn−3zn−4xn−5yn−6

γ + θyn−3zn−4xn−5yn−6
, znxn−1yn−2zn−3 =

zn−3xn−4yn−5zn−6

η + ζzn−3xn−4yn−5zn−6
, n ∈N0.

(98)

By employing the change of variables
xnyn−1zn−2xn−3 = v(7)

n , n ∈N0,

ynzn−1xn−2yn−3 =
1

v̂(7)
n
, n ≥ −3,

znxn−1yn−2zn−3 =
1

ṽ(7)
n
, n ≥ −3,

(99)

system (98) becomes

v(7)
n =

1
β
, v̂(7)

n = γv̂(7)
n−3 + θ, ṽ(7)

n = ηṽ
(7)
n−3 + ζ, n ∈N0. (100)

From (4), the solutions of the second and the third equations in (100) is given respectively

v̂(7)
3m+i =

θ+γ
m+1

(
(1−γ)v̂(7)

i−3−θ
)

1−γ , γ , 1,

v̂(7)
i−3 + θ (m + 1) , γ = 1,

ṽ(7)
3m+i =

 ζ+η
m+1

(
(1−η)ṽ(7)

i−3−ζ
)

1−η , η , 1,

ṽ(7)
i−3 + ζ (m + 1) , η = 1,

(101)

where m ∈N0 and i ∈ {0, 1, 2}.
From (99), we gain

xn =
v(7)

n v̂(7)
n−1ṽ(7)

n−5

v̂(7)
n−4ṽ(7)

n−8v(7)
n−9

xn−12, n ≥ 9,

yn =
ṽ(7)

n−1v(7)
n−8v̂(7)

n−9

v̂(7)
n ṽ(7)

n−4v(7)
n−5

yn−12, n ≥ 8,

zn =
v(7)

n−4v̂(7)
n−5ṽ(7)

n−9

ṽ(7)
n v(7)

n−1v̂(7)
n−8

zn−12, n ≥ 6,

(102)

and eventually

x12m+ j1 =
v(7)

12m+ j1
v̂(7)

12m+ j1−1ṽ(7)
12m+ j1−5

v̂(7)
12m+ j1−4ṽ(7)

12m+ j1−8v(7)
12m+ j1−9

x12(m−1)+ j1 ,

y12m+ j2 =
ṽ(7)

12m+ j2−1v(7)
12m+ j2−8v̂(7)

12m+ j2−9

v̂(7)
12m+ j2

ṽ(7)
12m+ j2−4v(7)

12m+ j2−5

y12(m−1)+ j2 ,

z12m+ j3 =
v(7)

12m+ j3−4v̂(7)
12m+ j3−5ṽ(7)

12m+ j3−9

ṽ(7)
12m+ j3

v(7)
12m+ j3−1v̂(7)

12m+ j3−8

z12(m−1)+ j3 ,

(103)
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where m ∈N0, j1 = 9, 20, j2 = 8, 19 and j3 = 6, 17.
From (103), we attain

x12m+3r1+s1 = x3r1+s1−12

m∏
p=0

v(7)
12p+3r1+s1

v̂(7)
12p+3r1+s1−1ṽ(7)

12p+3r1+s1−5

v̂(7)
12p+3r1+s1−4ṽ(7)

12p+3r1+s1−8v(7)
12p+3r1+s1−9

,

y12m+3r2+s2 = y3r2+s2−12

m∏
p=0

ṽ(7)
12p+3r2+s2−1v(7)

12p+3r2+s2−8v̂(7)
12p+3r2+s2−9

v̂(7)
12p+3r2+s2

ṽ(7)
12p+3r2+s2−4v(7)

12p+3r2+s2−5

, (104)

z12m+3r2+s1 = z3r2+s1−12

m∏
p=0

v(7)
12p+3r2+s1−4v̂(7)

12p+3r2+s1−5ṽ(7)
12p+3r2+s1−9

ṽ(7)
12p+3r2+s1

v(7)
12p+3r2+s1−1v̂(7)

12p+3r2+s1−8

,

where m ∈N0, r1 ∈ {3, 4, 5, 6}, r2 ∈ {2, 3, 4, 5}, s1 ∈ {0, 1, 2} and s2 ∈ {2, 3, 4}.
From (101) and (104), we obtain

x12m+3r1+s1 = x3r1+s1−12

m∏
p=0

θ + γ4p+r1+1+⌊
s1−1

3 ⌋

(
(1 − γ)v̂(7)

s1−4−3⌊
s1−1

3 ⌋
− θ

)
θ + γ4p+r1+⌊

s1−1
3 ⌋

(
(1 − γ)v̂(7)

s1−4−3⌊
s1−1

3 ⌋
− θ

) ζ + η4p+r1+⌊
s1−2

3 ⌋

(
(1 − η)ṽ(7)

s1−5−3⌊
s1−2

3 ⌋
− ζ

)
ζ + η4p+r1−1+⌊

s1−2
3 ⌋

(
(1 − η)ṽ(7)

s1−5−3⌊
s1−2

3 ⌋
− ζ

) ,

y12m+3r2+s2 = y3r2+s2−12

m∏
p=0

ζ + η4p+r2+1+⌊ s2−1
3 ⌋

(
(1 − η)ṽ(7)

s2−4−3⌊ s2−1
3 ⌋
− ζ

)
θ + γ4p+r2+2+⌊ s2−3

3 ⌋

(
(1 − γ)v̂(7)

s2−6−3⌊ s2−3
3 ⌋
− θ

) θ + γ4p+r2−1+⌊ s2−3
3 ⌋

(
(1 − γ)v̂(7)

s2−6−3⌊ s2−3
3 ⌋
− θ

)
ζ + η4p+r2+⌊

s2−1
3 ⌋

(
(1 − η)ṽ(7)

s2−4−3⌊ s2−1
3 ⌋
− ζ

) ,
(105)

z12m+3r2+s1 = z3r2+s1−12

m∏
p=0

θ + γ4p+r2+⌊
s1−2

3 ⌋

(
(1 − γ)v̂(7)

s1−5−3⌊
s1−2

3 ⌋
− θ

)
ζ + η4p+r2+1

(
(1 − η)ṽ(7)

s1−3 − ζ
) ζ + η4p+r2−2

(
(1 − η)ṽ(7)

s1−3 − ζ
)

θ + γ4p+r2−1+⌊
s1−2

3 ⌋

(
(1 − γ)v̂(7)

s1−5−3⌊
s1−2

3 ⌋
− θ

) ,

if γ , 1, η , 1, and

x12m+3r1+s1 = x3r1+s1−12

m∏
p=0

v̂(7)

s1−4−3⌊ s1−1
3 ⌋
+ θ

(
4p + r1 + 1 + ⌊ s1−1

3 ⌋
)

v̂(7)

s1−4−3⌊
s1−1

3 ⌋
+ θ

(
4p + r1 + ⌊

s1−1
3 ⌋

) ζ + η4p+r1+⌊
s1−2

3 ⌋

(
(1 − η)ṽ(7)

s1−5−3⌊
s1−2

3 ⌋
− ζ

)
ζ + η4p+r1−1+⌊ s1−2

3 ⌋

(
(1 − η)ṽ(7)

s1−5−3⌊
s1−2

3 ⌋
− ζ

) ,

y12m+3r2+s2 = y3r2+s2−12

m∏
p=0

ζ + η4p+r2+1+⌊ s2−1
3 ⌋

(
(1 − η)ṽ(7)

s2−4−3⌊ s2−1
3 ⌋
− ζ

)
v̂(7)

s2−6−3⌊ s2−3
3 ⌋
+ θ

(
4p + r2 + 2 + ⌊ s2−3

3 ⌋
) v̂(7)

s2−6−3⌊ s2−3
3 ⌋
+ θ

(
4p + r2 − 1 + ⌊ s2−3

3 ⌋
)

ζ + η4p+r2+⌊
s2−1

3 ⌋

(
(1 − η)ṽ(7)

s2−4−3⌊ s2−1
3 ⌋
− ζ

) ,
(106)

z12m+3r2+s1 = z3r2+s1−12

m∏
p=0

v̂(7)

s1−5−3⌊ s1−2
3 ⌋
+ θ

(
4p + r2 + ⌊

s1−2
3 ⌋

)
ζ + η4p+r2+1

(
(1 − η)ṽ(7)

s1−3 − ζ
) ζ + η4p+r2−2

(
(1 − η)ṽ(7)

s1−3 − ζ
)

v̂(7)

s1−5−3⌊
s1−2

3 ⌋
+ θ

(
4p + r2 − 1 + ⌊ s1−2

3 ⌋
) ,
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if γ = 1, η , 1, and

x12m+3r1+s1 = x3r1+s1−12

m∏
p=0

θ + γ4p+r1+1+⌊
s1−1

3 ⌋

(
(1 − γ)v̂(7)

s1−4−3⌊
s1−1

3 ⌋
− θ

)
θ + γ4p+r1+⌊

s1−1
3 ⌋

(
(1 − γ)v̂(7)

s1−4−3⌊
s1−1

3 ⌋
− θ

) ṽ(7)

s1−5−3⌊
s1−2

3 ⌋
+ ζ

(
4p + r1 + ⌊

s1−2
3 ⌋

)
ṽ(7)

s1−5−3⌊
s1−2

3 ⌋
+ ζ

(
4p + r1 − 1 + ⌊ s1−2

3 ⌋
) ,

y12m+3r2+s2 = y3r2+s2−12

m∏
p=0

ṽ(7)

s2−4−3⌊ s2−1
3 ⌋
+ ζ

(
4p + r2 + 1 + ⌊ s2−1

3 ⌋
)

θ + γ4p+r2+2+⌊ s2−3
3 ⌋

(
(1 − γ)v̂(7)

s2−6−3⌊ s2−3
3 ⌋
− θ

) θ + γ4p+r2−1+⌊ s2−3
3 ⌋

(
(1 − γ)v̂(7)

s2−6−3⌊ s2−3
3 ⌋
− θ

)
ṽ(7)

s2−4−3⌊ s2−1
3 ⌋
+ ζ

(
4p + r2 + ⌊

s2−1
3 ⌋

) ,

(107)

z12m+3r2+s1 = z3r2+s1−12

m∏
p=0

θ + γ4p+r2+⌊
s1−2

3 ⌋

(
(1 − γ)v̂(7)

s1−5−3⌊
s1−2

3 ⌋
− θ

)
ṽ(7)

s1−3 + ζ
(
4p + r2 + 1

) ṽ(7)
s1−3 + ζ

(
4p + r2 − 2

)
θ + γ4p+r2−1+⌊

s1−2
3 ⌋

(
(1 − γ)v̂(7)

s1−5−3⌊
s1−2

3 ⌋
− θ

) ,
if γ , 1, η = 1, and

x12m+3r1+s1 = x3r1+s1−12

m∏
p=0

v̂(7)

s1−4−3⌊
s1−1

3 ⌋
+ θ

(
4p + r1 + 1 + ⌊ s1−1

3 ⌋
)

v̂(7)

s1−4−3⌊
s1−1

3 ⌋
+ θ

(
4p + r1 + ⌊

s1−1
3 ⌋

) ṽ(7)

s1−5−3⌊
s1−2

3 ⌋
+ ζ

(
4p + r1 + ⌊

s1−2
3 ⌋

)
ṽ(7)

s1−5−3⌊
s1−2

3 ⌋
+ ζ

(
4p + r1 − 1 + ⌊ s1−2

3 ⌋
) ,

y12m+3r2+s2 = x3r2+s2−12

m∏
p=0

ṽ(7)

s2−4−3⌊ s2−1
3 ⌋
+ ζ

(
4p + r2 + 1 + ⌊ s2−1

3 ⌋
)

v̂(7)

s2−6−3⌊ s2−3
3 ⌋
+ θ

(
4p + r2 + 2 + ⌊ s2−3

3 ⌋
) v̂(7)

s2−6−3⌊ s2−3
3 ⌋
+ θ

(
4p + r2 − 1 + ⌊ s2−3

3 ⌋
)

ṽ(7)

s2−4−3⌊ s2−1
3 ⌋
+ ζ

(
4p + r2 + ⌊

s2−1
3 ⌋

) ,

(108)

z12m+3r2+s1 = z3r2+s1−12

m∏
p=0

v̂(7)

s1−5−3⌊
s1−2

3 ⌋
+ θ

(
4p + r2 + ⌊

s1−2
3 ⌋

)
ṽ(7)

s1−3 + ζ
(
4p + r2 + 1

) ṽ(7)
s1−3 + ζ

(
4p + r2 − 2

)
v̂(7)

s1−5−3⌊
s1−2

3 ⌋
+ θ

(
4p + r2 − 1 + ⌊ s1−2

3 ⌋
) ,

if γ = 1, η = 1, where m ∈N0, r1 ∈ {3, 4, 5, 6}, r2 ∈ {2, 3, 4, 5}, s1 ∈ {0, 1, 2} and s2 ∈ {2, 3, 4}.
Case 22: Let γ = 0 and αβθηζ , 0. In this case, we get the following system

xn =
yn−4zn−5xn−6

yn−1zn−2
(
α + βxn−3yn−4zn−5xn−6

) , yn =
1

θzn−1xn−2yn−3
, zn =

xn−4yn−5zn−6

xn−1yn−2
(
η + ζzn−3xn−4yn−5zn−6

) , (109)

for n ∈N0.
By interchanging yn, zn, xn, θ, η, ζ, α and β instead of xn, yn, zn, β, γ, θ, η and ζ system (97) transforms into
system (109). So, the solutions in (105)-(108) turn into the following formulas

x12m+3r2+s1 = x3r2+s1−12

m∏
p=0

ζ + η4p+r2+⌊
s1−2

3 ⌋

(
(1 − η)ṽ(7)

s1−5−3⌊
s1−2

3 ⌋
− ζ

)
β + α4p+r2+1

(
(1 − α)v(7)

s1−3 − β
) β + α4p+r2−2

(
(1 − α)v(7)

s1−3 − β
)

ζ + η4p+r2−1+⌊
s1−2

3 ⌋

(
(1 − η)ṽ(7)

s1−5−3⌊ s1−2
3 ⌋
− ζ

) ,

y12m+3r1+s1 = y3r1+s1−12

m∏
p=0

β + α4p+r1+⌊
s1−2

3 ⌋

(
(1 − α)v(7)

s1−5−3⌊ s1−2
3 ⌋
− β

)
β + α4p+r1−1+⌊ s1−2

3 ⌋

(
(1 − α)v(7)

s1−5−3⌊ s1−2
3 ⌋
− β

) ζ + η4p+r1+1+⌊
s1−1

3 ⌋

(
(1 − η)ṽ(7)

s1−4−3⌊
s1−1

3 ⌋
− ζ

)
ζ + η4p+r1+⌊

s1−1
3 ⌋

(
(1 − η)ṽ(7)

s1−4−3⌊ s1−1
3 ⌋
− ζ

) ,
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z12m+3r2+s2 = z3r2+s2−12

m∏
p=0

β + α4p+r2+1+⌊ s2−1
3 ⌋

(
(1 − α)v(7)

s2−4−3⌊ s2−1
3 ⌋
− β

)
ζ + η4p+r2+2+⌊ s2−3

3 ⌋

(
(1 − η)ṽ(7)

s2−6−3⌊ s2−3
3 ⌋
− ζ

) ζ + η4p+r2−1+⌊ s2−3
3 ⌋

(
(1 − η)ṽ(7)

s2−6−3⌊ s2−3
3 ⌋
− ζ

)
β + α4p+r2+⌊

s2−1
3 ⌋

(
(1 − α)v(7)

s2−4−3⌊ s2−1
3 ⌋
− β

) ,
if α , 1, η , 1, and

x12m+3r2+s1 = x3r2+s1−12

m∏
p=0

ζ + η4p+r2+⌊
s1−2

3 ⌋

(
(1 − η)ṽ(7)

s1−5−3⌊
s1−2

3 ⌋
− ζ

)
v(7)

s1−3 + β
(
4p + r2 + 1

) v(7)
s1−3 + β

(
4p + r2 − 2

)
ζ + η4p+r2−1+⌊

s1−2
3 ⌋

(
(1 − η)ṽ(7)

s1−5−3⌊
s1−2

3 ⌋
− ζ

) ,

y12m+3r1+s1 = y3r1+s1−12

m∏
p=0

v(7)

s1−5−3⌊
s1−2

3 ⌋
+ β

(
4p + r1 + ⌊

s1−2
3 ⌋

)
v(7)

s1−5−3⌊
s1−2

3 ⌋
+ β

(
4p + r1 − 1 + ⌊ s1−2

3 ⌋
) ζ + η4p+r1+1+⌊

s1−1
3 ⌋

(
(1 − η)ṽ(7)

s1−4−3⌊
s1−1

3 ⌋
− ζ

)
ζ + η4p+r1+⌊

s1−1
3 ⌋

(
(1 − η)ṽ(7)

s1−4−3⌊
s1−1

3 ⌋
− ζ

) ,

z12m+3r2+s2 = z3r2+s2−12

m∏
p=0

v(7)

s2−4−3⌊ s2−1
3 ⌋
+ β

(
4p + r2 + 1 + ⌊ s2−1

3 ⌋
)

ζ + η4p+r2+2+⌊ s2−3
3 ⌋

(
(1 − η)ṽ(7)

s2−6−3⌊ s2−3
3 ⌋
− ζ

) ζ + η4p+r2−1+⌊ s2−3
3 ⌋

(
(1 − η)ṽ(7)

s2−6−3⌊ s2−3
3 ⌋
− ζ

)
v(7)

s2−4−3⌊ s2−1
3 ⌋
+ β

(
4p + r2 + ⌊

s2−1
3 ⌋

) ,

if α = 1, η , 1, and

x12m+3r2+s1 = x3r2+s1−12

m∏
p=0

ṽ(7)

s1−5−3⌊
s1−2

3 ⌋
+ ζ

(
4p + r2 + ⌊

s1−2
3 ⌋

)
β + α4p+r2+1

(
(1 − α)v(7)

s1−3 − β
) β + α4p+r2−2

(
(1 − α)v(7)

s1−3 − β
)

ṽ(7)

s1−5−3⌊
s1−2

3 ⌋
+ ζ

(
4p + r2 − 1 + ⌊ s1−2

3 ⌋
) ,

y12m+3r1+s1 = y3r1+s1−12

m∏
p=0

β + α4p+r1+⌊
s1−2

3 ⌋

(
(1 − α)v(7)

s1−5−3⌊
s1−2

3 ⌋
− β

)
β + α4p+r1−1+⌊

s1−2
3 ⌋

(
(1 − α)v(7)

s1−5−3⌊
s1−2

3 ⌋
− β

) ṽ(7)

s1−4−3⌊
s1−1

3 ⌋
+ ζ

(
4p + r1 + 1 + ⌊ s1−1

3 ⌋
)

ṽ(7)

s1−4−3⌊
s1−1

3 ⌋
+ ζ

(
4p + r1 + ⌊

s1−1
3 ⌋

) ,

z12m+3r2+s2 = z3r2+s2−12

m∏
p=0

β + α4p+r2+1+⌊ s2−1
3 ⌋

(
(1 − α)v(7)

s2−4−3⌊ s2−1
3 ⌋
− β

)
ṽ(7)

s2−6−3⌊ s2−3
3 ⌋
+ ζ

(
4p + r2 + 2 + ⌊ s2−3

3 ⌋
) ṽ(7)

s2−6−3⌊ s2−3
3 ⌋
+ ζ

(
4p + r2 − 1 + ⌊ s2−3

3 ⌋
)

β + α4p+r2+⌊
s2−1

3 ⌋

(
(1 − α)v(7)

s2−4−3⌊ s2−1
3 ⌋
− β

) ,
if α , 1, η = 1, and

x12m+3r2+s1 = x3r2+s1−12

m∏
p=0

ṽ(7)

s1−5−3⌊ s1−2
3 ⌋
+ ζ

(
4p + r2 + ⌊

s1−2
3 ⌋

)
v(7)

s1−3 + β
(
4p + r2 + 1

) v(7)
s1−3 + β

(
4p + r2 − 2

)
ṽ(7)

s1−5−3⌊
s1−2

3 ⌋
+ ζ

(
4p + r2 − 1 + ⌊ s1−2

3 ⌋
) ,

y12m+3r1+s1 = y3r1+s1−12

m∏
p=0

v(7)

s1−5−3⌊
s1−2

3 ⌋
+ β

(
4p + r1 + ⌊

s1−2
3 ⌋

)
v(7)

s1−5−3⌊ s1−2
3 ⌋
+ β

(
4p + r1 − 1 + ⌊ s1−2

3 ⌋
) ṽ(7)

s1−4−3⌊
s1−1

3 ⌋
+ ζ

(
4p + r1 + 1 + ⌊ s1−1

3 ⌋
)

ṽ(7)

s1−4−3⌊
s1−1

3 ⌋
+ ζ

(
4p + r1 + ⌊

s1−1
3 ⌋

) ,
z12m+3r2+s2 = z3r2+s2−12

m∏
p=0

v(7)

s2−4−3⌊ s2−1
3 ⌋
+ β

(
4p + r2 + 1 + ⌊ s2−1

3 ⌋
)

ṽ(7)

s2−6−3⌊ s2−3
3 ⌋
+ ζ

(
4p + r2 + 2 + ⌊ s2−3

3 ⌋
) ṽ(7)

s2−6−3⌊ s2−3
3 ⌋
+ ζ

(
4p + r2 − 1 + ⌊ s2−3

3 ⌋
)

v(7)

s2−4−3⌊ s2−1
3 ⌋
+ β

(
4p + r2 + ⌊

s2−1
3 ⌋

) ,
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if α = 1, η = 1, where m ∈N0, r1 ∈ {3, 4, 5, 6}, r2 ∈ {2, 3, 4, 5}, s1 ∈ {0, 1, 2} and s2 ∈ {2, 3, 4}.

Case: 23: Let η = 0 and αβγθζ , 0. In this case, we get the following system

xn =
yn−4zn−5xn−6

yn−1zn−2
(
α + βxn−3yn−4zn−5xn−6

) , yn =
zn−4xn−5yn−6

zn−1xn−2
(
γ + θyn−3zn−4xn−5yn−6

) , zn =
1

ζxn−1yn−2zn−3
, (110)

for n ∈N0.
By interchanging zn, xn, yn, ζ, α, β, γ and θ instead of xn, yn, zn, β, γ, θ, η and ζ system (97) transforms into
system (110). So, the solutions in (105)-(108) turn into the following formulas

x12m+3r2+s2 = x3r2+s2−12

m∏
p=0

θ + γ4p+r2+1+⌊ s2−1
3 ⌋

(
(1 − γ)v̂(7)

s2−4−3⌊ s2−1
3 ⌋
− θ

)
β + α4p+r2+2+⌊ s2−3

3 ⌋

(
(1 − α)v(7)

s2−6−3⌊ s2−3
3 ⌋
− β

) β + α4p+r2−1+⌊ s2−3
3 ⌋

(
(1 − α)v(7)

s2−6−3⌊ s2−3
3 ⌋
− β

)
θ + γ4p+r2+⌊

s2−1
3 ⌋

(
(1 − γ)v̂(7)

s2−4−3⌊ s2−1
3 ⌋
− θ

) ,

y12m+3r2+s1 = y3r2+s1−12

m∏
p=0

β + α4p+r2+⌊
s1−2

3 ⌋

(
(1 − α)v(7)

s1−5−3⌊
s1−2

3 ⌋
− β

)
θ + γ4p+r2+1

(
(1 − γ)v̂(7)

s1−3 − θ
) θ + γ4p+r2−2

(
(1 − γ)v̂(7)

s1−3 − θ
)

β + α4p+r2−1+⌊
s1−2

3 ⌋

(
(1 − α)v(7)

s1−5−3⌊
s1−2

3 ⌋
− β

) ,

z12m+3r1+s1 = z3r1+s1−12

m∏
p=0

β + α4p+r1+1+⌊
s1−1

3 ⌋

(
(1 − α)v(7)

s1−4−3⌊
s1−1

3 ⌋
− β

)
β + α4p+r1+⌊

s1−1
3 ⌋

(
(1 − α)v(7)

s1−4−3⌊
s1−1

3 ⌋
− β

) θ + γ4p+r1+⌊
s1−2

3 ⌋

(
(1 − γ)v̂(7)

s1−5−3⌊
s1−2

3 ⌋
− θ

)
θ + γ4p+r1−1+⌊

s1−2
3 ⌋

(
(1 − γ)v̂(7)

s1−5−3⌊
s1−2

3 ⌋
− θ

) ,
if α , 1, γ , 1, and

x12m+3r2+s2 = x3r2+s2−12

m∏
p=0

θ + γ4p+r2+1+⌊ s2−1
3 ⌋

(
(1 − γ)v̂(7)

s2−4−3⌊ s2−1
3 ⌋
− θ

)
v(7)

s2−6−3⌊ s2−3
3 ⌋
+ β

(
4p + r2 + 2 + ⌊ s2−3

3 ⌋
) v(7)

s2−6−3⌊ s2−3
3 ⌋
+ β

(
4p + r2 − 1 + ⌊ s2−3

3 ⌋
)

θ + γ4p+r2+⌊
s2−1

3 ⌋

(
(1 − γ)v̂(7)

s2−4−3⌊ s2−1
3 ⌋
− θ

) ,

y12m+3r2+s1 = y3r2+s1−12

m∏
p=0

v(7)

s1−5−3⌊
s1−2

3 ⌋
+ β

(
4p + r2 + ⌊

s1−2
3 ⌋

)
θ + γ4p+r2+1

(
(1 − γ)v̂(7)

s1−3 − θ
) θ + γ4p+r2−2

(
(1 − γ)v̂(7)

s1−3 − θ
)

v(7)

s1−5−3⌊ s1−2
3 ⌋
+ β

(
4p + r2 − 1 + ⌊ s1−2

3 ⌋
) ,

z12m+3r1+s1 = z3r1+s1−12

m∏
p=0

v(7)

s1−4−3⌊
s1−1

3 ⌋
+ β

(
4p + r1 + 1 + ⌊ s1−1

3 ⌋
)

v(7)

s1−4−3⌊
s1−1

3 ⌋
+ β

(
4p + r1 + ⌊

s1−1
3 ⌋

) θ + γ4p+r1+⌊
s1−2

3 ⌋

(
(1 − γ)v̂(7)

s1−5−3⌊
s1−2

3 ⌋
− θ

)
θ + γ4p+r1−1+⌊ s1−2

3 ⌋

(
(1 − γ)v̂(7)

s1−5−3⌊
s1−2

3 ⌋
− θ

) ,
if α = 1, γ , 1, and

x12m+3r2+s2 = x3r2+s2−12

m∏
p=0

v̂(7)

s2−4−3⌊ s2−1
3 ⌋
+ θ

(
4p + r2 + 1 + ⌊ s2−1

3 ⌋
)

β + α4p+r2+2+⌊ s2−3
3 ⌋

(
(1 − α)v(7)

s2−6−3⌊ s2−3
3 ⌋
− β

) β + α4p+r2−1+⌊ s2−3
3 ⌋

(
(1 − α)v(7)

s2−6−3⌊ s2−3
3 ⌋
− β

)
v̂(7)

s2−4−3⌊ s2−1
3 ⌋
+ θ

(
4p + r2 + ⌊

s2−1
3 ⌋

) ,

y12m+3r2+s1 = y3r2+s1−12

m∏
p=0

β + α4p+r2+⌊
s1−2

3 ⌋

(
(1 − α)v(7)

s1−5−3⌊ s1−2
3 ⌋
− β

)
v̂(7)

s1−3 + θ
(
4p + r2 + 1

) v̂(7)
s1−3 + θ

(
4p + r2 − 2

)
)

β + α4p+r2−1+⌊ s1−2
3 ⌋

(
(1 − α)v(7)

s1−5−3⌊ s1−2
3 ⌋
− β

) ,
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z12m+3r1+s1 = z3r1+s1−12

m∏
p=0

β + α4p+r1+1+⌊
s1−1

3 ⌋

(
(1 − α)v(7)

s1−4−3⌊
s1−1

3 ⌋
− β

)
β + α4p+r1+⌊

s1−1
3 ⌋

(
(1 − α)v(7)

s1−4−3⌊
s1−1

3 ⌋
− β

) v̂(7)

s1−5−3⌊
s1−2

3 ⌋
+ θ

(
4p + r1 + ⌊

s1−2
3 ⌋

)
v̂(7)

s1−5−3⌊
s1−2

3 ⌋
+ θ

(
4p + r1 − 1 + ⌊ s1−2

3 ⌋
) ,

if α , 1, γ = 1, and

x12m+3r2+s2 = x3r2+s2−12

m∏
p=0

v̂(7)

s2−4−3⌊ s2−1
3 ⌋
+ θ

(
4p + r2 + 1 + ⌊ s2−1

3 ⌋
)

v(7)

s2−6−3⌊ s2−3
3 ⌋
+ β

(
4p + r2 + 2 + ⌊ s2−3

3 ⌋
) v(7)

s2−6−3⌊ s2−3
3 ⌋
+ β

(
4p + r2 − 1 + ⌊ s2−3

3 ⌋
)

v̂(7)

s2−4−3⌊ s2−1
3 ⌋
+ θ

(
4p + r2 + ⌊

s2−1
3 ⌋

) ,
y12m+3r2+s1 = y3r2+s1−12

m∏
p=0

v(7)

s1−5−3⌊
s1−2

3 ⌋
+ β

(
4p + r2 + ⌊

s1−2
3 ⌋

)
v̂(7)

s1−3 + θ
(
4p + r2 + 1

) v̂(7)
s1−3 + θ

(
4p + r2 − 2

)
v(7)

s1−5−3⌊
s1−2

3 ⌋
+ β

(
4p + r2 − 1 + ⌊ s1−2

3 ⌋
) ,

z12m+3r1+s1 = z3r1+s1−12

m∏
p=0

v(7)

s1−4−3⌊
s1−1

3 ⌋
+ β

(
4p + r1 + 1 + ⌊ s1−1

3 ⌋
)

v(7)

s1−4−3⌊
s1−1

3 ⌋
+ β

(
4p + r1 + ⌊

s1−1
3 ⌋

) v̂(7)

s1−5−3⌊
s1−2

3 ⌋
+ θ

(
4p + r1 + ⌊

s1−2
3 ⌋

)
v̂(7)

s1−5−3⌊
s1−2

3 ⌋
+ θ

(
4p + r1 − 1 + ⌊ s1−2

3 ⌋
) ,

if γ = η = 1, where m ∈N0, r1 ∈ {3, 4, 5, 6}, r2 ∈ {2, 3, 4, 5}, s1 ∈ {0, 1, 2} and s2 ∈ {2, 3, 4}.

Case 24: Let β = 0 and αγθηζ , 0. In this case, the system (12) transforms into the following system

xn =
yn−4zn−5xn−6

αyn−1zn−2
, yn =

zn−4xn−5yn−6

zn−1xn−2
(
γ + θyn−3zn−4xn−5yn−6

) , zn =
xn−4yn−5zn−6

xn−1yn−2
(
η + ζzn−3xn−4yn−5zn−6

) , (111)

for n ∈ N0. Multiplying the first equation in system (111) by yn−1zn−2xn−3 for all n ∈ N0, the second by
zn−1xn−2yn−3 for all n ∈N0 and the third by xn−1yn−2zn−3 for all n ∈N0, it follows that

xnyn−1zn−2xn−3 =
xn−3 yn−4zn−5xn−6

α ,

ynzn−1xn−2yn−3 =
yn−3zn−4xn−5 yn−6

γ+θyn−3zn−4xn−5 yn−6
, n ∈N0,

znxn−1yn−2zn−3 =
zn−3xn−4 yn−5zn−6

η+ζzn−3xn−4 yn−5zn−6
,

(112)

By using the change of variables

xnyn−1zn−2xn−3 = v(8)
n , ynzn−1xn−2yn−3 =

1

v̂(8)
n

, znxn−1yn−2zn−3 =
1

ṽ(8)
n

, n ≥ −3, (113)

system (112) becomes

v(8)
n =

1
α

v(8)
n−3, v̂(8)

n = γv̂(8)
n−3 + θ, ṽ(8)

n = ηṽ
(8)
n−3 + ζ, n ∈N0. (114)

From (2), the solution of the first equation in (114), from (4), the solutions of the second and the third
equations in (114) is given respectively

v(8)
3m+i =

(
1
α

)m+1
v(8)

i−3,

v̂(8)
3m+i =

θ+γ
m+1

(
(1−γ)v̂(8)

i−3−θ
)

1−γ , γ , 1,

v̂(8)
i−3 + θ (m + 1) , γ = 1,

ṽ(8)
3m+i =

 ζ+η
m+1

(
(1−η)ṽ(8)

i−3−ζ
)

1−η , η , 1,

ṽ(8)
i−3 + ζ (m + 1) , η = 1,

(115)
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where m ∈N0 and i ∈ {0, 1, 2}.
From (113), we gain

xn =
v(8)

n v̂(8)
n−1ṽ(8)

n−5

v̂(8)
n−4ṽ(8)

n−8v(8)
n−9

xn−12,

yn =
ṽ(8)

n−1v(8)
n−8v̂(8)

n−9

v̂(8)
n ṽ(8)

n−4v(8)
n−5

yn−12, n ≥ 6,

zn =
v(8)

n−4v̂(8)
n−5ṽ(8)

n−9

ṽ(8)
n v(8)

n−1v̂(8)
n−8

zn−12,

(116)

and eventually

x12m+ j =
v(8)

12m+ jv̂
(8)
12m+ j−1ṽ(8)

12m+ j−5

v̂(8)
12m+ j−4ṽ(8)

12m+ j−8v(8)
12m+ j−9

x12(m−1)+ j,

y12m+ j =
ṽ(8)

12m+ j−1v(8)
12m+ j−8v̂(8)

12m+ j−9

v̂(8)
12m+ jṽ

(8)
12m+ j−4v(8)

12m+ j−5

y12(m−1)+ j,

z12m+ j =
v(8)

12m+ j−4v̂(8)
12m+ j−5ṽ(8)

12m+ j−9

ṽ(8)
12m+ jv

(8)
12m+ j−1v̂(8)

12m+ j−8

z12(m−1)+ j,

(117)

where m ∈N0 and j = 6, 17.
From (117), we attain

x12m+3r+s =x3r+s−12

m∏
p=0

v(8)
12p+3r+sv̂

(8)
12p+3r+s−1ṽ(8)

12p+3r+s−5

v̂(8)
12p+3r+s−4ṽ(8)

12p+3r+s−8v(8)
12p+3r+s−9

,

y12m+3r+s =y3r+s−12

m∏
p=0

ṽ(8)
12p+3r+s−1v(8)

12p+3r+s−8v̂(8)
12p+3r+s−9

v̂(8)
12p+3r+sṽ

(8)
12p+3r+s−4v(8)

12p+3r+s−5

, (118)

z12m+3r+s =z3r+s−12

m∏
p=0

v(8)
12p+3r+s−4v̂(8)

12p+3r+s−5ṽ(8)
12p+3r+s−9

ṽ(8)
12p+3r+sv

(8)
12p+3r+s−1v̂(8)

12p+3r+s−8

,

where m ∈N0, r ∈ {2, 3, 4, 5} and s ∈ {0, 1, 2}.
From (115) and (118), we obtain

x12m+3r+s =
( 1
α3

)m+1

x3r+s−12

m∏
p=0

θ + γ4p+r+1+⌊ s−1
3 ⌋

(
(1 − γ)v̂(8)

s−4−3⌊ s−1
3 ⌋
− θ

)
θ + γ4p+r+⌊ s−1

3 ⌋

(
(1 − γ)v̂(8)

s−4−3⌊ s−1
3 ⌋
− θ

) ζ + η4p+r+⌊ s−2
3 ⌋

(
(1 − η)ṽ(8)

s−5−3⌊ s−2
3 ⌋
− ζ

)
ζ + η4p+r−1+⌊ s−2

3 ⌋

(
(1 − η)ṽ(8)

s−5−3⌊ s−2
3 ⌋
− ζ

) ,

y12m+3r+s = α
m+1y3r+s−12

m∏
p=0

ζ + η4p+r+1+⌊ s−1
3 ⌋

(
(1 − η)ṽ(8)

s−4−3⌊ s−1
3 ⌋
− ζ

)
θ + γ4p+r+1

(
(1 − γ)v̂(8)

s−3 − θ
)
)

θ + γ4p+r−2
(
(1 − γ)v̂(8)

s−3 − θ
)

ζ + η4p+r+⌊ s−1
3 ⌋

(
(1 − η)ṽ(8)

s−4−3⌊ s−1
3 ⌋
− ζ

) ,
(119)

z12m+3r+s = α
m+1z3r+s−12

m∏
p=0

θ + γ4p+r+⌊ s−2
3 ⌋

(
(1 − γ)v̂(8)

s−5−3⌊ s−2
3 ⌋
− θ

)
ζ + η4p+r+1

(
(1 − η)ṽ(8)

s−3 − ζ
) ζ + η4p+r−2

(
(1 − η)ṽ(8)

s−3 − ζ
)

θ + γ4p+r−1+⌊ s−2
3 ⌋

(
(1 − γ)v̂(8)

s−5−3⌊ s−2
3 ⌋
− θ

) ,
if γ , 1, η , 1, and

x12m+3r+s =
( 1
α3

)m+1

x3r+s−12

m∏
p=0

v̂(8)
s−4−3⌊ s−1

3 ⌋
+ θ

(
4p + r + 1 + ⌊ s−1

3 ⌋
)

v̂(8)
s−4−3⌊ s−1

3 ⌋
+ θ

(
4p + r + ⌊ s−1

3 ⌋
) ζ + η4p+r+⌊ s−2

3 ⌋

(
(1 − η)ṽ(8)

s−5−3⌊ s−2
3 ⌋
− ζ

)
ζ + η4p+r−1+⌊ s−2

3 ⌋

(
(1 − η)ṽ(8)

s−5−3⌊ s−2
3 ⌋
− ζ

) ,
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y12m+3r+s = α
m+1y3r+s−12

m∏
p=0

ζ + η4p+r+1+⌊ s−1
3 ⌋

(
(1 − η)ṽ(8)

s−4−3⌊ s−1
3 ⌋
− ζ

)
v̂(8)

s−3 + θ
(
4p + r + 1

) v̂(8)
s−3 + θ

(
4p + r − 2

)
ζ + η4p+r+⌊ s−1

3 ⌋

(
(1 − η)ṽ(8)

s−4−3⌊ s−1
3 ⌋
− ζ

) ,
(120)

z12m+3r+s = α
m+1z3r+s−12

m∏
p=0

v̂(8)
s−5−3⌊ s−2

3 ⌋
+ θ

(
4p + r + ⌊ s−2

3 ⌋
)

ζ + η4p+r+1
(
(1 − η)ṽ(8)

s−3 − ζ
) ζ + η4p+r−2

(
(1 − η)ṽ(8)

s−3 − ζ
)

v̂(8)
s−5−3⌊ s−2

3 ⌋
+ θ

(
4p + r − 1 + ⌊ s−2

3 ⌋
) ,

if γ = 1, η , 1, and

x12m+3r+s =
( 1
α3

)m+1

x3r+s−12

m∏
p=0

θ + γ4p+r+1+⌊ s−1
3 ⌋

(
(1 − γ)v̂(8)

s−4−3⌊ s−1
3 ⌋
− θ

)
θ + γ4p+r+⌊ s−1

3 ⌋

(
(1 − γ)v̂(8)

s−4−3⌊ s−1
3 ⌋
− θ

) ṽ(8)
s−5−3⌊ s−2

3 ⌋
+ ζ

(
4p + r + ⌊ s−2

3 ⌋
)

ṽ(8)
s−5−3⌊ s−2

3 ⌋
+ ζ

(
4p + r − 1 + ⌊ s−2

3 ⌋
) ,

y12m+3r+s = α
m+1y3r+s−12

m∏
p=0

ṽ(8)
s−4−3⌊ s−1

3 ⌋
+ ζ

(
4p + r + 1 + ⌊ s−1

3 ⌋
)

θ + γ4p+r+1
(
(1 − γ)v̂(8)

s−3 − θ
)
)

θ + γ4p+r−2
(
(1 − γ)v̂(8)

s−3 − θ
)

ṽ(8)
s−4−3⌊ s−1

3 ⌋
+ ζ

(
4p + r + ⌊ s−1

3 ⌋
) , (121)

z12m+3r+s = α
m+1z3r+s−12

m∏
p=0

θ + γ4p+r+⌊ s−2
3 ⌋

(
(1 − γ)v̂(8)

s−5−3⌊ s−2
3 ⌋
− θ

)
ṽ(8)

s−3 + ζ
(
4p + r + 1

) ṽ(8)
s−3 + ζ

(
4p + r − 2

)
θ + γ4p+r−1+⌊ s−2

3 ⌋

(
(1 − γ)v̂(8)

s−5−3⌊ s−2
3 ⌋
− θ

) ,
if γ , 1, η = 1, and

x12m+3r+s =
( 1
α3

)m+1

x3r+s−12

m∏
p=0

v̂(8)
s−4−3⌊ s−1

3 ⌋
+ θ

(
4p + r + 1 + ⌊ s−1

3 ⌋
)

v̂(8)
s−4−3⌊ s−1

3 ⌋
+ θ

(
4p + r + ⌊ s−1

3 ⌋
) ṽ(8)

s−5−3⌊ s−2
3 ⌋
+ ζ

(
4p + r + ⌊ s−2

3 ⌋
)

ṽ(8)
s−5−3⌊ s−2

3 ⌋
+ ζ

(
4p + r − 1 + ⌊ s−2

3 ⌋
) ,

y12m+3r+s = α
m+1y3r+s−12

m∏
p=0

ṽ(8)
s−4−3⌊ s−1

3 ⌋
+ ζ

(
4p + r + 1 + ⌊ s−1

3 ⌋
)

v̂(8)
s−3 + θ

(
4p + r + 1

) v̂(8)
s−3 + θ

(
4p + r − 2

)
ṽ(8)

s−4−3⌊ s−1
3 ⌋
+ ζ

(
4p + r + ⌊ s−1

3 ⌋
) , (122)

z12m+3r+s = α
m+1z3r+s−12

m∏
p=0

v̂(8)
s−5−3⌊ s−2

3 ⌋
+ θ

(
4p + r + ⌊ s−2

3 ⌋
)

ṽ(8)
s−3 + ζ

(
4p + r + 1

) ṽ(8)
s−3 + ζ

(
4p + r − 2

)
v̂(8)

s−5−3⌊ s−2
3 ⌋
+ θ

(
4p + r − 1 + ⌊ s−2

3 ⌋
) ,

if γ = 1, η = 1, where m ∈N0, r ∈ {2, 3, 4, 5} and s ∈ {0, 1, 2}.

Case 25: Let θ = 0 and αβγηζ , 0. In this case, we get the following system

xn =
yn−4zn−5xn−6

yn−1zn−2
(
α + βxn−3yn−4zn−5xn−6

) , yn =
zn−4xn−5yn−6

γzn−1xn−2
, zn =

xn−4yn−5zn−6

xn−1yn−2
(
η + ζzn−3xn−4yn−5zn−6

) , (123)

for n ∈N0.
By interchanging yn, zn, xn, γ, η, ζ, α and β instead of xn, yn, zn, α, γ, θ, η and ζ system (111) transforms into
system (123). So, the solutions in (119)-(122) turn into the following formulas

x12m+3r+s = γ
m+1x3r+s−12

m∏
p=0

ζ + η4p+r+⌊ s−2
3 ⌋

(
(1 − η)ṽ(8)

s−5−3⌊ s−2
3 ⌋
− ζ

)
β + α4p+r+1

(
(1 − α)v(8)

s−3 − β
) β + α4p+r−2

(
(1 − α)v(8)

s−3 − β
)

ζ + η4p+r−1+⌊ s−2
3 ⌋

(
(1 − η)ṽ(8)

s−5−3⌊ s−2
3 ⌋
− ζ

) ,

y12m+3r+s =

(
1
γ3

)m+1

y3r+s−12

m∏
p=0

β + α4p+r+⌊ s−2
3 ⌋

(
(1 − α)v(8)

s−5−3⌊ s−2
3 ⌋
− β

)
β + α4p+r−1+⌊ s−2

3 ⌋

(
(1 − α)v(8)

s−5−3⌊ s−2
3 ⌋
− β

) ζ + η4p+r+1+⌊ s−1
3 ⌋

(
(1 − η)ṽ(8)

s−4−3⌊ s−1
3 ⌋
− ζ

)
ζ + η4p+r+⌊ s−1

3 ⌋

(
(1 − η)ṽ(8)

s−4−3⌊ s−1
3 ⌋
− ζ

) ,
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z12m+3r+s = γ
m+1z3r+s−12

m∏
p=0

β + α4p+r+1+⌊ s−1
3 ⌋

(
(1 − α)v(8)

s−4−3⌊ s−1
3 ⌋
− β

)
ζ + η4p+r+1

(
(1 − η)ṽ(8)

s−3 − ζ
) ζ + η4p+r−2

(
(1 − η)ṽ(8)

s−3 − ζ
)

β + α4p+r+⌊ s−1
3 ⌋

(
(1 − α)v(8)

s−4−3⌊ s−1
3 ⌋
− β

) ,
if α , 1, η , 1, and

x12m+3r+s = γ
m+1x3r+s−12

m∏
p=0

ζ + η4p+r+⌊ s−2
3 ⌋

(
(1 − η)ṽ(8)

s−5−3⌊ s−2
3 ⌋
− ζ

)
v(8)

s−3 + β
(
4p + r + 1

) v(8)
s−3 + β

(
4p + r − 2

)
ζ + η4p+r−1+⌊ s−2

3 ⌋

(
(1 − η)ṽ(8)

s−5−3⌊ s−2
3 ⌋
− ζ

) ,

y12m+3r+s =

(
1
γ3

)m+1

y3r+s−12

m∏
p=0

v(8)
s−5−3⌊ s−2

3 ⌋
+ β

(
4p + r + ⌊ s−2

3 ⌋
)

v(8)
s−5−3⌊ s−2

3 ⌋
+ β

(
4p + r − 1 + ⌊ s−2

3 ⌋
) ζ + η4p+r+1+⌊ s−1

3 ⌋

(
(1 − η)ṽ(8)

s−4−3⌊ s−1
3 ⌋
− ζ

)
ζ + η4p+r+⌊ s−1

3 ⌋

(
(1 − η)ṽ(8)

s−4−3⌊ s−1
3 ⌋
− ζ

) ,
z12m+3r+s = γ

m+1z3r+s−12

m∏
p=0

v(8)
s−4−3⌊ s−1

3 ⌋
+ β

(
4p + r + 1 + ⌊ s−1

3 ⌋
)

ζ + η4p+r+1
(
(1 − η)ṽ(8)

s−3 − ζ
) ζ + η4p+r−2

(
(1 − η)ṽ(8)

s−3 − ζ
)

v(8)
s−4−3⌊ s−1

3 ⌋
+ β

(
4p + r + ⌊ s−1

3 ⌋
) ,

if α = 1, η , 1, and

x12m+3r+s = γ
m+1x3r+s−12

m∏
p=0

ṽ(8)
s−5−3⌊ s−2

3 ⌋
+ ζ

(
4p + r + ⌊ s−2

3 ⌋
)

β + α4p+r+1
(
(1 − α)v(8)

s−3 − β
) β + α4p+r−2

(
(1 − α)v(8)

s−3 − β
)

ṽ(8)
s−5−3⌊ s−2

3 ⌋
+ ζ

(
4p + r − 1 + ⌊ s−2

3 ⌋
) ,

y12m+3r+s =

(
1
γ3

)m+1

y3r+s−12

m∏
p=0

β + α4p+r+⌊ s−2
3 ⌋

(
(1 − α)v(8)

s−5−3⌊ s−2
3 ⌋
− β

)
β + α4p+r−1+⌊ s−2

3 ⌋

(
(1 − α)v(8)

s−5−3⌊ s−2
3 ⌋
− β

) ṽ(8)
s−4−3⌊ s−1

3 ⌋
+ ζ

(
4p + r + 1 + ⌊ s−1

3 ⌋
)

ṽ(8)
s−4−3⌊ s−1

3 ⌋
+ ζ

(
4p + r + ⌊ s−1

3 ⌋
) ,

z12m+3r+s = γ
m+1z3r+s−12

m∏
p=0

β + α4p+r+1+⌊ s−1
3 ⌋

(
(1 − α)v(8)

s−4−3⌊ s−1
3 ⌋
− β

)
ṽ(8)

s−3 + ζ
(
4p + r + 1

) ṽ(8)
s−3 + ζ

(
4p + r − 2

)
β + α4p+r+⌊ s−1

3 ⌋

(
(1 − α)v(8)

s−4−3⌊ s−1
3 ⌋
− β

) ,
if α , 1, η = 1, and

x12m+3r+s = γ
m+1x3r+s−12

m∏
p=0

ṽ(8)
s−5−3⌊ s−2

3 ⌋
+ ζ

(
4p + r + ⌊ s−2

3 ⌋
)

v(8)
s−3 + β

(
4p + r + 1

) v(8)
s−3 + β

(
4p + r − 2

)
ṽ(8)

s−5−3⌊ s−2
3 ⌋
+ ζ

(
4p + r − 1 + ⌊ s−2

3 ⌋
) ,

y12m+3r+s =

(
1
γ3

)m+1

y3r+s−12

m∏
p=0

v(8)
s−5−3⌊ s−2

3 ⌋
+ β

(
4p + r + ⌊ s−2

3 ⌋
)

v(8)
s−5−3⌊ s−2

3 ⌋
+ β

(
4p + r − 1 + ⌊ s−2

3 ⌋
) ṽ(8)

s−4−3⌊ s−1
3 ⌋
+ ζ

(
4p + r + 1 + ⌊ s−1

3 ⌋
)

ṽ(8)
s−4−3⌊ s−1

3 ⌋
+ ζ

(
4p + r + ⌊ s−1

3 ⌋
) ,

z12m+3r+s = γ
m+1z3r+s−12

m∏
p=0

v(8)
s−4−3⌊ s−1

3 ⌋
+ β

(
4p + r + 1 + ⌊ s−1

3 ⌋
)

ṽ(8)
s−3 + ζ

(
4p + r + 1

) ṽ(8)
s−3 + ζ

(
4p + r − 2

)
v(8)

s−4−3⌊ s−1
3 ⌋
+ β

(
4p + r + ⌊ s−1

3 ⌋
) ,

if α = 1, η = 1, where m ∈N0, r ∈ {2, 3, 4, 5} and s ∈ {0, 1, 2}.

Case 26: Let ζ = 0 and αβγθη , 0. In this case, we get the following system

xn =
yn−4zn−5xn−6

yn−1zn−2
(
α + βxn−3yn−4zn−5xn−6

) , yn =
zn−4xn−5yn−6

zn−1xn−2
(
γ + θyn−3zn−4xn−5yn−6

) , zn =
xn−4yn−5zn−6

ηxn−1yn−2
, (124)
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for n ∈N0.
By interchanging zn, xn, yn, η, α, β, γ and θ instead of xn, yn, zn, α, γ, θ, η and ζ system (111) transforms into
system (124). So, the solutions in (119)-(122) turn into the following formulas

x12m+3r+s = η
m+1x3r+s−12

m∏
p=0

θ + γ4p+r+1+⌊ s−1
3 ⌋

(
(1 − γ)v̂(8)

s−4−3⌊ s−1
3 ⌋
− θ

)
β + α4p+r+1

(
(1 − α)v(8)

s−3 − β
) β + α4p+r−2

(
(1 − α)v(8)

s−3 − β
)

θ + γ4p+r+⌊ s−1
3 ⌋

(
(1 − γ)v̂(8)

s−4−3⌊ s−2
3 ⌋
− θ

) ,

y12m+3r+s = η
m+1y3r+s−12

m∏
p=0

β + α4p+r+⌊ s−2
3 ⌋

(
(1 − α)v(8)

s−5−3⌊ s−2
3 ⌋
− β

)
θ + γ4p+r+1

(
(1 − γ)v̂(8)

s−3 − θ
) θ + γ4p+r−2

(
(1 − γ)v̂(8)

s−3 − θ
)

β + α4p+r−1+⌊ s−2
3 ⌋

(
(1 − α)v(8)

s−5−3⌊ s−2
3 ⌋
− β

) ,

z12m+3r+s =

(
1
η3

)m+1

z3r+s−12

m∏
p=0

β + α4p+r+1+⌊ s−1
3 ⌋

(
(1 − α)v(8)

s−4−3⌊ s−1
3 ⌋
− β

)
β + α4p+r+⌊ s−1

3 ⌋

(
(1 − α)v(8)

s−4−3⌊ s−1
3 ⌋
− β

) θ + γ4p+r+⌊ s−2
3 ⌋

(
(1 − γ)v̂(8)

s−5−3⌊ s−2
3 ⌋
− θ

)
θ + γ4p+r−1+⌊ s−2

3 ⌋

(
(1 − γ)v̂(8)

s−5−3⌊ s−2
3 ⌋
− θ

) ,
if α , 1, γ , 1, and

x12m+3r+s = η
m+1x3r+s−12

m∏
p=0

θ + γ4p+r+1+⌊ s−1
3 ⌋

(
(1 − γ)v̂(8)

s−4−3⌊ s−1
3 ⌋
− θ

)
v(8)

s−3 + β
(
4p + r + 1

) v(8)
s−3 + β

(
4p + r − 2

)
θ + γ4p+r+⌊ s−1

3 ⌋

(
(1 − γ)v̂(8)

s−4−3⌊ s−2
3 ⌋
− θ

) ,
y12m+3r+s = η

m+1y3r+s−12

m∏
p=0

v(8)
s−5−3⌊ s−2

3 ⌋
+ β

(
4p + r + ⌊ s−2

3 ⌋
)

θ + γ4p+r+1
(
(1 − γ)v̂(8)

s−3 − θ
) θ + γ4p+r−2

(
(1 − γ)v̂(8)

s−3 − θ
)

v(8)
s−5−3⌊ s−2

3 ⌋
+ β

(
4p + r − 1 + ⌊ s−2

3 ⌋
) ,

z12m+3r+s =

(
1
η3

)m+1

z3r+s−12

m∏
p=0

v(8)
s−4−3⌊ s−1

3 ⌋
+ β

(
4p + r + 1 + ⌊ s−1

3 ⌋
)

v(8)
s−4−3⌊ s−1

3 ⌋
+ β

(
4p + r + ⌊ s−1

3 ⌋
) θ + γ4p+r+⌊ s−2

3 ⌋

(
(1 − γ)v̂(8)

s−5−3⌊ s−2
3 ⌋
− θ

)
θ + γ4p+r−1+⌊ s−2

3 ⌋

(
(1 − γ)v̂(8)

s−5−3⌊ s−2
3 ⌋
− θ

) ,
if α = 1, γ , 1, and

x12m+3r+s = η
m+1x3r2+s−12

m∏
p=0

v̂(8)
s−4−3⌊ s−1

3 ⌋
+ θ

(
4p + r + 1 + ⌊ s−1

3 ⌋
)

β + α4p+r+1
(
(1 − α)v(8)

s−3 − β
) β + α4p+r−2

(
(1 − α)v(8)

s−3 − β
)

v̂(8)
s−4−3⌊ s−2

3 ⌋
+ θ

(
4p + r + ⌊ s−1

3 ⌋
) ,

y12m+3r+s = η
m+1y3r+s−12

m∏
p=0

β + α4p+r+⌊ s−2
3 ⌋

(
(1 − α)v(8)

s−5−3⌊ s−2
3 ⌋
− β

)
v̂(8)

s−3 + θ
(
4p + r + 1

) v̂(8)
s−3 + θ

(
4p + r − 2

)
β + α4p+r−1+⌊ s−2

3 ⌋

(
(1 − α)v(8)

s−5−3⌊ s−2
3 ⌋
− β

) ,

z12m+3r+s =

(
1
η3

)m+1

z3r+s−12

m∏
p=0

β + α4p+r+1+⌊ s−1
3 ⌋

(
(1 − α)v(8)

s−4−3⌊ s−1
3 ⌋
− β

)
β + α4p+r+⌊ s−1

3 ⌋

(
(1 − α)v(8)

s−4−3⌊ s−1
3 ⌋
− β

) v̂(8)
s−5−3⌊ s−2

3 ⌋
+ θ

(
4p + r + ⌊ s−2

3 ⌋
)

v̂(8)
s−5−3⌊ s−2

3 ⌋
+ θ

(
4p + r − 1⌊ s−2

3 ⌋
) ,

if α , 1, γ = 1, and

x12m+3r+s = η
m+1x3r2+s−12

m∏
p=0

v̂(8)
s−4−3⌊ s−1

3 ⌋
+ θ

(
4p + r + 1 + ⌊ s−1

3 ⌋
)

v(8)
s−3 + β

(
4p + r + 1

) v(8)
s−3 + β

(
4p + r − 2

)
v̂(8)

s−4−3⌊ s−2
3 ⌋
+ θ

(
4p + r + ⌊ s−1

3 ⌋
) ,

y12m+3r+s = η
m+1y3r+s−12

m∏
p=0

v(8)
s−5−3⌊ s−2

3 ⌋
+ β

(
4p + r + ⌊ s−2

3 ⌋
)

v̂(8)
s−3 + θ

(
4p + r + 1

) v̂(8)
s−3 + θ

(
4p + r − 2

)
v(8)

s−5−3⌊ s−2
3 ⌋
+ β

(
4p + r − 1 + ⌊ s−2

3 ⌋
) ,
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z12m+3r+s =

(
1
η3

)m+1

z3r+s−12

m∏
p=0

v(8)
s−4−3⌊ s−1

3 ⌋
+ β

(
4p + r + 1 + ⌊ s−1

3 ⌋
)

v(8)
s−4−3⌊ s−1

3 ⌋
+ β

(
4p + r + ⌊ s−1

3 ⌋
) v̂(8)

s−5−3⌊ s−2
3 ⌋
+ θ

(
4p + r + ⌊ s−2

3 ⌋
)

v̂(8)
s−5−3⌊ s−2

3 ⌋
+ θ

(
4p + r − 1⌊ s−2

3 ⌋
) ,

if α = γ = 1, where m ∈N0, r ∈ {2, 3, 4, 5} and s ∈ {0, 1, 2}.

Case 27: Let αβγθηζ , 0. In this case, we get the following system
xn =

yn−4zn−5xn−6

yn−1zn−2(α+βxn−3 yn−4zn−5xn−6) ,

yn =
zn−4xn−5 yn−6

zn−1xn−2(γ+θyn−3zn−4xn−5 yn−6) , n ∈N0.

zn =
xn−4 yn−5zn−6

xn−1 yn−2(η+ζzn−3xn−4 yn−5zn−6) ,

(125)

Multiplying the first equation in system (125) by yn−1zn−2xn−3 for all n ∈ N0, the second by zn−1xn−2yn−3 for
all n ∈N0 and the third by xn−1yn−2zn−3 for all n ∈N0, it follows that

xnyn−1zn−2xn−3 =
xn−3 yn−4zn−5xn−6

α+βxn−3 yn−4zn−5xn−6
,

ynzn−1xn−2yn−3 =
yn−3zn−4xn−5 yn−6

γ+θyn−3zn−4xn−5 yn−6
, n ∈N0.

znxn−1yn−2zn−3 =
zn−3xn−4 yn−5zn−6

η+ζzn−3xn−4 yn−5zn−6
,

(126)

By using the change of variables
xnyn−1zn−2xn−3 =

1
v(9)

n
,

ynzn−1xn−2yn−3 =
1

v̂(9)
n
, n ≥ −3,

znxn−1yn−2zn−3 =
1

ṽ(9)
n
,

(127)

system (126) becomes

v(9)
n = αv(9)

n−3 + β, v̂(9)
n = γv̂(9)

n−3 + θ, ṽ(9)
n = ηṽ

(9)
n−3 + ζ, n ∈N0. (128)

From (4), the solutions of the equations in (128) is given respectively

v(9)
3m+i =

 β+α
m+1

(
(1−α)v(9)

i−3−β
)

1−α , α , 1,
v(9)

i−3 + β (m + 1) , α = 1,

v̂(9)
3m+i =

θ+γ
m+1

(
(1−γ)v̂(9)

i−3−θ
)

1−γ , γ , 1,

v̂(9)
i−3 + θ (m + 1) , γ = 1,

ṽ(9)
3m+i =

 ζ+η
m+1

(
(1−η)ṽ(9)

i−3−ζ
)

1−η , η , 1,

ṽ(9)
i−3 + ζ (m + 1) , η = 1,

(129)

for m ∈N0 and i ∈ {0, 1, 2}.
From (127), we gain

xn =
v̂(9)

n−1ṽ(9)
n−5v(9)

n−9

v(9)
n v̂(9)

n−4ṽ(9)
n−8

xn−12,

yn =
ṽ(9)

n−1v(9)
n−5v̂(9)

n−9

v̂(9)
n ṽ(9)

n−4v(9)
n−8

yn−12, n ≥ 6,

zn =
v(9)

n−1v̂(9)
n−5ṽ(9)

n−9

ṽ(9)
n v(9)

n−4v̂(9)
n−8

zn−12,

(130)



Ö. Aktaş et al. / Filomat 39:7 (2025), 2229–2267 2261

and eventually

x12m+ j =
v̂(9)

12m+ j−1ṽ(9)
12m+ j−5v(9)

12m+ j−9

v(9)
12m+ jv̂

(9)
12m+ j−4ṽ(9)

12m+ j−8

x12(m−1)+ j,

y12m+ j =
ṽ(9)

12m+ j−1v(9)
12m+ j−5v̂(9)

12m+ j−9

v̂(9)
12m+ jṽ

(9)
12m+ j−4v(9)

12m+ j−8

y12(m−1)+ j,

z12m+ j =
v(9)

12m+ j−1v̂(9)
12m+ j−5ṽ(9)

12m+ j−9

ṽ(9)
12m+ jv

(9)
12m+ j−4v̂(9)

12m+ j−8

z12(m−1)+ j,

(131)

where m ∈N0 and j = 6, 17.
From (131), we attain

x12m+3r+s =x3r+s−12

m∏
p=0

v̂(9)
12p+3r+s−1ṽ(9)

12p+3r+s−5v(9)
12p+3r+s−9

v(9)
12p+3r+sv̂

(9)
12p+3r+s−4ṽ(9)

12p+3r+s−8

,

y12m+3r+s =y3r+s−12

m∏
p=0

ṽ(9)
12p+3r+s−1v(9)

12p+3r+s−5v̂(9)
12p+3r+s−9

v̂(9)
12p+3r+sṽ

(9)
12p+3r+s−4v(9)

12p+3r+s−8

, (132)

z12m+3r+s =z3r+s−12

m∏
p=0

v(9)
12p+3r+s−1v̂(9)

12p+3r+s−5ṽ(9)
12p+3r+s−9

ṽ(9)
12p+3r+sv

(9)
12p+3r+s−4v̂(9)

12p+3r+s−8

,

where m ∈N0, r ∈ {2, 3, 4, 5} and s ∈ {0, 1, 2}.
From (129) and (132), we obtain

x12m+3r+s = x3r+s−12

m∏
p=0

θ + γ4p+r+1+⌊ s−1
3 ⌋

(
(1 − γ)v̂(9)

s−4−3⌊ s−1
3 ⌋
− θ

)
β + α4p+r+1

(
(1 − α)v(9)

s−3 − β
) ζ + η4p+r+⌊ s−2

3 ⌋

(
(1 − η)ṽ(9)

s−5−3⌊ s−2
3 ⌋
− ζ

)
θ + γ4p+r+⌊ s−1

3 ⌋

(
(1 − γ)v̂(9)

s−4−3⌊ s−1
3 ⌋
− θ

)
×

β + α4p+r−2
(
(1 − α)v(9)

s−3 − β
)

ζ + η4p+r−1+⌊ s−2
3 ⌋

(
(1 − η)ṽ(9)

s−5−3⌊ s−2
3 ⌋
− ζ

) ,

y12m+3r+s = y3r+s−12

m∏
p=0

ζ + η4p+r+1+⌊ s−1
3 ⌋

(
(1 − η)ṽ(9)

s−4−3⌊ s−1
3 ⌋
− ζ

)
θ + γ4p+r+1

(
(1 − γ)v̂(9)

s−3 − θ
) β + α4p+r+⌊ s−2

3 ⌋

(
(1 − α)v(9)

s−5−3⌊ s−2
3 ⌋
− β

)
ζ + η4p+r+⌊ s−1

3 ⌋

(
(1 − η)ṽ(9)

s−4−3⌊ s−1
3 ⌋
− ζ

)
×

θ + γ4p+r−2
(
(1 − γ)v̂(9)

s−3 − θ
)

β + α4p+r−1+⌊ s−2
3 ⌋

(
(1 − α)v(9)

s−5−3⌊ s−2
3 ⌋
− β

) ,

z12m+3r+s = z3r+s−12

m∏
p=0

β + α4p+r+1+⌊ s−1
3 ⌋

(
(1 − α)v(9)

s−4−3⌊ s−1
3 ⌋
− β

)
ζ + η4p+r+1

(
(1 − η)ṽ(9)

s−3 − ζ
) θ + γ4p+r+⌊ s−2

3 ⌋

(
(1 − γ)v̂(9)

s−5−3⌊ s−2
3 ⌋
− θ

)
β + α4p+r+⌊ s−1

3 ⌋

(
(1 − α)v(9)

s−4−3⌊ s−1
3 ⌋
− β

)
×

ζ + η4p+r−2
(
(1 − η)ṽ(9)

s−3 − ζ
)

θ + γ4p+r−1+⌊ s−2
3 ⌋

(
(1 − γ)v̂(9)

s−5−3⌊ s−2
3 ⌋
− θ

) ,
if α , 1, γ , 1, η , 1, and

x12m+3r+s = x3r+s−12

m∏
p=0

θ + γ4p+r+1+⌊ s−1
3 ⌋

(
(1 − γ)v̂(9)

s−4−3⌊ s−1
3 ⌋
− θ

)
v(9)

s−3 + β
(
4p + r + 1

) ζ + η4p+r+⌊ s−2
3 ⌋

(
(1 − η)ṽ(9)

s−5−3⌊ s−2
3 ⌋
− ζ

)
θ + γ4p+r+⌊ s−1

3 ⌋

(
(1 − γ)v̂(9)

s−4−3⌊ s−1
3 ⌋
− θ

)
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×
v(9)

s−3 + β
(
4p + r − 2

)
ζ + η4p+r−1+⌊ s−2

3 ⌋

(
(1 − η)ṽ(9)

s−5−3⌊ s−2
3 ⌋
− ζ

) ,

y12m+3r+s = y3r+s−12

m∏
p=0

ζ + η4p+r+1+⌊ s−1
3 ⌋

(
(1 − η)ṽ(9)

s−4−3⌊ s−1
3 ⌋
− ζ

)
θ + γ4p+r+1

(
(1 − γ)v̂(9)

s−3 − θ
) v(9)

s−5−3⌊ s−2
3 ⌋
+ β

(
4p + r + ⌊ s−2

3 ⌋
)

ζ + η4p+r+⌊ s−1
3 ⌋

(
(1 − η)ṽ(9)

s−4−3⌊ s−1
3 ⌋
− ζ

)
×

θ + γ4p+r−2
(
(1 − γ)v̂(9)

s−3 − θ
)

v(9)
s−5−3⌊ s−2

3 ⌋
+ β

(
4p + r − 1 + ⌊ s−2

3 ⌋
) ,

z12m+3r+s = z3r+s−12

m∏
p=0

v(9)
s−4−3⌊ s−1

3 ⌋
+ β

(
4p + r + 1 + ⌊ s−1

3 ⌋
)

ζ + η4p+r+1
(
(1 − η)ṽ(9)

s−3 − ζ
) θ + γ4p+r+⌊ s−2

3 ⌋

(
(1 − γ)v̂(9)

s−5−3⌊ s−2
3 ⌋
− θ

)
v(9)

s−4−3⌊ s−1
3 ⌋
+ β

(
4p + r + ⌊ s−1

3 ⌋
)

×

ζ + η4p+r−2
(
(1 − η)ṽ(9)

s−3 − ζ
)

θ + γ4p+r−1+⌊ s−2
3 ⌋

(
(1 − γ)v̂(9)

s−5−3⌊ s−2
3 ⌋
− θ

) ,
if α = 1, γ , 1, η , 1, and

x12m+3r+s = x3r+s−12

m∏
p=0

v̂(9)
s−4−3⌊ s−1

3 ⌋
+ θ

(
4p + r + 1 + ⌊ s−1

3 ⌋
)

β + α4p+r+1
(
(1 − α)v(9)

s−3 − β
) ζ + η4p+r+⌊ s−2

3 ⌋

(
(1 − η)ṽ(9)

s−5−3⌊ s−2
3 ⌋
− ζ

)
v̂(9)

s−4−3⌊ s−1
3 ⌋
+ θ

(
4p + r + ⌊ s−1

3 ⌋
)

×

β + α4p+r−2
(
(1 − α)v(9)

s−3 − β
)

ζ + η4p+r−1+⌊ s−2
3 ⌋

(
(1 − η)ṽ(9)

s−5−3⌊ s−2
3 ⌋
− ζ

) ,

y12m+3r+s = y3r+s−12

m∏
p=0

ζ + η4p+r+1+⌊ s−1
3 ⌋

(
(1 − η)ṽ(9)

s−4−3⌊ s−1
3 ⌋
− ζ

)
v̂(9)

s−3 + θ
(
4p + r + 1

) β + α4p+r+⌊ s−2
3 ⌋

(
(1 − α)v(9)

s−5−3⌊ s−2
3 ⌋
− β

)
ζ + η4p+r+⌊ s−1

3 ⌋

(
(1 − η)ṽ(9)

s−4−3⌊ s−1
3 ⌋
− ζ

)
×

v̂(9)
s−3 + θ

(
4p + r − 2

)
β + α4p+r−1+⌊ s−2

3 ⌋

(
(1 − α)v(9)

s−5−3⌊ s−2
3 ⌋
− β

) ,

z12m+3r+s = z3r+s−12

m∏
p=0

β + α4p+r+1+⌊ s−1
3 ⌋

(
(1 − α)v(9)

s−4−3⌊ s−1
3 ⌋
− β

)
ζ + η4p+r+1

(
(1 − η)ṽ(9)

s−3 − ζ
) v̂(9)

s−5−3⌊ s−2
3 ⌋
+ θ

(
4p + r + ⌊ s−2

3 ⌋
)

β + α4p+r+⌊ s−1
3 ⌋

(
(1 − α)v(9)

s−4−3⌊ s−1
3 ⌋
− β

)
×

ζ + η4p+r−2
(
(1 − η)ṽ(9)

s−3 − ζ
)

v̂(9)
s−5−3⌊ s−2

3 ⌋
+ θ

(
4p + r − 1 + ⌊ s−2

3 ⌋
) ,

if α , 1, γ = 1, η , 1, and

x12m+3r+s = x3r+s−12

m∏
p=0

θ + γ4p+r+1+⌊ s−1
3 ⌋

(
(1 − γ)v̂(9)

s−4−3⌊ s−1
3 ⌋
− θ

)
β + α4p+r+1

(
(1 − α)v(9)

s−3 − β
) ṽ(9)

s−5−3⌊ s−2
3 ⌋
+ ζ

(
4p + r + ⌊ s−2

3 ⌋
)

θ + γ4p+r+⌊ s−1
3 ⌋

(
(1 − γ)v̂(9)

s−4−3⌊ s−1
3 ⌋
− θ

)
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×

β + α4p+r−2
(
(1 − α)v(9)

s−3 − β
)

ṽ(9)
s−5−3⌊ s−2

3 ⌋
+ ζ

(
4p + r − 1 + ⌊ s−2

3 ⌋
) ,

y12m+3r+s = y3r+s−12

m∏
p=0

ṽ(9)
s−4−3⌊ s−1

3 ⌋
+ ζ

(
4p + r + 1 + ⌊ s−1

3 ⌋
)

θ + γ4p+r+1
(
(1 − γ)v̂(9)

s−3 − θ
) β + α4p+r+⌊ s−2

3 ⌋

(
(1 − α)v(9)

s−5−3⌊ s−2
3 ⌋
− β

)
ṽ(9)

s−4−3⌊ s−1
3 ⌋
+ ζ

(
4p + r + ⌊ s−1

3 ⌋
)

×

θ + γ4p+r−2
(
(1 − γ)v̂(9)

s−3 − θ
)

β + α4p+r−1+⌊ s−2
3 ⌋

(
(1 − α)v(9)

s−5−3⌊ s−2
3 ⌋
− β

) ,

z12m+3r+s = z3r+s−12

m∏
p=0

β + α4p+r+1+⌊ s−1
3 ⌋

(
(1 − α)v(9)

s−4−3⌊ s−1
3 ⌋
− β

)
ṽ(9)

s−3 + ζ
(
4p + r + 1

) θ + γ4p+r+⌊ s−2
3 ⌋

(
(1 − γ)v̂(9)

s−5−3⌊ s−2
3 ⌋
− θ

)
β + α4p+r+⌊ s−1

3 ⌋

(
(1 − α)v(9)

s−4−3⌊ s−1
3 ⌋
− β

)
×

ṽ(9)
s−3 + ζ

(
4p + r − 2

)
θ + γ4p+r−1+⌊ s−2

3 ⌋

(
(1 − γ)v̂(9)

s−5−3⌊ s−2
3 ⌋
− θ

) ,
if α , 1, γ , 1, η = 1, and

x12m+3r+s = x3r+s−12

m∏
p=0

v̂(9)
s−4−3⌊ s−1

3 ⌋
+ θ

(
4p + r + 1 + ⌊ s−1

3 ⌋
)

v(9)
s−3 + β

(
4p + r + 1

) ζ + η4p+r+⌊ s−2
3 ⌋

(
(1 − η)ṽ(9)

s−5−3⌊ s−2
3 ⌋
− ζ

)
v̂(9)

s−4−3⌊ s−1
3 ⌋
+ θ

(
4p + r + ⌊ s−1

3 ⌋
)

×
v(9)

s−3 + β
(
4p + r − 2

)
ζ + η4p+r−1+⌊ s−2

3 ⌋

(
(1 − η)ṽ(9)

s−5−3⌊ s−2
3 ⌋
− ζ

) ,

y12m+3r+s = y3r+s−12

m∏
p=0

ζ + η4p+r+1+⌊ s−1
3 ⌋

(
(1 − η)ṽ(9)

s−4−3⌊ s−1
3 ⌋
− ζ

)
v̂(9)

s−3 + θ
(
4p + r + 1

) v(9)
s−5−3⌊ s−2

3 ⌋
+ β

(
4p + r + ⌊ s−2

3 ⌋
)

ζ + η4p+r+⌊ s−1
3 ⌋

(
(1 − η)ṽ(9)

s−4−3⌊ s−1
3 ⌋
− ζ

)
×

v̂(9)
s−3 + θ

(
4p + r − 2

)
v(9)

s−5−3⌊ s−2
3 ⌋
+ β

(
4p + r − 1 + ⌊ s−2

3 ⌋
) ,

z12m+3r+s = z3r+s−12

m∏
p=0

v(9)
s−4−3⌊ s−1

3 ⌋
+ β

(
4p + r + 1 + ⌊ s−1

3 ⌋
)

ζ + η4p+r+1
(
(1 − η)ṽ(9)

s−3 − ζ
) v̂(9)

s−5−3⌊ s−2
3 ⌋
+ θ

(
4p + r + ⌊ s−2

3 ⌋
)

v(9)
s−4−3⌊ s−1

3 ⌋
+ β

(
4p + r + ⌊ s−1

3 ⌋
)

×

ζ + η4p+r−2
(
(1 − η)ṽ(9)

s−3 − ζ
)

v̂(9)
s−5−3⌊ s−2

3 ⌋
+ θ

(
4p + r − 1 + ⌊ s−2

3 ⌋
) ,

if α = 1, γ = 1, η , 1, and

x12m+3r+s = x3r+s−12

m∏
p=0

θ + γ4p+r+1+⌊ s−1
3 ⌋

(
(1 − γ)v̂(9)

s−4−3⌊ s−1
3 ⌋
− θ

)
v(9)

s−3 + β
(
4p + r + 1

) ṽ(9)
s−5−3⌊ s−2

3 ⌋
+ ζ

(
4p + r + ⌊ s−2

3 ⌋
)

θ + γ4p+r+⌊ s−1
3 ⌋

(
(1 − γ)v̂(9)

s−4−3⌊ s−1
3 ⌋
− θ

)
×

v(9)
s−3 + β

(
4p + r − 2

)
ṽ(9)

s−5−3⌊ s−2
3 ⌋
+ ζ

(
4p + r − 1 + ⌊ s−2

3 ⌋
) ,
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y12m+3r+s = y3r+s−12

m∏
p=0

ṽ(9)
s−4−3⌊ s−1

3 ⌋
+ ζ

(
4p + r + 1 + ⌊ s−1

3 ⌋
)

θ + γ4p+r+1
(
(1 − γ)v̂(9)

s−3 − θ
) v(9)

s−5−3⌊ s−2
3 ⌋
+ β

(
4p + r + ⌊ s−2

3 ⌋
)

ṽ(9)
s−4−3⌊ s−1

3 ⌋
+ ζ

(
4p + r + ⌊ s−1

3 ⌋
)

×

θ + γ4p+r−2
(
(1 − γ)v̂(9)

s−3 − θ
)

v(9)
s−5−3⌊ s−2

3 ⌋
+ β

(
4p + r − 1 + ⌊ s−2

3 ⌋
) , (133)

z12m+3r+s = z3r+s−12

m∏
p=0

v(9)
s−4−3⌊ s−1

3 ⌋
+ β

(
4p + r + 1 + ⌊ s−1

3 ⌋
)

ṽ(9)
s−3 + ζ

(
4p + r + 1

) θ + γ4p+r+⌊ s−2
3 ⌋

(
(1 − γ)v̂(9)

s−5−3⌊ s−2
3 ⌋
− θ

)
v(9)

s−4−3⌊ s−1
3 ⌋
+ β

(
4p + r + ⌊ s−1

3 ⌋
)

×
ṽ(9)

s−3 + ζ
(
4p + r − 2

)
θ + γ4p+r−1+⌊ s−2

3 ⌋

(
(1 − γ)v̂(9)

s−5−3⌊ s−2
3 ⌋
− θ

) ,
if α = 1, γ , 1, η = 1, and

x12m+3r+s = x3r+s−12

m∏
p=0

v̂(9)
s−4−3⌊ s−1

3 ⌋
+ θ

(
4p + r + 1 + ⌊ s−1

3 ⌋
)

β + α4p+r+1
(
(1 − α)v(9)

s−3 − β
) ṽ(9)

s−5−3⌊ s−2
3 ⌋
+ ζ

(
4p + r + ⌊ s−2

3 ⌋
)

v̂(9)
s−4−3⌊ s−1

3 ⌋
+ θ

(
4p + r + ⌊ s−1

3 ⌋
)

×

β + α4p+r−2
(
(1 − α)v(9)

s−3 − β
)

ṽ(9)
s−5−3⌊ s−2

3 ⌋
+ ζ

(
4p + r − 1 + ⌊ s−2

3 ⌋
) ,

y12m+3r+s = y3r+s−12

m∏
p=0

ṽ(9)
s−4−3⌊ s−1

3 ⌋
+ ζ

(
4p + r + 1 + ⌊ s−1

3 ⌋
)

v̂(9)
s−3 + θ

(
4p + r + 1

) β + α4p+r+⌊ s−2
3 ⌋

(
(1 − α)v(9)

s−5−3⌊ s−2
3 ⌋
− β

)
ṽ(9)

s−4−3⌊ s−1
3 ⌋
+ ζ

(
4p + r + ⌊ s−1

3 ⌋
)

×
v̂(9)

s−3 + θ
(
4p + r − 2

)
β + α4p+r−1+⌊ s−2

3 ⌋

(
(1 − α)v(9)

s−5−3⌊ s−2
3 ⌋
− β

) ,

z12m+3r+s = z3r+s−12

m∏
p=0

β + α4p+r+1+⌊ s−1
3 ⌋

(
(1 − α)v(9)

s−4−3⌊ s−1
3 ⌋
− β

)
ṽ(9)

s−3 + ζ
(
4p + r + 1

) v̂(9)
s−5−3⌊ s−2

3 ⌋
+ θ

(
4p + r + ⌊ s−2

3 ⌋
)

β + α4p+r+⌊ s−1
3 ⌋

(
(1 − α)v(9)

s−4−3⌊ s−1
3 ⌋
− β

)
×

ṽ(9)
s−3 + ζ

(
4p + r − 2

)
v̂(9)

s−5−3⌊ s−2
3 ⌋
+ θ

(
4p + r − 1 + ⌊ s−2

3 ⌋
) ,

if α , 1, γ = 1, η = 1, and

x12m+3r+s = x3r+s−12

m∏
p=0

v̂(9)
s−4−3⌊ s−1

3 ⌋
+ θ

(
4p + r + 1 + ⌊ s−1

3 ⌋
)

v(9)
s−3 + β

(
4p + r + 1

) ṽ(9)
s−5−3⌊ s−2

3 ⌋
+ ζ

(
4p + r + ⌊ s−2

3 ⌋
)

v̂(9)
s−4−3⌊ s−1

3 ⌋
+ θ

(
4p + r + ⌊ s−1

3 ⌋
)

×
v(9)

s−3 + β
(
4p + r − 2

)
ṽ(9)

s−5−3⌊ s−2
3 ⌋
+ ζ

(
4p + r − 1 + ⌊ s−2

3 ⌋
) ,

y12m+3r+s = y3r+s−12

m∏
p=0

ṽ(9)
s−4−3⌊ s−1

3 ⌋
+ ζ

(
4p + r + 1 + ⌊ s−1

3 ⌋
)

v̂(9)
s−3 + θ

(
4p + r + 1

) v(9)
s−5−3⌊ s−2

3 ⌋
+ β

(
4p + r + ⌊ s−2

3 ⌋
)

ṽ(9)
s−4−3⌊ s−1

3 ⌋
+ ζ

(
4p + r + ⌊ s−1

3 ⌋
)
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×
v̂(9)

s−3 + θ
(
4p + r − 2

)
v(9)

s−5−3⌊ s−2
3 ⌋
+ β

(
4p + r − 1 + ⌊ s−2

3 ⌋
) ,

z12m+3r+s = z3r+s−12

m∏
p=0

v(9)
s−4−3⌊ s−1

3 ⌋
+ β

(
4p + r + 1 + ⌊ s−1

3 ⌋
)

ṽ(9)
s−3 + ζ

(
4p + r + 1

) v̂(9)
s−5−3⌊ s−2

3 ⌋
+ θ

(
4p + r + ⌊ s−2

3 ⌋
)

v(9)
s−4−3⌊ s−1

3 ⌋
+ β

(
4p + r + ⌊ s−1

3 ⌋
)

×
ṽ(9)

s−3 + ζ
(
4p + r − 2

)
v̂(9)

s−5−3⌊ s−2
3 ⌋
+ θ

(
4p + r − 1 + ⌊ s−2

3 ⌋
) ,

if α = γ = η = 1, where m ∈N0, r ∈ {2, 3, 4, 5} and s ∈ {0, 1, 2}.

Theorem 2.1. Assume that α , 0, β , 0, γ , 0, θ , 0, η , 0, ζ , 0. The forbidden set of the initial values for
system (12) is given by sets

F =
⋃

m∈N0

8⋃
i=3

{ 1
xi−3yi−4zi−5xi−6

= f−m−1

(
−
β

α

)
, or

1
yi−3zi−4xi−5yi−6

= 1−m−1
(
−
θ
γ

)
, or

1
zi−3xi−4yi−5zi−6

= h−m−1
(
−
ζ
η

)}
(134)

and {
F⃗ : x−p = 0 or y−p = 0 or z−p = 0, p ∈ {1, 2, 3, 4, 5, 6}

}
where F⃗ =

(
x−6, x−5, x−4, x−3, x−2, x−1, y−6, y−5, y−4, y−3, y−2, y−1, z−6, z−5, z−4, z−3, z−2, z−1

)
.

Proof. We have gained the set{
F⃗ : x−p = 0 or y−p = 0 or z−p = 0, p ∈ {1, 2, 3, 4, 5, 6}

}
belongs to the forbidden set of the initial values for system (12) at the beginning of the section 2. If x− j , 0,
y− j , 0 and z− j , 0, j ∈ {1, 2, 3, 4, 5, 6}, system (12) is undefined if and only if

α + βxn−3yn−4zn−5xn−6 = 0,
γ + θyn−3zn−4xn−5yn−6 = 0, n ∈N0.

η + ζzn−3xn−4yn−5zn−6 = 0,

By using the change of variables (127), the above conditions can be written

vn−3 = −
β

α
, v̂n−3 = −

θ
γ
, ṽn−3 = −

ζ
η
, n ∈N0. (135)

Thus, the solutions of system (128) can be expressed as

v3m+1 = f m+1 (vi−3) , v̂3m+1 = 1
m+1 (v̂i−3) , ṽ3m+1 = hm+1 (ṽi−3) , (136)

where m ∈N0, i ∈ {0, 1, 2}, f (r) = αr + β, 1(r) = γr + θ, h(r) = ηr + ζ. By using (135) and (136), we get

vi−3 = f−m−1

(
−
β

α

)
, v̂i−3 = 1

−m−1

(
−
θ
γ

)
, ṽi−3 = h−m−1

(
−
ζ
η

)
, (137)

where m ∈N0, i ∈ {0, 1, 2}, f−1 (r) = r−β
α , 1−1 (r) = r−θ

γ , h−1 (r) = r−ζ
η .

This means that if one of the conditions in (137) holds, then 6m − th iteration or 6(m + 1) − th iteration can
not be calculated. Consequently, (134) is attained.
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3. Conclusion

In this study, we gain the solutions of the following system of difference equations,
xn =

yn−4zn−5xn−6

yn−1zn−2(α+βxn−3 yn−4zn−5xn−6) ,

yn =
zn−4xn−5 yn−6

zn−1xn−2(γ+θyn−3zn−4xn−5 yn−6) , n ∈N0,

zn =
xn−4 yn−5zn−6

xn−1 yn−2(η+ζzn−3xn−4 yn−5zn−6) ,

where the initial values x−p, y−p, z−p for p = 1, 6 and the parameters α, β, γ, θ, η, ζ are real numbers. Firstly,
we solved the mentioned system depending on whether the parameters are equal to zero or non-zero. In
addition, the solutions of the aforementioned system are obtained in closed form. Finally, we also describe
the forbidden set of the solutions of this system of difference equations.
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[6] H. Büyük, N. Taşkara, On the solutions of three-dimensional difference equations systems via pell numbers, Eur. J. Sci. Technol. 34(2022),

433-440.
[7] S. Elaydi, An Introduction to Difference Equations, Springer, New York, 1996.
[8] E. M. Elsayed, B. S. Alofi, A. Q. Khan, Solution expressions of discrete systems of difference equations, Math. Probl. Eng. 1(2022), 1-14.
[9] E. M. Elsayed, M. Alzubaidi, On a higher-order systems of difference equations, Pure Appl. Anal. 2023(2023), 1-29.

[10] S. Etemad, M.A. Ragusa, S. Rezapour, A. Zada, Existence property of solutions for multi-order q-difference FBVPs based on condensing
operators and end-point technique, Fixed Point Theory. 25 (2024), 115–1421.

[11] A. Ghezal, I. Zemmouri, The solution of a system of high-order difference equations in terms of balancing numbers, Pan-Amer. J. Math.
2(2023), 1-9.

[12] A. Ghezal, I. Zemmouri, Representation of solutions of a second-order system of two difference equations with variable coefficients,
Pan-Amer. J. Math. 2(2023), 1-7.
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[34] Y. Yazlık, M. Güngör, On the solvable of nonlinear difference equation of sixt-order, J. Sci. Arts. 19(2019), 399-414.


