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On a solvable difference equations system
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Abstract. In this paper, we study three dimensional system of difference equations. Firstly, we examine
the solutions of the mentioned system depending on whether the parameters are equal to zero or non-zero.

In addition, the solutions of this system are obtained in closed form. Finally, we also describe the forbidden
set of the solutions of the system of difference equations.

1. Introduction and preliminaries

First of all, recall that IN, Ny, Z, R, C, stand for the set of natural, non-negative integer, integer, real and
complex numbers, respectively. If k,| € Z, k <, the notationi = k,I stands for {i€ Z : k <i < I}.

In the recent years, the interest of difference equations and their systems has increased. Researchers
are interested in solutions and behavior of solutions of difference equations and their systems [3, 4, 6, 10—

13, 15, 22, 23, 25, 27-30, 32, 33]. One of difference equations is homogeneous linear difference equations
with constant coefficients, which is in the following form:

S, = as,—3, 1 € Ny, @)

where the initial values s_3, s_», s_1 and the parameter a are real numbers. The solution of linear difference
equation (1) is given

+1
Sam+i = A" si—3,  m € Ny,

2)
forie{0,1,2}.

Another difference equation is non-homogeneous linear difference equation with constant coefficients,
which is in the following form:

Sy =as,_3+b, n €Ny,

©)

2020 Mathematics Subject Classification. Primary 39A10; Secondary 39A20, 39A23.
Keywords. Difference equations, forbidden set, solution.

Received: 24 October 2024; Accepted: 01 November 2024
Communicated by Maria Alessandra Ragusa

This study is a part of the first author’s Ph.D. Thesis.

* Corresponding author: Omer Aktas

Email addresses: aktas.omer10@gmail.com (Omer Aktas), mervekara@kmu.edu.tr (Merve Kara), yyazlik@nevsehir.edu.tr
(Yasin Yazlik)

ORCID iDs: https://orcid.org/0000-0002-5763-0308 (Omer Aktas), https://orcid.org/0000-0001-8081-0254 (Merve
Kara), https://orcid.org/0000-0001-6369-540X (Yasin Yazlik)



O. Aktas et al. / Filomat 39:7 (2025), 2229-2267 2230

where the initial values s_3, 5_5, s-1 and the parameters a, b are real numbers. The solution of equation (3)
can be written as follows

h+u’”*1((11_—:)si_3—h), a ¢ 1’
S3m+i = (4)
51;3+b(m+1), a=1,
where m € Ny and i € {0,1,2}.
Kara and Yazlik in [21], obtained the solutions of the following difference equations
X, Xn—kXn—k-1 ne Ny, (5)

X1 (@n + bpXn kXn—k-1)’
where the initial values are real numbers. Also they studied the forbidden set and the asymptotic behavior
of equation (5). Moreover, the case k = 3,1/ =1, a, = +1 = b,, in equation (5), which is studied by Alzubaidi
and Elsayed in [2]. In addition, the case k = 3, = 4, a, = £1 = b,, in equation (5), which is studied by
Bukhari and Elsayed in [5].

Yazlik and Giingor in [34] obtained the solution of the following difference equation

Xn—4Xn-5Xn—6

Xn =

= n € Ny (6)
Xpn-1Xn—2 (@ + bXy_3Xn-aX—5%n—6) ’

where the initial values and the parameters are real numbers. Also, they investigated the asymptotic
behavior of the solution of equation (6).

Some authors studied two dimensional system of difference equations. For instance, Touafek and Elsayed
investigated the solutions of the following systems of difference equations

yn Xn

—/ = —/ E N 7
Xpo1 (£1 £ v7,) Yn1 X1 (£1 £ x,) " 0

Xne1 =
where the initial values are nonzero real numbers in [31].
Kara and Yazlik in [19], investigated the solutions of the following system of difference equations

_ Xn—kYn—k-I Yo = Yn—kXn—k-1
n — 7 Yn — 4
Yn-1 (an + bnxn—k]/n—k—l) Xn—1 (an + ﬁnyn—kxn—k—l)

X

ne NQ, (7)

where the initial values are real numbers and (@,),en,, (0n)nen,s (An)nenys (Bn) e, are the sequences of real
numbers. Moreover, the asymptotic behavior of well-defined solutions of system (7) was studied for the
casek=2,1=k.

There are the particular cases of system (7) in literature. For example, the case k = 2,1 =2, a, = =1 = by,
a, = 1 = B,, in equation (7), which is investigated by Almatrafi in [1]. Similarly, the authors of [18]
solved the case k = 2, | = 1, in equation (7). Furthermore, they described the asymptotic behavior and
the periodicity of the solutions when all sequences are constant. There are some systems of difference
equations which are not particular cases of system (7). Such as Halim et. al. investigated the solutions of
the following system of difference equations

]/n—lxn—Z y _ xn—lyn—Z
7 1= 7
yn@+byaxu2) 7" x(a+ bxy_1yu)
where the initial values and the parameters are real numbers in [14].
The authors of [9] solved the following systems of difference equations
Yn-5Xn-8 Xn-5Yn-8
;7 Yny1 = ’
Yn-—2 (1 + yn—an—S) Xn-2 (il + xn—S]/n—S)

Xpi1 = n € Ny,

Xns1 = n € Ny,

where the initial values are nonzero real numbers.

Karakaya et. al. obtained the solutions of the following system of difference equations
Xn-4Yn-5Xn—6 Yn—-4Xn-5Yn-6

n = ,  n €Ny, 8
Y Xn-1Yn-2 (C + dxn—3yn—4xn—5yn—6) 0 ®)

Xy = 7
Yn-1Xn—2 (@ + bYyn_3Xn—-aYn-5Xn—6)
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where the initial values and the parameters are real numbers. Also, they defined the forbidden set of the
solutions of system (8) in [26].

A lot of mathematicians solved three-dimensional systems of difference equations with constant or variable
coefficients. For example, Elsayed et.al. in [8], gained the solutions of the following systems of the difference
equations

Pn—4sn—2Qn Qn—4pn—25n
Sn—3Qn—1 (1 + Pn—4sn—2Qn) Pn—3sn—1 (1 + Qn—4pn—25n),

for n € INp, the initial values are nonzero real numbers.
In addition, Kara and Aktag in [17], investigated the solutions of the following system of difference equations

Sn—4Qn—2Pn
Qn—3pn—1 (1 = Sn—4Qn—2Pn),

Sn+1 =

7 Qn+1 =

Py =

_ Xn-2Yn-3 _ Yn-2Zn-3 y = Zn—2Xn-3
Yuo1 @+ 0%y 2y 3)""" zu1 (C+dynozas) Xpa (e fzuoXns)

Xn n € Ny, ©)

where the parameters and the initial values are nonzero real numbers.
The following system of difference equations with variable coefficients

_ Xn—2Zn-3 Yn = Yn-2Xn-3 o Zn-2Yn-3
- ryn — 7en — 7
Zp-1 (an + buXy-22y-3) Xn-1 (an + ﬁnyn—2xn—3) Yn-1 (An + ann—zyn—3)

Xn n € Ny,

was studied by Kara and Yazlik in [20], where the initial values are nonzero real numbers and (a,)cp,,
(bn)eny, (@n)eny,, (ﬁ,,)eNo, (An)en,s (Bn)en,, are nonzero real numbers sequences. Also, they defined the
forbidden set of the solutions and obtained the periodic solutions of the aforementioned system.

Recently, Kara obtained the solutions of the following system of difference equations

X, = Yn-4Zn-5
n Yn— (un+bnzn—2xn—3yn—4zn—5) ’
Zn-4Xn-5
= n € N,
Yn Zn-1 (an +ﬁnxn—2yn—3zn—4xn—5) 4 0- (10)
_ Xn-4Yn-5
Zy =

’
Xn-1 (AH+Bnyn—22n—3xn—4yn—5)

where (a1)eny, (On)enys (@n)enys (Br)en,s (Andenys (Bn)en, and the initial values are real numbers. Also, she
investigated the forbidden set of the solutions of system (10) in [16].
Lately, Kara et.al. in [24], got the solutions of the following system of difference equations

x _ Hj{:[) Zn-3j
+1 — 2
" T i) (@b Tz 2ns)
Yns1 = ALY n € Np (11)
41 =
" H);:‘l yn—(Sj—l)(Cn+du Hl;zo xr1—3j) ’ /
szo Yn-3j
Zp+l = '

H]k-:l Zn—(Sj—l)(en"'fn H?:o %1731') ’

where the initial values and the sequences are real numbers. Furthermore, they described the forbidden set
of the solutions of system (11).
Motivated by these papers, we study three dimensional form of system (8) as follows:

Yn-4Zn-5Xn—6

X, =
n Yn-1Zn-—2 (a+}gxn—3yn—4zn—5xn—6) !
Zn—4Xn-5Yn-6
n€N
y?‘l Zp-1Xn-2 ()’+9yn—32n—4xn—5yn—6) i’ 0r (12)
_ Xn-4Yn-5Zn-6
Zy =

> ’
Xn-1 ynfz(7]+CZ;173xn74yn75Zn76)

where the initial values x_p, y_, z_, for p = 1,6 and the parameters a, f, ¥, 6, 1, C are real numbers. Note
that system (12) is a natural extension of both equation (6) and system (8).

Definition 1.1. [7] Let (xy, Y, Z”)nz—é be a solution of a system (12). The solution (x,, Yn, Z”)nz—é is called eventually
periodic with period p if Xpip = X, Ynip = Yn and zuyp = zy for all n > ng where ng € Z.. If ng = —6 is said that the
solution is periodic with period p.
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2. The Solutions of the particular cases of system (12)
We will deal with well-defined solutions to system (12). Hence, we suppose that
X #0, vy, #0, z,#0, n>-6,
and
&+ Bxp-3Yn-aZn-5Xn—6 # 0, Y + OYn-3Zn-aXn-5Yn-6 # 0, 1+ CZu-3Xn-4Yn-5zn-6 # 0, 1 € No.

It is obvious thatif x_, =0 or y_, = 0 orz_, = 0, for some p € {1, 2}, then x; or y or zp is not defined. Likely,
ifx.3=0(ory-s=0(orz_3=0)),thenz; =0 (orx; =0 (or y; =0)) and y, (or z; (or x7)) is not defined,
respectively whileif x_; =0, y; = 0,z_; = 0, for some q € {4,5,6}, then xo = 0, or yo = 0, zo = 0, so that x; or
1 or z1 is not defined. On the other hand, we assume that x,, = 0, for some 1y € Ny, and x,, # 0, for every
n < 1y, then from system (12) it follows that y,,,—4 = 0 or z,,-5 = 0, that is contradiction. For this reason, the
set

{Fix,=0 or yp=0 or z,=0, pe(23456)

is a subset of forbidden set of the solutions of the initial values of system (12). Thus, for well-defined

solutions of system (12), (X1, Y, Zn),>_¢, We get

XnYnZn #0, n>-6,
if and only if x_;y_jz_; # 0,1 € {1,2,3,4,5, 6}.

There are 64 cases depending on whether the parameters are equal to zero or not. In 37 cases out of the
64 mentioned cases, system (12) is not defined. For example, Casea = =0, y0nC #0,Casea ==y =0,
OnC+#0,Casea=p=y=0=0,nC#0,Casea==y=0=1n1=0,C#0,Casea==y=0=n=C=0,
etc.

In the rest of this study, we show solvability of the following 27 systems of difference equations by
presenting closed-form formulas for their well-defined solutions.

Case 1: Leta =y =1 =0and OC # 0. In this case, system (12) transforms into the following system

1 1 1

= — =— z;,=—, né€Np. 13
BYn-1Zn-2Xn-3 Yn 0zu-1Xn-2Yn-3 " CXn-1Yn-2Zn-3 0 13)

Xn

Multiplying the first equation in system (13) by y,,-1 for all n € INj, the second by z,_; for all n € INy and the
third by x,,_; for all n € Ny, it follows that

1 1 1
4= =, =, € INp. 14
XnYn-1 ﬁzn—an—S YnZn-1 9xn—2]/n—3 ZpXn-1 Cyn—2zn—3 n 0 ( )
Using the change of variables
XnYn-1 = Un, YnZn-1 = Uy,  ZnXp—1 =y, n>-2, (15)
system (14) becomes
1 1 1
Uy, i, = iy, = — n € INp. (16)

B ﬁan—Z ’ ! 6“71—2 ’ " Cun—Z ’
From (16), we have

Uy = Uy—12, Uy =Ay_12, By =1y, n 210,
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which means that (11,),,5_», (14),5—» and (ii,),>_,, are twelve-periodic, that is,
Wiom+j = Uj12,  Diom+j = Bj-12,  Tomej = Uj-12, M € Ny,

where j = -2,9.
From (15), we attain

X12n+i = X12(n=1)+ir  Y12n+i = Y12-1)+ir  Z12n+i = Z12(-1)+i» 1 € No,
where i = 9,20, and we get

Xiomei = Xic12,  Yiom+i = Yic12,  Z12m+i = Zi-12, (17)
forevery m € Ny and i = 9,20.

Case 2: Let = 0 = C = 0 and ayn # 0 In this case, system (12) is expressed as

yn—4zn—5xn—6 Zn—4xn—5yn—6 xn—4]/n—52n—6
Xp=——, Ypy=———, Zz=———, n€No (18)
a}/n—lzn—Z VZn-1Xn-2 T]xn—lyn—Z

Multiplying the first equation in system (18) by y,-1z,—2x,-3, for all n € Ny, the second by z,_1x,-2Y»-3, for
all n € INg and the third by x,,_1 22,3, for all n € Ny, it follows that

Xn-3Yn-4Zn-5Xn-6 Yn-3Zn-4Xn-5Yn—6 Zp-3Xn-4Yn-5Zn—6
XnYn-1Zn-2Xn-3 = ——— , YnZn-1Xn2Yn-3 = ——————, ZnXn-1Yn-2Zp-3 = ———

a Y n
(19)

for n € INy.
By using the change of variables

XnYn-1Zn-2Xn-3 = Wy,  YnZn-1Xn-2Yn-3 = Wy, ZnXn-1Yn-2Zp-3 = Wy, n2-3, (20)
system (19) becomes

1 1. 1
Wy = —Wp-3, Wy=—Wy-3, Wy =—=Wy3, n€Ny. (21)

From (2), the solutions of equations in (21) are the following form

1 m+1 1 m+1 1 m+1
Wam+i = (—) Wi-3,  Wam+i = (—) Wi-3, Wim+i = (—) Wi-3, m € Ny, (22)
a Y n
forie{0,1,2}.
From (20), we get
_ wnwn—4wn—8 _ Z/l\)nwn—élwn—ﬁ _ wnwn—4wn—8
Xp= 0——————Xy12, Yn= ———Yn-12, Zn=——"—Zy_12, N 26, (23)
Wy-1Wp-5Wn—9 Wy—1Wp-5Wp-9 Wy-1Wp-5Wy—9
and therefore
X o W12+ W12+ j-4W12m+j-8 X )
12m+j = W14 -1 W12m+j-5W12m+j-9 12(m=1)+jr
L W12m+jW12m+j-4W12m+j-8 .
Yiom+j = W12+ j-1W12m+j-5D12m+j-9 Yiam-1)+j, M€ No, (24)
2 o W12+ W12+ j-4W12m+j-8 2 )
12m+j = W12+ j-1 W12+ j-5 D120+ -9 12(m=1)+js
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for j=6,17.
From (24), we attain

W12p+3r+sW12p+3r+5-4W12p+3r-+5-8

X12m+3r+s —X3r+s-12 | |

A, ~. 7
p=0 W12p+3r+s—1W12p+3r+s-5W12p+3r+5-9

W12p+3r+5W12p+3r-+5-4W12p+3r-+5-8

(25)

~. A, 7
W12p+3r+s—1W12p+3r+s-5W12p+3r+5-9

m
Y12m+3r+s =Y3r+s-12 H
p=0

W12p+3r+5W12p+3r+5-4W12p+3r-+5-8

Z12m+3r+s =Z3r+s—12 H
p=0

wherem € Ny, r € {2,3,4,5} and s € {0, 1, 2}.
From (22) and (25), we obtain

A, ~. 7
W12p+3r+s-1W12p+3r+s-5W12p+3r+s-9

m+1 m+1 m+1
arn ay
X12m+3r+s = (E) X3r+s-12,  Y12m+3r+s = (ﬁ) Y3r4s—12,  Z12m+3r+s = (F) Z3r45-12/ (26)
where m € Ny, r € {2,3,4,5} and s € {0, 1, 2}.

Case 3: Leta = y = C = 0 and 0n # 0. In this case, system (12) turns into the following system

1 1 L = Xno4Yn=5Zn6

Xn=s————"—" " Yn= ’ n =
ﬁyn—lzn—an—?) an—lxn—Zyn—3 T]xn—lyn—Z

, neN. 27)

Multiplying the first equation in system (27) by y,-1z,—2x,-3 for all n € Ny, the second by z,_1x,-»Y,-3 for
all n € INg and the third by x,,1y,-2z,-3 for all n € Ny, it follows that

1 Zp-3Xn-4Yn-5Zn-6
Tl 122X = gy YnTnAXn2Yns = Gy ZndnaYn2Zns = % n € No. (28)
By using the change of variables
1
XnYn1zn2tns = 0, ne€Ny,
(1
YnZnXuoYns = 0y, neNy, (29)
ZuXu1Yn-2Zns3 = Oy, n>-3,
system (28) becomes
o_1 o_1 _o_lqw
v, = E' b =g O =05 € INp. (30)
From (2), the solution of the third equation in (30) is given
1 m+1
~(1)  _ ~(1)
O3mei = (ﬁ) Ui (31)
forevery m € Ny and i € {0, 1, 2}.
From (29) we gain
o0 50
Xn = mmom Xn-12, 129,
A0
Yn= Samgm Y12, 129, (32)
O

n_"n-4 n-8

Zy = 20 50 M Zp-12, N 26

n=1"n-5"n-9
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and eventually

(1) A1) ~(1)
_ 12m+jy “12m+j; -4 " 12m+j; -8
X12m+j; = NG} ) @) X12(m=1)+j1 1
J [ [ . J
12m+j1 =17 12m+j; =5~ 12m+j; =9
79212) i _5512) i1-4%12m+j, -8
_ it jp 12041 — i+ j —
]/12111+j1 - ) @) () ]/12(m—1)+j1/ me NO/ (33)
12m+j1 =17 12m+j; =5~ 12m+j; -9
(1) 5(1)
_ 12m+jp “12m+jp—4 " 12m+jp -8
Z12m-+—jz - o0 NG} D ZlZ(m—1)+j2/

12m+j-1912m+ jp 5 V12m+j -9

for j; =9,20 and j, = 6,17.
From (33), we attain

(€)) (1) ~(1)
m
H O12p43r+5V12p+3r1 +5-4Y12p 431 +5-8
X =X -
12m+3r +s 3r1+s—12 ~) ~(D U(l) ’
p=0 “12p+3r+5—1"12p+3r1+s—5" 12p+3r1 +s-9
m W ~(1) e
12p+3r1+s ~12p+3r1+s—4 ~12p+3r1+s—8
Y12m+3r1+s =Y3ri+s-12 H - a NGD) ’ (34)
p=0 O12p+3r+5-1V12p+3r1+5-512p+3r, +5-9
m 5D (1) o
12p+3ra+s " 12p+3r2+s—4 ~12p+3r2+s-8
Z12m+3ry+s =Z3r2+s—12H 0 ) ) ,
v () (7
p=0 "12p+3ra+s—1"12p+3ry+5-5" 12p+3r2+s-9

where m € Ny, 11 € {3,4,5,6}, 1 €1{2,3,4,5} and s € {0, 1, 2}.
From (31) and (34), we obtain

1 m+1
_ m+l _ m+l _
X12m43r4s =11 X3r4s=12,  Y12m+3ri+s =1 Yar+s=12,  Z12m+3rs+s = (5) Z3p,45-12/ (35)

where m € Ny, 1 € {3,4,5,6}, 1 € {2,3,4,5}and s € {0, 1, 2}.
Case 4: Let f = y = n = 0and a0C # 0. In this case, we get the following system

n—44~n—o4n— 1 1
e — z,=———, neN, (36)

n 7 n = 7 n = 7
ayn—lzn—Z Gzn—lxn—Z]/n—S an—l yn—Zzn—B

By interchanging v, z., x,, 0, C and «a instead of x,, ¥, z,, , 0 and 1 in system (27), we obtain system (36).
So, the solutions in (35) turn into the following formulas

m+1
_ 1 _ o m+l _ ym+l
X12m+3ry+s = E X3ry+5-12,  Y12m+3r14s = & Y3ri4s-12,  Z12m43r14s = & Z3r 4512,

where m € Ny, 1 € {3,4,5,6}, 1 €{2,3,4,5}and s € {0, 1, 2}.
Case 5: Leta = 0 = = 0 and ByC # 0. In this case, we get the following system

1 Zp—4Xn—5Yn_ 1
Xn=——— n = n4n—5yn6’ z; = —, n €Ny (37)
BYn-1Zn—2Xn-3 VZn-1Xn-2 CXn-1Yn-2Zn-3
By interchanging z,, x,,, ¥», C, p and y instead of x,, y,, z4, B, 0 and 1 in system (27), we obtain system (37).
So, the solutions in (35) turn into the following formulas

1 m+1
_ ,,m+l _ _ o m+l
X12m+3r1+s = )V X3r+s-12,  Y12m+3r,4s = F Y3ry+s-12,  Z12m+3r14s = )V Z3ri+s-12/
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where m € Ny, 1 € {3,4,5,6}, 1 € {2,3,4,5}and s € {0, 1, 2}
Case 6: Leta = 0 = C = 0 and Byn # 0. In this case, system (12) transforms into the following system
Zn—4Xp—5p— Xp—aYn—5Zn—
_ n4n5yn6 2, = n4yn5n6/ T‘lEN(). (38)
NXn-1Yn-2

1
I X

Xy =
BYn-1Zn—2Xn-3
Multiplying the first equation in system (38) by y,-1z,—2x,-3 for all n € Ny, the second by z,_1x,—»},—3 for
Zn—3Xn—aYn—5Zn—
3Xn—4Yn-5 6/ (39)

all n € INg and the third by x,,—1y,-2z,—3 for all n € Ny, it follows that
n-3Zn—4Xn-5Yn—
s 2 24 6/ ZnXn-1Yn-2Zn-3 = 1

1
XnYn-1Zn-2Xn-3 = 7, YnZn-1Xn-2Yn-3 = y
(40)

where n € INp.
By employing change of variables

)/ ne NO/
) n > -3,
)

(
n
@
n s
£1 12 n 2 _3/
(41)

xnyn—lzn—an—?)

Qb

YnZn-1Xn-2Yn-3
ZnXn-1Yn-2Zn-3 =

system (39) becomes
1 1 1
@2 40140 50 ﬁf’f—)y n € Np.

vy ==, 0,23
p y
From (2), the solutions of the second and the third equations in (41) is given, respectively
(42)

~(2)

~(2)  _
1 -3/

¢

)m+1

A(2)
Uiz Uz

@ _ (1
3m+i )_/

for every m € Ny and i € {0, 1,2}
From (40), we obtain
225 5@
Xp = v(;) vn(g;lv';z)s Xp—12, N 29,
2087
Yn = _5(’2’) vn o3 Ayzz)8 Yn-12, 1 > 8/ (43)
KEAC) «2)9
Zy = (2) Z;(2)4 _'E) Zp-12, N 26,
n 17n-5 n 9

)m+1

(44)

and eventually
e e

(2)
12m+j; C12m+jy -4V 12m+j; -8
%) X12(m—1)+j1 s

Xom+j, = o )
12m+j;-1912m+ 1 =5 V12m+j; -9
@ 5@ e
L 12m+)2 12m+/2 -4 12m+/2 -8 .
]/12m+]z - p)) @) N ]/12(m—1)+]2/ me NO/
12m+jp—1"12m+jy—5"12m+jp -9
~(2) U(Z) D 2)
L 12m+j3 ~12m+j3—4 " 12m+j3 -8 .
Z12m-+—]3, - @) @ G)) ZlZ(m—1)+]3/
12m+j3=1"12m+j3z=5"12m+j3-9

for j1 =9,20, j, =8,19 and j3 = 6,17
From (44), we attain
m @ (2) 72
12p+3r1+s1 ~12p+3r1+s1—4 ~ 12p+3r1+51 -8
(2) !

X12m+3r1+s; =X3r1+s1-12 | | )
12p+31'1+51—1012p+3r1+51—5 12p+3r1+51-9

p=0
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m A2 ~(2) e
12p+3ra+sy ~12p+3ro+5y—4 ~ 12p+3r2+5,—8
Y12m43ry+s; =Y3ry+s,—12 H 2 ) o) , (45)
p=0 012p+372+52—1 12p+3r2+5,—5" 12p+3r2+5,—9
m o 53 @) A(2)
_ 12p+3ra+s1 ~12p+3rp+s1—4 ~12p+3r2+51 -8
Z12m+3ry+s1 =Z3ry+51-12 H ) X)) 0 ’

P=0 Y12p43ry+51-1V12p+3ry+51 -5V 12p+3r, 451 -9

where m € INy, 1 € {3,4,5,6}, . €1{2,3,4,5},51 € {0,1,2} and s, € {2,3,4}.
From (42) and (45), we obtain

m+1

m+1
X12m+3r1+s; = (VT])Wr1 X3r14+51-127  Y12m+3ry+s; = ()%) Y3r+5,-12,  Z12m+3rp+s; — (%) Z3r)+51-12/ (46)
where m € INy, 1 € {3,4,5,6}, 1 €1{2,3,4,5},51 €{0,1,2} and s, € {2,3,4}.

Case 7: Let = y = C = 0 and a0n # 0 In this case, we get the following system

_ Yn-4Zpn-5Xn—6 1 - Xn-4Yn-5Zn—6

, = , , neNp. 47
AYy-1Zn-2 I Oz Xuayns NXn-1Yn—2 0 “7)

n

By interchanging vy, z,, x,, 6, n and « instead of x,, ¥, zu, B, Y and 1 in system (38), we obtain system (47).
So, the solutions in (46) turn into the following formulas

m+1 m+1
_ _ m+1 _ o
X12m+3ry+s; = E X3rp+51-127  Y12m+3ri+s; = (0477) Y3ri+s1-12,  Z12m43rp+s, = F Z3ry+5,-12,
where m € Ny, 1 € {3,4,5,6},n €1{2,3,4,5},51 € {0,1,2} and s, € {2,3,4}.

Case 8: Let f = 0 = 1 = 0 and ayC # 0 In this case, we get the following system
_ Yn-4Zn-5Xn-s _ Zn-4Xn-5Yn-6 1

n - n —

, , zZy=——— nelN,. (48)
AYn-1Zn-2 YZn-1Xn-2 CXn—1Yn—22Zn-3

By interchanging z,, x,,, yx, C, @ and y instead of x,, ¥, 24, B, ¥ and 1 in system (38), we obtain system (48).
So, the solutions in (46) turn into the formulas

m+1 m+1
_ _ a _ m+1
X12m+3ry+s, = E X3ry45,-127  Y12m+3ra+s; = )ﬁ Y3ry+s1-12,  Z12m+3r1+s, — (01)/) Z3r1451-12/

where m € Ny, 11 € {3,4,5,6}, 1 €1{2,3,4,5},51 € {0,1,2} and s, € {2,3,4}.

Case 9: Let o = y = 0 and fOnC # 0. In this case, system (12) transforms into the following system

_ 1 y 1 . Xn-4Yn-5Zn-6
- —I n = Vi n = 7
BYn-1Zn—2Xn—3 0zn-1Xu—2Yn—3 Xn-1Yn-2 (N + CZn-3Xn-4Yn-5Zn—6)

Xp n € INp. (49)

Multiplying the first equation in system (49) by y,-1z,—2%,-3 for all n € Ny, the second by z,_1x,_p},—3 for
all n € INg and the third by x,_1 422,43 for all n € Ny, it follows that

Zn-3Xn-4Yn-5Zn—6

1
XnYn-1Zn-2Xn-3 = YnZn-1Xn-2Yn-3 = 5/ ZnXn-1Yn-2Z2n-3 = , 1 €Np. (50)

B’ 1+ (Zn3Xn-aYn-5Zn—6
By using the change of variables
3
XnYu-1Zn2Xns = vy, 1€ Ny,
YnZn-1Xn-2Yn-3 = ﬁ1(13)/ n € Ny, (51)

_ 1
ZnXn-1Yn-2Zn-3 = =z, N =-3,
a
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system (50) becomes

1 1 5
o) =g 00 =5 o) =nl+l neNo (52)
From (4), the solution of the third equation in (52) is given
i (e
o [STAEES e, (53)
i ) 3) _
0, +C(m+1), n=1,
where m € Ny and i € {0,1,2}.
From (51), we gain

0353 504)

— n Yn-4%-5
Xp = NE) 31(3) )23) Xn-12, nz 9/
vn—lvn—S n=9
2050 o0
— Hn— n—
Yn= 0.0 Yn-12, = 9, (54)
97,070
PN
0,070
— —491-8%-9
Zy = :’(3) (g) A(g) Zp-12, nz 81
Un n-1"n-5

and eventually

(3) ~(3) ~(3)
12m+j1 12m+j1 —4 O 12m+j; -5
X12m+j, = NE) 3 €] x12(m—1)+ 17
] ? 7 ]
12m+j1-1"12m+j; =8~ 12m+j; =9
~(3) ~(3) )

_ 12m+j; C12m+j -1912m+j; -8
Y12m+j, = 3 €] NE) ]/12(n1—1)+ 17 (55)
J [ . [ ]
12m+j1 =47 12m+j; =57 12m+j; =9
0(3) 73(3) 77(3)
_ 12m+jp -4V 12m+jo -8 Y12m+jp -9
Z12m+j, = 70 ® NG) Z12(m—=1)+jp 7

12m+jp Y12m+ jp-1Y12m+j5 -5

form € Ny, j1 = 9,20 and j, = 8,19.
From (55), we attain

m 3 ~(3) ~(3)
_ 12p+3r1+s1 12p+3r1+s1—4 ~12p+3r1+s1-5
X12m+3r1+s; =X3r1+s1-12 H NE) 0 3 ’
p=0 “12p+3r1+s1-1"12p+3r1+51-8" 12p+3r1+s1-9
m 6(3) ~(3) (3)
12p+3r1+s1 ~ 12p+3r1+s1—1 " 12p+3r1+51 -8
Y12m+3r1+4s; =Y3r1+s1-12 H NE) ) NE) ’ (56)
=0 U12p+3r1+51-4Y12p+3r +5, -5V 12p+3r +51 -9
m 3 ~(3) 5(3)
12p+3ry+s55—4 " 12p+3rp+5,—8 ~ 12p+3rp+5,—-9
Z12m+3ry+sy =Z3ry+sy—12 H o) 3 NE) ’

P=0 “12p+3ry+s, “ 12p+3r2+s,—1" 12p+3r2+5,-5

where m € Ny, 1 € {3,4,5,6}, 1 € {2,3,4,5},s1 €{0,1,2} and s, € {2,3,4}.
From (53) and (56), we obtain

+ 4p+r1+|_ﬁj 1-— ~(3) ) _
C+n 4| ( 17)2151_5_&%J C

m
X12m+3r1+s; —X3r1+5-12 H . ’
p=0 (4 n4p+r1—1+L”%J ((1 _ 77)77(3) -C
51-5-3] 1~ |

+ 4p+r1+1+le‘—4J 1— 5(3) _
m C+1 S ()] ARPEY c

51—

Y12m+3r1+s1 =Y3r1+s1-12 (57)

51—

. e 6 ’
A ((1 R C:)
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IR ~(3
n C+774p+r2 1+ 2~ ((1 T]) () s _C)
Sp— —6— 3|_
Z212m+3ry+s; =Z3ry+5,-12 H . ’
PO L e ((1 me s - c)
—6-31 %~

ifn#1,and
) . f?53rrﬂ C(4p+m+1252))
i Zn s g 175?)757%51_2 +C (4p +r-1+ le_z )
m 772?)_4_%?] +C (4p +r+1+ L“’“T‘J)
Y12m+3r+51 =Y3r+s1-12 11 ”?4 . . C(4p Tre I_% ) (58)
- 55) 6-31 %" C(4p Pl )
lemwrﬁsz-_%yﬁs”po 36ﬂ23+C@P+m+2+Vr3)
ifn=1,wherem € Ng, 11 €1{3,4,5,6}, 1 €1{2,3,4,5},51 €{0,1,2} and s, € {2,3,4}.
Casel0: Let y = 7 = 0 and ap0C # 0. In this case, we get the following system
SniEn=5Tn6 Yo = L = L uene. 9)

= , _— ., Zy=—
Yn-1Zn-2 ((X + ﬁxn73yn74zn—5xn—6) 0z 1Xn-2Yn-3 CXn-1Yn—22n-3

By interchanging v, z,, x», 0, C,  and a instead of x,,, y,, zs, B, 6, C and 7 in system (49), we obtain system
(59). So, the solutions in (57) and (58) turn into the following formulas

+ Pt 14122 1- 3) _
prarntia-an® L -

m
X12m+3ry+s; —X3rp+5,—12 H

p=0 g 4 g2l % ((1— ape® —ﬁ)

263|.

B+ a4p+r1+Ls ((1 (X)'U(s) _ﬁ)

Y12m+3r14s1 =Y3r1+s1-12 | |
p=0 g 4+ a4p+r1—1+Ls 1-a 0(3) _
ﬁ ( ) —5— 3|_51 2 ﬁ

Ap+r +1+|_51
+ Pt 1-a)w
m ﬁ (( ) 51—dm 3|_513 | ﬁ)

Z12m+3r1+s1 —Z3r;+s1-12 | |
p=0

4p+r1+|_S 1- —
p+a (( 04)0143L5l 1 ﬁ)
ifa#1,and

o® a2, +B(dp+r -1+

Sy— —6— 3|_
X12m+3ry+s, =X3rp+s,—12 H )

P=0 - 3L‘2 =

+ﬁ(4149+r2+2+|_5Z 3)
/3(4p+r1+|_‘T_)

ﬁ(4p+r1—1+|_s1 2)

51 —5— 3L51
Y12m+3r1+s; =Y3r1+s1-12 H
=0 ¢ s1-5-3 12 |
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o® =y ﬁ(4p+r1+1+L51_ )

UL 3L
Z12m+3r1+s1 —Z3r1+s51-12
+B (4;9 +7+ L—sl_lj)
s1—4 313 3

=0
ifa =1, wherem € Ny, 11 € {3,4,5,6}, 1 €{2,3,4,5},51 € {0,1,2} and s, € {2,3,4}.

=

Casell: Let @ = 7 = 0 and By 0C # 0. In this case, we get the following system

Xy = _t = En-4Xn-5Yn-6 Zy = __t nelN (60)
" BYn-1Zn-2Xn—3’ In Zn-1Xn-2 (V + OYn-3Zu-aXn-5Yn-6) = CXn-1Yn-2Zn-3 o
By interchanging z,, x, ¥, C, 3, 0 and y instead of x,,, y,, z,, f, 6, C and 1 in system (49), we obtain system
(60). So, the solutions in (57) and (58) turn into the following formulas

0+ 4p+rl+1+|_51 1— A(3) -0
m 14 Ha—yp NPINPEY
X12m+3r1+s1 =X3r1+s1-12 H

=0 @+ 7/4P+71+|_S ((1 7/)?3(3) - 1J _ 9)

5143|_

Ap+ry-1+ 22 o®
0+y : ((1 MO a2, @)

S

m
Y12m+3ry+s; =Y3rp+s,-12 H ’
p=0 @ 4 Aptra+2+] 23 Ha - A(3) -0
Y =78 yaz)

S2

0+ 4p+r1+|_ J 1-— A(3) -0
Y A =p)o -5-3112

=

Z12m+3r1+s; —Z3r +s1-12

p=0 g 4 -1 J((1 7/)@5 e 6)
ify #1,and
. 7323)_4 . +6(4p+r1 +14+ [ )
X12m+3ry+s51 =X3ry+51-12 g A(?) Y + 9(4P +r+ L%J)

(3) 5-3
D +04p+rp—1+
5-6-3 %2 | (p z 55 )

s

Y12m+3ry4s, =Y3rp+s,-12

1l
[=}

A(3) -3
p 05263&’ +8(4p+r2+2+|_ )

A(S) 51 -2
+0(4p+1 +
mo O ey ( p+r+75 )

5 7723)5 a, +9(4p+rl—1+L51 2 )
1

Z12m+3r1+s1 —Z3r+s1-12
p:

ify =1, wherem € Ny, 71 € {3,4,5,6}, 2 €{2,3,4,5},51 € {0,1,2} and s, € {2,3,4}.

Case:12 Let f = 6 = 0 and aynC # 0. In this case, system (12) turns into the following system

]/n—4zn—5xn—6 Zn—4xn—5yn—6 xn—4yn—52n—6
xi’l = 7 ]/n = 7 Zn = 7 ne NO- (61)
AYn-1Zn-2 VZn-1Xn-2 Xn-1Yn-2 (T] + Czn73xn74yn75zn76)

Multiplying the first equation in system (61) by y,—1z,—2x,-3 for all n € Ny, the second by z,_1x,-»Y,-3 for
all n € INg and the third by x,1y,-2z,-3 for all n € Ny, it follows that

Xn-3Yn-4Zn-5Xn—6 Yn-3Zn-4Xn-5Yn—6 Zp-3Xn-4Yn-5Zn—6

XnYn-1Zn-2Xpn-3 = ———————————, YnZu-1Xpn2Yn-3 = ———————————,  ZnXpn-1Yn-22n-3 =

7
a Y 1N+ CZp—3Xn-4Yn-5Zn—-6
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(62)
for n € INy.
By using the change of variables
@ 5 1
XnYn-1Zn-2%n-3 = U s YnZn-1Xn-2Yn-3 = Op',  ZnXp1Yn-2Zn-3 = —55, N2 -3, (63)
vn
system (62) becomes
1 1
4 4 (4 (4 (4 (4
v,g) " 2)3, v,g) o qu):nvi_)3+l, n € Np. (64)

y n -3/
From (2), the solutions of the first and the second equations in (64) and from (4), the solution of the third
equation in (64) is given respectively

@ _ ml (@)
v3m+i - (a) . i-37
A4 _ mEL L (4)
Uspai = (V) Ul 37 (65)
C+Tlm+l (1 T])ZJ
54 _ % n#1,
s 27,(;1)+C(m+1), n=1,

where m € INg, and i € {0, 1,2}.
From (63), we obtain

o@p@ @ SH50 @ 0@ 5@ 5@

_ ”n4n5 _ ”nlnS _ n-4"n-8"n-9
Xn = A(4) ~(4) (4) Xn-12, Yn = ~(4) (4) (4) Yn-12, Zy = 64)0 4) z’}4) Zp-12, nz 6/ (66)

n1n8n9 n4n5n9 n “n-1"n-5

and consequently

@) &) ~(4)
12m+j = 12m+j—4 " 12m+j-5
@) ) @ X12(m—1)+js
0.
1%1)”] 1 ]2m+] 8 1)2m+] 9
.
L — 12m+j 12m+] 1 12m+] 8 .
Yiom+j = @ @ @ Y12(m-1)+j, (67)
] . 0. . ]
12m+j—4 " 12m+j-5"12m+j-9
5(4) 5(4)
L 12m+j-4"12m+j-8 " 12m+j-9 .
Z12m-+—] - 7@ @) @ ZlZ(m—l)+]r
12m+jY12m+j-1Y12m+j-5

X12m+j =

where m € Np and j = 6,17.
From (67), we attain

o oo® @ e
H 12p+3r+s = 12p+3r+s—4 " 12p+3r+s—5
X =X3p45—
12m+3r+s 3r+s-12 7’}(4) ~(4) @ ’
p=0 “12p+3r+s—1"12p+3r+s—8" 12p+3r+s—9
m A& ~(4) 4)
12p+3r+s~ 12p+3r+s—1 " 12p+3r+s—8
, = _ 68
Y12m+3r+s =Y3r+s-12 H @ @ @ ’ (68)
P=0 “12p+3r+s—4" 12p+3r+s=5" 12p+3r+s-9
m @ 5 e
12p+3r+s—4 " 12p+3r+s—8 ~ 12p+3r+s—9

Z12m+3r+s —Z3r+s—12 H @ @ 2@ ’
p=0 “12p+3r+s"12p+3r+s—1"12p+3r+s5-5
wherem € Ny, r € {2,3,4,5} and s € {0, 1, 2}.
From (65) and (68), we gain

m o+ n4p+r+L5 =2 ((1 77) ~§4)5 e~ C)

m+1
X12m+3r+s = (E) X3r4+5-12

s=2 ~(4 !
P0C+T]4p+y 1+ 52 J((l n)§>5 3L%2J_C)
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. il m O+ n4p+r+1+L%J ((1 - ’7)52?4_3@] - C)
Y12m+3r+s = ()ﬁ) Y3r4s-12 ) . ~(4) - ’ (69)
p=0 C+17P+r+|_ J((l n)o 4 BL%J_C)
~(4)
. m C+n4p+r 2((1 T]) )
Ziomsdres =(@Y)" Zaras-12 H ol ~(4) y
p0 C+ e (1=t - O
ifn#1,and
il ﬁ 524—)5—3LﬁJ +C<4p+r+ Lﬂj)
X12m+3r+s = (—3) X3r+s-12 4
a P=OU£)5 3L52J+C(4p+r—1+LT2J)
Ly m 5&4]47%% +C(4p+r+1+55))
Yiom+3r+s = (—3) Y3r+s-12 H @ : o1 (70)
Y p0 T, Y +C(4p+r+|_TJ)
m =)
,+C@p+r-2)
Z12m+3r+s = (OQ/) 23r+s 12 H ~z
=0 Os_3 +C(4p+r+1)
ifn=1,wherem € Ny, r €{2,3,4,5} and s € {0, 1, 2}.
Case 13: Let 0 = C = 0 and afyn # 0. In this case, we get the following system
Yn-4Zn-5Xn-6 _ Zp—4Xn-5Yn—6 7 = Xn—4Yn-5Zn—6 neN (71)
- - 0-

Xn = 7 - 7
" yn—lzn—Z (CY + ﬁxn—Syn—4zn—5xn—6) yn Vzn—lxn—Z " nxn—lyn—Z
By interchanging vy, z,, x», ¥, 1, f and « instead of x;,, Y., z4, @, v, C and 7 in system (61), we obtain system
(71). So, the solutions in (69) and (70) turn into the following formulas
o "Bt a2 ((1 a)v(4) ﬁ)
X12m+3r+s = ()/17) X3r4+5-12 H el (4) ’
0 B+ ot ((1-ap?; - p)

52 2\
" m B+ T ((1 a)of )5_3L¥ - 5)
Y12m+3r+s = (77) Y3r+s-12 H N @ - ’
_ Ap+r=1+[5%] _ _
p=0 B+« 3 ((1 ()z)vs_S_ﬂ%J ﬁ)
Ap+r+1+[ 5L ] _ 4 _
p+a 3 ((1 01)05_4_3L%J B

m+1 m
Z12m+3r+s = (—) Z3r+s-12 H

o dp+r+ 5L ’
0 prarii(a-we® L )

ifa#1,and
m @ +B8MAp+r-2)
X12m+3r+s = ()/77) x3r+s 12 H ?4)3
=0 Uo_ 3+ﬁ(4p+r+1)
2]
n m+1 " 0553J$2J+ﬁ(4p+r+ T)
Y12m+3r+s =| 3 Y3r+s-12 H Y
)4 p:Ovs53L52J+‘B(4p+r_1+I-TJ)
@ s=1
y m+1 m 05_4_3J%J +pB (4p +r+1+ LTJ)
Z12m+3r+s = | 3 Z3r+s-12 H @ o1 ’
n 0 Uy e +p (4p +r+ LTJ)
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ifa =1, wherem € Ny, r € {2,3,4,5} and s € {0, 1, 2}.

Case 14: Let $ = C = 0 and ay0n # 0. In this case, we get the following system

n-4Zn-5Xn—6 Zp-4Xn-5Yn-6 Xn—4Yn-5Zn—6
Xy = LAEnS e Y 2y = DA e N, (72)

7 yi’l 7 n
QYp-1Zn—2 Zn-1Xn-2 (Y + OYn—3Zn-4Xn—5Yn—6) NXp-1Yn-2

By interchanging z,, X, yu, 1, @, 0 and y instead of x,, Yu, zu, @, ¥, C and 71 in system (61), we obtain system
(72). So, the solutions in (69) and (70) turn into the following formulas

s-1 A4
X12m+3r+s = (3) X3r+s-12 H - (4) ’
p=0 0+ prrels J((1 y)A Sl T 9)
3

"o+ y4p+r -2 ((1 V) A(4) )
5 0+ prrerel ((1 7)o A(4) )’
o + 7/4p+r+l_ 2] ((1 y) A(45 oy 6)

o + 7/4p+r 1+ 2] ((1 y)@(45 ey 9)

m+1
Y12m+3r+s = (067]) Y3res-12

‘S

=

m+1
a
Z12m+3r+s = ? Z3r4s5-12

p=0
ify #1,and
(4 -
- " vijdrﬂ% +0 (4p +rala st J)
X12m+3r+s = (—3) X3r+s-12 -
54 -1
a 0 00 et O (A1)
m_ 54
,+O0@p+r-2)
1 5—
Y12m+3r+s = (an)nﬁ— Y3r+s-12 H
p 2 +6(4p+r+1)
2\ m 62?5_3Lﬁj+6(4p+r+ 152] )
Z12m+3r+s =(F) Z3r+s—12H ") 0(a 1412
p=0 05 502 + ( p+r—1+ I_TJ)

ify =1, wherem € Ny, r € {2,3,4,5} and s € {0, 1, 2}.

Case 15: Let a = 0 = 0 and Byn0 # 0. In this case, system (12) transforms into the following system

1 _ Zn-4Xn-5Yn-6 _ Xn—4Yn-5Zn-6
—/ n — 7 n — 7
ﬁyn—lzn—an—?a VZpn-1Xn-2 Xn-1Yn-2 (T] + Czn—3xn—4]/n—5zn—6)

Xp = n € No. (73)

Multiplying the first equation system (73) by y,—1z,—2x,—3 for all n € Ny, the second by z,,_1x,-21,-3 for all
n € INg and the third by x,-11,-2z,—3 for all n € Ny, it follows that

_ 1 _ Yn-3Zn-4Xn-5Yn—6 _ Zn-3Xn-4Yn-5Zn—6
XnYn-1Zn-2Xn-3 = %,  YnZn-1Xn-2Yn-3 = ———————————, ZnXpn-1Yn-2Z2p-3 =
B y 1+ CZn-3Xn-4Yn-5Zn—6

,  n € Np.
(74)
By employing the change of variables

— ®)
XnYn-1Zn-2Xn-3 = 0y , 1 €Ny,
NG
YnZn-1Xn-2Yn-3 = 1(1)/ nz _3/ (75)
— 1
ZnXn-1Yn-2Zn-3 = P nx-3,

On
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system (74) becomes

5_ 1 5 _ 1 NG
vﬁl):g, v;)=;;)3, vﬁl)—nv +C, né€Np.

2244

(76)

From (2), the solution of the second equation in (76) and from (4), the solution of the third equation in (76)

is given respectively

5 _ (ARING)
U3ti = (y) Uisr §
G ((1-ma,—C
3m+i

~(5)3+C(m+1), n=1,

where m € Np and i € {0,1,2}.
From (75), we gain

oD 5

— -4%1-5
Xn = ~(5) .n(s) '25) Xn-12, nz 9/
vn 1Un—8vn 9
5050 v(5)
— n_"n-1 > 8
Yn = 77(5) 6) A(s) Yn-12, n =209,
O v<5>9
A n—4"n-8 Z n > 6
n — ~(5) G A(5) n-12, =9
rz 1 n-5

and consequently

IS ) 55
_ 12m+]1 12m+j; -4 12m+/1 -5
x12m+j1 - NG) —5) ) x12(m—1)+j1/
Z]12m+]1 1712m+j; =8 " 12m+j1 =9
55) 5(5) (5)
12m+jp “12m+jp—1"12m+jp -8 .
NG Y1i2m-1)+jo/

Yiom+j, = 70 20 P
12m+/2—4 12m+/2 -5%12m+j,-9
(5 A(5 ~(5)
L 12m+/3—4 12m+/3—8 127n+/3—9
Z12m+j; = NG ©) NE) Z12(m-1)+j37

12m+j3 C12m+j3-112m+j3-5

where m € Ny, j1 = 9,20, j, = 8,19 and j3 = 6,17.
From (79), we attain

(5) ~(5) ~(5)

m
O12p+3r 451 V12p+3r+51-4Y12p+3r, 451 -5
X12m+3r1+s; =X3r1+s1-12 H ~5) 5] ’
P=0 12p+371+51 =1712p+3r1+51-8 " 12p+3r1+51—9
PN ) ~(5) (©)]
12p+3ra+sy ~12p+3r2+s2—1 " 12p+3r2+5,—8
Y12m+3ry4s; =Y3rp+s,-12 H NG) G) NG) ’
P=0 "12p+3ry+50—4"12p+3r2+53-5 " 12p+3r2+52—9
m O ~(5) 5(5)
_ H 12p+3ry+51—4 " 12p+3r+51—8 ~ 12p+3rp+51 -9
Z12m+3ry+s1 =Z3ry+s1-12 5 ®) NG) ’

P=0 “12p+3ry+s1 “12p+3ra+s1—1" 12p+3rp+s1 -5

where m € Ny, 1 € {3,4,5,6}, 1 €{2,3,4,5},s1 €{0,1,2} and s, € {2,3,4}.
From (77) and (80), we obtain

4p+r1+|_slT72J ~(5) _
Co ((1 s c)

m
A m+l
X12m+3r+4s1 =) X3ri+s,-12 | |

S153L

p=0 ( + n4p+;q—1+[¥] ((1 n)o ~(5) . ZJ _ C)

(77)

(78)

(79)

(80)
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. O 774p+r2+1+Lsz ((1 1) 7® 2 _ C)

1 m+1 59—4-3|
Y12m+3ry4s, = F Y3rr+s,-12 H ’ (81)
p=0 4p+r2+|_S 1-— ~(5) _
C+n (( ME et ¢

m +n4p+l’2—2 ((1 17)~S , - )
Z12m+3ry+s1 —7/ Z3r2+51 12 ~ ’

p0 C et (1= mya, = )

ifn#1,and
7® 512

e Ysoal i) +C(4p+r1+Ll3 J)
X12m+3r,+s1 =ym+1x3rl+51—12 (5) w21\

p=0 0 NP + C(4p +r -1+ LTJ)

79 s2—1
, ( 1 )m+1 , ﬁ -4-3127 ) C(4p +r+ 143 J) o
12m+3r+s; =| 3 3ry+s—12 ~5
V | T
~(5)
. n +C(4p+1’2 -2)

Z12m+3r+s1 =V Z3ry+s-12 H 56

p=0 0,5 +C@p+n+ 1)

if 1 =1, where m € No, 71 € {3,4,5,6}, 72 € {2,3,4,5),51 € {0,1,2} and s, € (2,3,4}.
Case 16: Let y = C = 0 and af0n # 0. In this case, we get the following system
yn—4zn—5xn—6 1 o xn—4yn—5zn—6 ne NO (83)

= yn = = n
Yn-1Zn—2 (& + BXy-3Yn-4Zn-5Xn—6) 0Zp-1Xp-2Yn-3 NXn-1Yn—2

By interchanging v, z,, x», &, 8, 1 and 0 instead of x,, ¥, 4, 1, C, ¥ and f in system (73), we obtain system
(83). So, the solutions in (81) and (82) turn into the following formulas

moB+ atPtT2 ((1 - oc)vs’)_3 - ﬁ)

X12m+3rp+s, =1] +1x3 +51-12
m+3ry+s; — 7o+ — ’
2+51 2451 0 [B + Attt ((1 — O‘)US)—s — ﬁ)
w Bt (m— >@5ﬂﬁﬂ—@
51
Y12m+3r +s; =77m+1y3rl+sl—12 H . s
p=0 g4 gt (1 - 0(5 -
p A=l . P

" ﬁ + a4p+rz+1+|_52 ((1 a)v(E') . _ﬁ)

1 m+1 5432
Z12m+3ry+s, = | 3 Z3ry+5,-12 H ’
Ui =0 ﬁ + a4p+72+|_s ((1 _ (X)U(5) Y- 1 _ ‘B)

sp—4-3[ 5~
ifa#1,and
5
m vil)_s +B@p+r—-2)
x12m+372+sl x372+51 12H (5) ’
=0 051_3 +B8MAp+r+1)
dp+r + |22
H S153L51 ﬁ(p ! L3)
Y12m+3r14s1 =1] ]/3r1+s1
dp+71—1+|22
05153“1].5(79 1 =5~ )
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U(S

m+1 m
1 s
Z212m+3ry+s, = F Z3ry+5,-12 H

p=0

+ﬁ(4p+r2+l+L%)

)
2—4-31 2
(5) Sz*l
v o TPlAp+1r+ |
52—4—3L%J ﬁ( P 2 L 3 )

ifa =1, wherem € Ny, 11 € {3,4,5,6}, 1 €{2,3,4,5},51 € {0,1,2} and s, € {2,3,4}.

Case 17: f = =0 and ay0C # 0. In this case, we get the following system

—4Z—5Xp— Zn—-4Xn-5Yn—
:yn4n5n6 n—-4Xn-5Yn—6 ; n € No. (84)

n 7 ]/n = 7 ZVI = 7
AYn-1Zn-2 Zn-1Xn-2 (Y + OYn—3Zn-4Xn—-5Yn—6) CXy-1Yn—22Zn-3

By interchanging z,, X, yu, ¥, 0, @ and C instead of x,, ¥, z4, 1, C, ¥ and f in system (73), we obtain system
(84). So, the solutions in (81) and (82) turn into the following formulas

" 0+ y4p+r2+l+L%J ((1 _ ]/)ZAJ(S) _ 9)

1\ e
X12m+3ry+sy = P X3ry+s5,-12 H

p=0 0+ 4p+r2+|_£J 1-— ~(5) ) -0
A (R LA

)

s1-2
0 + A+l A(5) -0
V | y)vsl—es—at—slg ’)

mo9 4 y4p+r2—2 ((1 _ )/)ZA)(S)

S1 -3

p=0 0+ 4 (1= )l

m+1
]/12m+3rz+sl = y372+sl—12

-0
-0

m
Z12m+3r, +s1 :am+lz3r1+sl—12 H ; ’
=0 9 + 4p+r1—1+|_5177J 1-— .0(5) -0
Y 1=7) NS
ify #1,and

® +6(4p+r2+1+L%)

m o
1\ 5-4-31 27 |
X12m+3ry+s, — E X3ry+s,—-12 H -5
0

=0

J+8(4p+r2+L%)

=

sr-4-3 22

A(5
v;)_3 +04p+r-2)

=

+1
Yiomsdnses; =" Yarpes 12 -5 ’
0,3 +0(@p+r+1)

p=0
w 0% L+ 0(4p 22
m+1 51-5-31 45~
Z12m+3r 45, = 23r1+sl—12H B) 0(a m 5172J ’
0 0 o, T+ ( +r - 135+ )
P O sty TP TS

ify =1, wherem € Ny, 11 € {3,4,5,6}, 2 €{2,3,4,5},51 € {0,1,2} and s, € {2,3,4}.

Case 18: Let a = C = 0 and $y0n # 0. In this case, system (12) turns into the following system

1 Zn—4xn—5yn—6 _ xn—4yn—52n—6

=, n = , Z?’l = ’ ne N . 85
BYn-1Zn-2Xn-3 ¥ Zn-1Xn-2 (¥ + OVYn-3Zn-4Xn-5Yn—6) NXn-1Yn—-2 0 (85)

Xn

Multiplying the first equation in system (85) by y,—1z,—2x,-3 for all n € Ny, the second by z,_1x,-2Y,-3 for
all n € INg and the third by x,,1y,-2z,-3 for all n € Ny, it follows that

Yn-3Zn-4Xn-5Yn—6 Zp-3Xn-4Yn-52n-6
; ZnXp1Yn-2Zp-3 = ————————————,

n € INp.
Y + 0Y,_324-4Xn—5Yn-s ] 0

XnYn-1Zn-2Xn-3 = YnZn-1Xn-2Yn-3 =

E/
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By using the change of variables

6
XuYn1ZnoXns = 0y, n €Ny,
YnZn-1Xn-2Yn-3 = ﬁ, n>-3,
(6
ZpXp-1Yn-22n-3 = Un), n> -3,
system (86) becomes
-1 0_,50 .9 s0_-150 N
- ‘BI w =7 n-3 ’ n n n-37 0-

2247

(86)

(87)

(88)

From(4), the solution the second equation in (88) and from (2), the solution of the third equation in (88) is

given respectively

m+1((1 )/) A(ﬁ )

L(6)  _ +, y#1,
0 , = Y

e v om+1), y=1,
6 _ (1™ 46
U3t = (77) Uis

where m € Ny and i € {0,1,2}.
From (87), we gain

(6) 2© 50

10=

A(s) ~”(6) )26) Xp—12, N 29,
—4Yy5Y9

L6 6 A6

V=gV 8vn

Yn = 3070 O *Yn-12, N 238,

50,6 56
_ 040
Zy = -© :l(e) ;(6) Zp-12, N 26

n1n8n9

Xn

and eventually

(5) 13(6) ~<6)

B 12m+]1 12m+j1 -1 12m+/1 -8 .
X2m+jy = @ E) © X12(m—1)+j1/
o+ jy -4 V12m+jy -5V 12me+; -9

~(6) ~(6)
12m+jp—4 " 12m+jy—8 " 12m+jp -9

Yiom+j, = PO 2© Y120m-1)+j2/
12m+jy (12)1n+j2 -1 (12)7Vl+j2 -5
-(6) 6 A
_ 12m+/3 v121n+/3—4v12m+]3 -5
Z12m+j; = 20 ~© ) Z12(m-1)+j37

12m+j3-112m+j3-8 “12m+j3-9

where m € Ny, j1 = 9,20, j, =8,19and j3 = 6,17.
From (91), we attain

n o p® 5(6) 56
12p+3rl+sl 12p+3r1+s1—1"12p+3r1+51—8
X12m+3r1+s1 =X3r1+s1-12 H ) ©) ’
P=0 12p+3r1+sl—4 12p+3r1+s1-5"12p+3r1+51—9
m 0 (6) 6(6)
_ H 12p+3ra+sy—4 " 12p+3r2+52—8 “ 12p+3r2+52—9
Y12m+3ry4s, =Y3rp+s,-12 "G) ~© 0(6) ’
p=0 " "12p+3ry+s2 " 12p+3r2+52—1" 12p+3r2+52—5
m 50 o 50
_ H 12p+3ry+s1 ~ 12p+3ra+s1—4 ~ 12p+3r2+51-5
lem+37‘2+51 _Z3Vz+51 12 v(6) A(6) ~(6) 7
P=0 “12p+3ry+s1-1"12p+3r2+51 -8 12p+3r2+51-9

(89)

(90)

1)

(92)
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where m € Ny, 1 € {3,4,5,6}, 1 €{2,3,4,5},51 €{0,1,2} and s, € {2,3,4}.
From (89) and (92), we obtain

dp+ri 14 2 ) A(6) _
0+y ((1 )/)vl ey 9)

:ls

X12m+3r1+s1 _77 JC3r1+s1 12

Il
[}

PO gyt ((1 y)“éw:ll —9)

Ap+ry— 1423 A(6)
0+ ; ((1 e 9)

m
Y12m+3ry+s, = y3r2+sz 12 H

, (93)
= 4 24| 2- ~(6)
P=0 @ 4 yHpint + 5 J((1 y)v a2 — Q)
0+ 4p+r2+|_ 5 J (1 )A(6) -0
m+1 m V4 V) 51=5— 3L51 zJ
Z12m+3ry+s1 =(—3) Z3ry+s1-12 ’
p=0 4p+r2—1+|_5 1-— A(6) _
oy (( e 51-5-3 1~ | 0
ify #1, and
5(6) s1i-1
X12m+3r+s1 =11 X3ry4s-12 H 56 o1
=0 51_4 ey + 6(4p +r+ 75 )
A(6) 4 -1 -3
el Y b 3122 +9( prr-1+1% )
Y12m+3ry+s, =11 Y3rp4s,-12 H 6) 23 (94)
”ZovszesL‘“ +9(4p+r2+2+L )
5© 512
( 1 )m+1 ﬁ 51 a5 (4p + 71+ LT )
Z12m+3ry+s) = Z3ry+s1-12 512
UK =0 5153L51_2J+9(4P+72—1+L1 )
if y =1, where m € Ny, r1 € {3,4,5,6}, 12 € {2,3,4,5}, 51 € {0,1,2} and 5, € {2,3,4}.
Case 19: Let f =y = 0 and a01C # 0. In this case, we get the following system
—4Zp—5Xp— 1 Xpn—4Yn—5Zn—
xn:yn4n5n6’ yn: .oz, = n—4Yn-5Zn-6 , nEN(). (95)
a]/n—lzn—Z Gzn—lxn—Z]/n—S xn—lyn—Z (77 + Czn—an—4yn—5Zn—6)

By interchanging vy, zu, xu, @, 6, n and C instead of x,, Y., z+, 1, B, ¥ and 0 in system (85), we obtain system
(95). So, the solutions in (93) and (94) turn into the following formulas

C+ n4p+rz+L¥J ((1 n)~(6) _ C)

s1-5-3[ 2%

1 m+1 m
X12m+3ry+s1 = (a3) X3ry+s1-12 H

, 142 #6 '
PO ool J((1 Moz, —c)

s1- ~(6)
. C+n4p+r1+1+L 3 J((l n)o (_4 o= C)
Y12m+3r1+s; :am+1]/3r1+s1—12 H
p

c+n4”+’l+L3J((1 A —c)

s1-4-31 5
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14238 ~(6
w G pppir 1l ((1 n)o 22)6 sy~ C)
Z12m+3ry+s; :am+123r2+sz—12 H

P Lo el ((1 o’ MJ—C)

5263|_

ifn#1,and

#© L C(4p +r+ 2 ZJ)

1 m+1 m 51 5 3|_‘1
X12m+3rp+s1 = -3 X3r,+s1-1 | |
a . +C(4p+r-1+[22))
—0 $1-5— 3|—s1 zJ P I.

(6 -1
7© ot C(4p+r1+1+leTJ)
y _am+1y H 51 —4-8l-5-]
12m+3r1+s1 — 3r1+s1—-12
56) si-1
=0 T e + C(4p +r+ % J)
w 0 +C(4p+r2—1+L523)
m+1 SZ —6-31-5~ En
Z12m+3ry4s; —Q  Z3ry+5,-12 H )
p=0 0 sp-3
53—6-3| 45— 3 ]

ifn=1,wherem e Ny, 11 €1{3,4,5,6}, 1 €1{2,3,4,5},51 €{0,1,2} and s, € {2,3,4}.

C(4p+r2+2+|_52 =3 )

Case 20: Let 0 = = 0 and afyC # 0. In this case, we get the following system

Yn-4Zp-5Xn-6 Zp-4Xn-5Yn—6 1
X, = , Yp=——, z=————, n€Ny (96)
Yn-1Zn—2 (& + BXp-3Yn—4Zn-5Xn—6) VZn-1Xn-2 CXn1Yn-2Zn—-3

By interchanging z,, x,,, y», ¥, C, @ and p instead of x,, ¥, zu, 1, B, ¥ and 6 in system (85), we obtain system
(96). So, the solutions in (93) and (94) turn into the following formulas

Ap+r 71+L52 6) .
+ o Pt 1-a)
m ‘B (( ) 5= —6— 3L52 3J ﬁ)

_~,m+l
X12m+3rp4s, =) X3ry+5,-12

p=0 g 4 a4p+r2+2+\_52 1-a 0(6 _
p - b

4 L5 (6) _
m pra?rr ((1 a)vl 5312 ﬁ)

m+1
1
Y12m+3ry+4s; = ; Y3rp+s1-12 H

p=0 + a4p+r2—1+L5 1-a 0(6) _
p fa-ap® . -

dptr+1+] 2 (6) _
+ P 3 1-a)
p (( o ﬁ)

m
1
Z12m+3r1+s1 =)/m+ Z3r) +51-12 H ’
P=0 B+ afrritl I J((l a)o® o —ﬁ)
51 J

s1-4-31 22
ifa#1,and
w 0® ﬁ(4p+r2—1+|_523)
m+1 $26-31 %5~ 5]

X12m+3ry+s, =) x3rz+sr12H ©) (4 +r 2+ 22 )

-0 0 ; r

p=0 Sz—6—3|_32373J +B(4p + 12

o® ﬁ(4p+r2+|_51_2 )

m+1 m s
y ( 1 ) y s1-5-31 %)
12m+3ry+s; — 3 3ry+s1—12 | | 5 o
Y p=0 vil)isiﬂﬂJ + 5(4;7 +r— 143 )
3
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o® ﬁ<4p+r1+1+|_511)

14— 3L51 =y

m
_,,m+l
Z12m+3r1+s1 =) Z3ri+s1-12 | |

S
p=0 51—4 e +ﬁ(4p+rl +1554)

fa=1,whereme Ny, €{3,4,5,6},r €1{2,3,4,5},51 € {0,1,2} and s, € {2, 3,4]}.

Case 21: Let a = 0 and $y01C # 0. In this case, system (12) transforms into the following system

v = 1 _ Zp-4Xn-5Yn—6 _ Xn—4Yn-5Zn-6
B — =

;7 Yn ;7 Zn =
BYn—1Zn-2Xn—3 Zn-1Xn-2 (¥ + OYn—3Zn-4Xn—5Yn—6) Xn-1Yn—2 (N + CZn-3Xn-4Yn-5Zn—6)

» (97)

for n € INy.
Multiplying the first equation in system (97) by y,,—1z,—2x,-3 for all n € N, the second by z,_1x,-»Y,-3 for
all n € INg and the third by x,,1y,-2z,-3 for all n € Ny, it follows that

1 yn—SZn—4xn—5yn—6 Zn—3xn—4yn—52n—6
XnYn-1Zn-2Xn-3 = 7,  YnZn-1Xn-2Yn-3 = ; ZnXn-1Yn-2Zp-3 = , nE NO-
B Y+ eyn—3zn—4xn—5yn—6 n+ Czn—an—4yn—SZn76
(98)
By employing the change of variables
— ( )
XnYn-1Zn-2Xn-3 = T, 1 €Ny,
— 1
YnZn-1Xn-2Yn-3 = =7, N2 -3, (99)
n
— 1
ZpXn-1Yn-2Zn-3 = 50 nz-3
n
system (98) becomes
@ _ 1 87 = 5" S7) _ ()
v, = ‘E' =y0,,+6, 0, =n0,,+C, n€Np. (100)
From (4), the solutions of the second and the third equations in (100) is given respectively
0+ (=)0 -0) G ((-mafs—C)
o7 = = V*EL 50 _ o 1%L 101
3m+i A(7) I 3m+i ~(7) ! ( )
0 5,+0(m+1), y=1, 0 ,+Cm+1), n=1,
where m € Ny and i € {0,1,2}.
From (99), we gain
_ 0D .
Xn = mxn 12, nz229,
-% 0.5’
7 o\ 9
Yn= oo Y12, 28, (102)
o 0 1D
— vn 4Un 5" n-9 > 6
Zy = D@ 50 Zp-12, N =26,
Un n-1"n-8
and eventually
(7) A(7) ~(7)
_ 12m+j1 “12m+j1-1"12m+j; =5
X12m+j; = 20 ) o) X12(m=1)+j17
12m+j; -4 (12)m+/1—8 (l%?n+/1—9
~(7) N
v12m+] 1U12m+] -8 12m+] -9
y12m+j2 = 20 = ~0) = @] = y12(m—1)+j2/ (103)
12m+jp “12m+jp—4 " 12m+jp =5
@) NG ~(7)
C_ Yn2mep-aY12mj3 59 2mej3 9 .
Z12111-%—]3 - P 27 ZlZ(m—1)+]3/
12m+j3 12m+]3 1712m+j3 -8
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where m € Ny, j1 = 9,20, j, =8,19 and j3 = 6,17.
From (103), we attain

o o? 57) 77
_ H 12p+3r1+s1  12p+3r1+s1—1 " 12p+3r1+s51-5
X12m+3r1+s; — X3r1+5-12 7 7 % ’
P=0 “12p+3r;+s1-4 " 12p+3r; +51 -8 12p+371 +51 -9
m 57 @) 73(7)
12p+3ra+s2—1 " 12p+3ra+5,—8 ~ 12p+3r2+5,—9
Y12m+3ry+s; = Y3ry+s,-12 H NG 0 % ’ (104)
P=0 Y12p43ry+5, V12p+3r2+5,-4V12p+310+5,-5
) 57 77
_ H 12p+3ry+51—4 " 12p+3ry+s1—=5 " 12p+3r+51-9
lem+31'2+51 - Z37’2+Sl—12 ~(7) (7) A(7) 7

p=0  Y12p43ry+s, V12p+3rs451 -1V 12p43m+51-8

where m € Ny, 1 € {3,4,5,6}, 1 €1{2,3,4,5},51 € {0,1,2} and s, € {2,3,4}.
From (101) and (104), we obtain

51— 51 ~(7)
) +y4p+r1+1+L ((1 )/)7)51_4 SERY 6) C+ n4r7+r1+L ((1 17) 57 e 3L§1_2 - C)
X12m+3r14s; = X3ri+51-12 H

B oo o) o e
1~ 3

C+ n4p+72+1+L?J ((1 n)v(7) C) 0+ )/4p+r2 1% ((1 V)v 7 -6-3127 | - 6)

s—4-3 27 |

Y12m+3ry+s; = Y3ry+s,-12 ’
sn—1
p=0 0 1 A+ 2421 [ (1 Z )57 ) + pipr+ 5] &7
4 1=y PN C+n (1- )5243L521J C

(105)

4p+r2+|_ J A(7) _
0+ V4 3 ((1 ‘)/) s 3le3 | 6) C+ n4p+rz -2 ((1 n) Ng) — )

Z12m+3ry+s1 = Z3ry+5,-12

p=0 CHatrrrr (1 - 77)551 -¢ apr-1+1221 (1 — )5 ol
( -3 ) 0+y el N ¢! )/) Y 0
ify#1,n+1,and

~(7) -1 4 le _
m 0 4 6(4p+r1+1+|_slTJ) C+mPrnls ((1 n)v RNPEY C)

X —x s1—4-3|
12m+3r14+s; — A3r1+s1-12 | | ’
A(7) s1—1
- +04p+1r + |2 —1 2 @
Ry (tp+n+1551) CHrnits ((1 o’ a2y~ C)

5153|_

R J((1 o bzlj—c) o 0(4p+r—1+1%2))

sp—4-3| 52 —6— 3|_s2 3]

Y12m+3ry+s; = Y3rpy+s,-12 H %

L p +0(4p+1y+2+ 22 N ’
R PIES Y ( per 15 ) C+ vttt J((l n)o 57)4 522 —C)

(106)

m @ (4p +1+ I_Sl =2 ) C+ n4p+r2—2 ((1 )~(7) _ C)

Z . H 51—5— 3|_5172J 51—3
12m+3ry+s1 = Z3rp+s1-12 7 (7 -2\’
o (A -nall,-C) o7 iz +0(4p+7-1+1252))
-
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ify=1,n#1,and

. 9+,)/4p+1’1+1+|_ e J((l 7/)AZ7)
1

X12m+3r1+s1 — X3r1+s1-12 H
p=0 9+y4p+r1+|_ e J((l 7/),\(7)
+C

—6) 77 nz+C@p+ﬁ+L%¥D

S1— —5— 3|_
—8) il . +C(4p+r—1+12352))
]

s1-1 51-5-3l -5~

1—4-3[ =5

~(7) (4P+7’2 +1+ Lsz 1 ) 9+)/4P+r2—1+L52 ((1 7/)

521

-0
52-6-31 %" )

5-4-31%
Y12m+3r4s, = Y3rr+s,-12 NG —
(e ) IR AW LR R )
$,—6-3 2~ |
(107)
0 + y4p+r2+L5 (1- )/) A(7) ) ~(7
u 51-5-31 132 3 +CM@p+r2-2)
Z12m+3ry+51 = Z3ry+51-12 H 50 ( 1 ’
p=0 3t p+12+ 4p+r2—1+L51 1— _
i 6+y H( sz5%wﬂ o
ify+1,n=1,and
A(7) s1-1 57 $1-2
ﬁ Uy 9(4p+r1 R J) ey C(4p+r1 s )
X12m+3r1+s1 = X3ry+s1-12 7 ~ N N/
o O FOUp i l35t) 07 el — 1 1552))
~(7) s2=1 1) A7) 5—3
Y X ﬁvs2—4—3ﬁ“ +C(4p+r2+1+L2 >vsz—6—3|_523 +9(4P+V2—1+L2 )
12m+3ry+s, = X3ry+s,—12 R 7
p=0 Ug)é 3122 + 6(4p+r2 +2+ 1557 3J) (2)4 312 C(4p+r2 L5 )
(108)
/\(7) 51 -2
. , 051_5 -3| ¢ 1;2J+6(4p+72+|‘ ) ﬁg)_3+C(4p+r2—2)
12m+3ry+sy — 43rp+s1—12 7 RV _ ’
13 ;)3+C(4p+r2+1) ;)5 . ZJ+6(4cp+r2—1+|_%J)
ify=1,n=1,wherem € Ny, r1 €1{3,4,5,6}, 2 €{2,3,4,5},51 € {0,1,2} and s, € {2,3,4}.
Case 22: Let y = 0 and afOnC # 0. In this case, we get the following system
X, = Yn—4Zn-5Xn—6 Y= 1 _ Xn—-4Yn-5Zn—6 . (109)

Yn-12Zn-2 (@ + BXp-3Yn-4Zn-5Xn—) 0zy-1Xn—2Yn-3 Xn-1Yn-2 (N + CZu-3Xn-4Yn-5Zn—6)

for n € INy.
By interchanging vy, zx, x4, 0, 1, C, a and f instead of x,, Y, zu, B, ¥, 6, n and C system (97) transforms into
system (109). So, the solutions in (105)-(108) turn into the following formulas

4p+r; [ J ~(7) _
C+ n#trtl=s ((1 n)vs Ry C B+ atprr2 ((1 _ 0()027)_3 _ ﬁ)
X12m+3ry+s1 — X3rp+s1-12 H

tptrat] o - ’
bt ‘3 + alptrat ((1 a)'() ﬁ) C+ n4p+1’z 1+ - 13 J((l 17)~;7)5 3L’1 ZJ - C)

B + atprnial’ = J((l oc)v PES ,B) O+ ptpmlsl = J((l n)o ) J—C)

S1 —4— 3|_

Y12m+3r14s1 = Y3r1+s1-12

p=0 Aptr -1+ L= 2| Ap+r1+| - 13 I _
pravriEifa-an® o) Co (a=0", 4y-9)

7
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Sz
m ﬁ+a4p+rz+1+L

2253

52—3J - C)

(7)
(1-mno S

4p+r2—1+|_52
Sa-an?, o) ce J

Z12m+3ry+s; = Z3ry+5,—12 | |

p=0 C+n4p+rz+2+L52

ifa#1,n#1,and

4p+r2+|_ J ~(7) _
m CH 3 ((1 e, 1-5-31 757 C)

—4- 3[52

J_ﬁ)

((1 n) ~(7 Lo 3L52 3J — C) ﬁ + 0(4P+1’z+|_52 ((1 OC)U(7)

o7

(e L+ B@p+r2=-2)

—=

X12m+3ry+s; — X3ry+s,-12

(7) 5 ’
p=0 51_3 + ﬁ (4p + 7y + 1) C + 174p+r2—1+|_¥J ((1 _ n)ﬁ(7) I C)
S1 —5—3|_ 13 J
7) 51-2 + 4p+r1+1+|_51 1— ~(7) _
ﬁ U s a2 +B(4p+n+1252]) C+n (( WOy, ~C
Y12m+3ri+s1 = Y3ri4s1-12 ’
) - 512
p=0 051_5 ey 5(4}7 +tr -1+ ) C+ n4p+r1+|_ 1- ((1 — )7 57 e C)
51—4— 3|_
o7 s2 -1 apn-14122 ) (1 — _

m
Z12m+3ry+s; = Z3ry+s,—12 | |

p=0 C+ T]4p+r2+2+|_ e

ifa=1,n#1,and

57

S1 —5— 3L

(7) s2—1
(1- T])~(7) 52_4 a2t 1 ﬁ(4p+r2+|_ )

$p—6-3|

(

+C(4p+ra+ 15520)

’Z;H_C)

B+ QA2 ((1 0()0(7)

912

~p)

X12m+3ry+s1 — X3ry+5,-12 H

m
Y12m+3r+4s1 = Y3ri4s1-12 | |

yo Brav (1 -ap”, - p) <7> ootz +C(tp+r-1+1352))
B+ L ((1 oz)v(j) e —ﬁ) ~Z)4 ey + C(4p +r+ 1+ |2 )
I RS ((1 e, —ﬁ) Uiz, T U5)
w B+t ((1 a)vs:)4 ey —ﬁ) SZ) eazy C(4p+r-1+122))

Z12m+3ry+s; — Z3rp+s,-12 | |
=0

ifa#1,n=1,and

+C(4;n+r2+2+|_SZ =3 ) (1 - ay?

_63s23
Csme-aL 35 s2—4-3(

ﬁ + a4p+r2+L5 (

- 1J_'B)

57 22 )
X12m+3ra+s1 — X3rp+s1-12 = N —
70 ” ,+B@Ap+ry+1) 27)530’2 +C(4p+r2—1+L512)
-
@) s1-2 57 s1—1
4 4p + 1 + dp+r+1+ |5
e +laprn352) oL+ ene e 5)
Y12m+3r1+s1 = Y3ri4s1-12
7) _ 512 77 s1-1
p=OUS153L“12J ﬁ(4p+r1 1+|_3J) 143L511 +C(4p+r1+|_3j)
m 07 +/3(4p+r2+1+L521)~(7> s, +C(4p+r-1+122))
H Sy—4— 3|_ 2 6— BI_ 2
Z12m+3ry+s; — Z3ry+s5,—12 7 -
p=0 viz)_e—sLsz‘3 - C(4p+r2 t2+1% SJ) vi )4 32| ﬁ(4p+r2 ey )
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ifa=1,n=1 whereme Ny, r €1{3,4,56}, 1 €1{2,3,4,5},51 €{0,1,2} and s, € {2,3,4}.

Case: 23: Let 7 = 0 and afy0C # 0. In this case, we get the following system

]/n—4zn—5xn—6 Zn—4xn—5yn—6
Xp = ;7 Yn = y In = oo
Zp-1Xn-2 (7/ + 6]/71—3211—49(11—5]/11—6) an—l ]/n—ZZn—S

, (110
]/n—lzn—Z (CY + ,an—Syn—4Zn—5xn—6) ( )
for n € INy.

By interchanging z,, x., ¥u, C, &, B, v and 0 instead of x,, yu, z4, B, ¥, 0, n and C system (97) transforms into
system (110). So, the solutions in (105)-(108) turn into the following formulas

4p+ +1+ 2 "(;) 4p+ -1+ 23 (;)
8+’)r ) L ((I _‘)/) . L52 _lJ_G)ﬁJ’_a 7 L ((I a)z)sz L : J _ﬁ)
:f12m+37’2+32 x37’2+$2— 2 | |

p=0 g4 glpira2el TS ((1 a)o”

S 63[52 1 5—4-3|

_ ‘3) 9 + 7/4;7+72+L52 ((1 )0 57 21, _ 6)

4p+rz+L J @ -
m ﬁ + ’ ((1 ac)?]s —5— 3|_51 ] ﬁ) 0+ y4p+rz—2 <(1 y) "Z) 37 6)

70 0 + ylprr+l ((1 7). A(7) )

Y12m+3ry+s1 = Y3ry+s1-12 ) ’
+ P14l 13 1 =a 0(7) _
B A= .o =P

" ﬂ+a4p+r1+1+le 1- a)v _ﬁ 9+)/4p+r1+|_ . 2 1- 7/)A(7) ., -0
s1—4- 3L s1-5-31 1]
Z12m+3r1+s1 = Z3r1+51-12 H ’
p=0 +a Aptr+| 2= J 1-a 0(7) _ 0 + Artn- 1+ 1= J 1— A(7) -0
P T\ s1-4-31 2 | p v i\ 51-5-31 25|
ifa#1,v#1, and
0 + Ap+ra+1+] 23 I = A(7) -6 7) _ 5-3
m O+Y S CCAEY o a2, +B(4p+r-1+122))

X12m+3ry+s; = X3ry+s,—12 H %)

3 7
R e T P
sp—4-3| 5~

@) g2
Cs5a 12 +ﬁ(4p +r+ 55 ) 0 +y? ((1 y)o if)_g - 9)

m

Y12m+3ry+s1 = Y3ry+s1-12 | | ’
Ap+ra+1 o7 _ @ _ 51-2

o Oyt (- ypll, -6) o7 i) +B(4p+r -1+ 22))

@ si=1) 9+ Aptr+ 12 ] 1~ )7 e
0517473L5{T_1J+‘B(4p+71+1+L 3 ) 4 A=) Y

Z12m+3r1+s1 = Z3r145,-12

—

@) ’
EEEEY +paprn+135t)) 6 + eIl J((1 V)AY)S NEe zJ—Q)

=
I
o

ifa=1,v#1,and

A(7) 51 dp+r—1+| 22| (7) _
52_4 ey +9(4p+r2+1+L ) p+a 3 ((1 a)vszem‘ﬂj B

m
X12m+3ry+s, — X3ry+5,—12 | |

p=0 B+a Ap+ry+2+) 2= J((l a)v(7)

—ﬁ) 07 L +0(dp+r+Z)
$2=6-3[ 5|

55-3 s,—4-3 55—

9-2 @
B J((l a)v )5 =T .3) 7 ,+O0(dp+1-2)
1=
Y12m+3 = Yary+s-12 | |
m+3r2-+s1 12451 o0 A(7) 3 H0@p+r+1)

Aprr—1+[ 222 (7)
+ P 1-a)p -
p Hla-an?, . -6)
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m B+ atprn ((1 a)vsj)_4 ey —ﬁ) AZ)S ey + 9(4;9 +r+ [ = )
P = iz g B+ A+ ((1 a)v(7) _ ﬁ) AZ) 5-3 12 zJ (4P +r -1+ |_Sl_2 )
S1
ifa#1,y=1,and
) n 233473L?J +O(4p+r+1+25t )vg’#sﬁz  HBAp -1+ 132))

Hamris = X2 g ZJZ) o) +B(4p+r2+2+ 22 A(:) w70 (4p + 72+ 12510)

UZ)S EeY [3(4p+7’2+le_2 ) 172?), +0(dp+1-2)
e L L vo@ene) o0 vplprn-1e 2]

v:)_HL%J +B(4p+r+1+1257)) Ai7)5 qazy 9(4p +ry + 252 )

=

Z12m+3r1+s1 — Z3r1+s1-12

=
Il
fe=}

) s1-1 A(7) s1-2 1)
v +B4p+r+ 25 (4 +04p+r -1+ %=
51—4—3L$J ﬁ( p 1 I. 3 J) 65 3L<1-2 ( p 1 I. 3 J)

ify=n=1,wherem e Ny, r €1{3,4,5,6}, 1 €1{2,3,4,5},51 €{0,1,2} and 5, € {2,3,4}.

Case 24: Let § = 0 and ay9nC # 0. In this case, the system (12) transforms into the following system

Yn-4Zn-5Xn-6 Zn-4Xn-5Yn—6 Xn—-4Yn-5Zn—6
Xn=—"—", Yn= ; Zn = , (111)
AYn-12n-2 Zp-1Xn-2 (7/ + eyn—SZn—4xn—5yn—6) xn—lyn—Z (77 + Czn—an—4yn—52n—6)

for n € Ny. Multiplying the first equation in system (111) by y,-1z,—x,-3 for all n € INj, the second by
Zn-1Xn-2Yn-3 for all n € Ny and the third by x,,_1y,—»z,—3 for all n € INy, it follows that

— Xn-3Yn-4Zn-5Xn—6
xnyn—lzn—an—3 - — a — 7

YnZn1Xn2ln-3 = g, €Ny, (112)
7 X z _ Zp-3Xn-4Yn-5Zn-6
nXn-1Yn-22n-3 = 0T r iyeszee’
By using the change of variables
®) 1 1
XnYn-1Zn-2%n-3 = Uy, YnZn-1%n-2Yn-3 = g, ZnXn-1Yn-2Zn-3 = g, n2z -3, (113)
0, 0y
system (112) becomes
9 _ 1 @ (8 (8 (8 (8
o = oy, 0 =0 +0, o =9 +C, neNo. (114)

From (2), the solution of the first equation in (114), from (4), the solutions of the second and the third
equations in (114) is given respectively

® _ (1Y _®
3m+i (E) Ejz -3/ © )
O+y" 1 ((1-y)0;", -0
5® — V%1
s A(S stOm+1), y=1, (115)
C+r1'”” (1= —C
e 5§§>3+c(m+1), n=1,
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where m € Npand i € {0,1,2}.
From (113), we gain

(8)v(8) ﬁ(S)

_ Un —
Xn = A(S) "(8) V(S) Xn—-12,
~(8) (8) A(S)
[N N
— 1 n-8 " n-9
Yn = :;8)0(8) ® Yn-12, nz 6/ (116)
n .
+® 48
7 = n—4"n-5"n- QZ 12
n 20,0 @ “n-12/

Un n—1"n-8
and eventually

(NP C)] ~(8)
_ 12m+  12m+j-112m+j-5
x12m+j - ) —®) ®) le(m—l)+j/
Y12m+j-4%12m+j-8V12m+-9
~(8) v(8> A(S)
- 12m+j-1"12m+j-8 12m+] 9 .
Yiom+j = ® 2O Y1i2(m-1)+j, (117)
12m+j “12m+j-4“12m+j-5
(8) 5(8) ~(8)
_ 12m+j-4"12m+j-5"12m+j-9
Z12m-¢—j = —® ®) ~©®) ZlZ(m—1)+j/
12m+j " 12m+j-1"12m+j-8

where m € Ng and j = 6,17.
From (117), we attain

®) o® ~(8)

L 0
p+3r+s ~12p+3r+s—1"12p+3r+s-5

X12m+3r+s =X3r+s-12 1_[ ® NE) ® ’
p=0 V12p43r+5-4Y12p+3r+5-8V12p+3r+5-9

m 758 (8) +®
12p+3r+s—1"12p+3r+s—8 ~ 12p+3r+s—9
p p p (118)

Y12m+3r+s —y3r+s—12H 5© = -© ,
P=0 “12p+3r+s"12p+3r+s—4" 12p+3r+s-5

® 5® 5®)
12p+3r+s—4 " 12p+3r+s=5 " 12p+3r+s—9

Z12m+3r+s =Z3r+s—12 H 5(8) ®) 73(8) ’
p=0  “12p+3r+s” 12p+3r+s—1" 12p+3r+s—8
where m € Ny, r € {2,3,4,5} and s € {0, 1, 2}.
From (115) and (118), we obtain

m

5= 1 A(8 s=2 ~(8
( 1 )m+1 m 04y ( ) i )4 e ) C s J((l mo i )5 -312) C)
X =\|\—= X — ’
12m+3r+s 3 3r+s—12 L sprre| L] (1 )A(g) C+ dp+r—1+[ 32 ] (1 )N(g) —C
= y VI ggisty ™ n M 552
Ap+r+1+[ L] ~(8) _ ”
_ m_ O+t 3 ((] o7, ) C) 0 + y4p+r 2((1 7)0® (8) )
Y12m+3r+s Yaris-12 11 0+ )/4p+r+1 ((1 V) A(8) _ 0)) C+ n4l7+7+[’3 | ((1 7]) ~(8) _ C)/
s—4— 3|_%J
(119)
dp+r+| 332 ] o® _ _ ~
. ﬁ 0 + e+ ((1 V)0 -5-312) 6) C+ n4p+r 2((1 — ) 28)3 C)
Z12m+3r+s = O Z3r+s-12 3 ’
p=0 C o+ttt ((1 ~ 1oy - C) 0 +yhrrtils) ((1 ) A28)5 32) 6)
3
ify#1,n#+1,and
~(8) s—1 dp+r+| 332 ] 7® _
057473L5§1J+9(4p+r+1+L J) C+n'rtr ((1 )7 5-312) C)

:]§

m+1
X12m+3r+s = (E) X3r+5-12

~(8) s=1 =2 56 ’
0 sa) + 6(4;7 +r+1%5 J) C + o145 J((l n) i )5 sy ™ C)

I
o

p
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Ap+r+1+] =L ~(8)
» m_ C+ptrrreils J((l—n)S“LﬂJ—C) 0O +0Up+r-2)
Y1om+3r+s = &7 " Y3r4s-12 H A(S) 0 (4 1) 1 (8) ’
_ + +7+ Ap+r+| 5 | - _
p=0 P C+1 ((1 77)543L%J C)
(120)
A(8) ) _
m vs—5—3LﬂJ +0 (4p +7r+ LSTJ) C + -2 (( 77)71(8) )
Z1omedres = A Z3r+s 12 H tpiril ~(8) A(8) =21}’
p=0 C+17P+r+ ((1 ) _3—C) 057573L5\%2J+8(4p+r_1+|'TJ)
ify=1,n+1,and
s-1 A(8 ~(8
( )m+1 ﬁ 0+ y4p+r+1+|_ J((l )0 ( )4 oy — 9) z)( )5—3L5‘2J + C(4p +r+ TZ )
X12m+3r+s = X3r+s-12
b0 0 4 AL ((1 yo® e e) 50 eyt Clap+r-1+| 2J)
~(8) s= A
L m O, ety C(4p +r+1+(5t J) 6 + =2 ((1 7)o (8) )
Y12m+3r+s = & Y3ris—12 P A(g) ) Y (121)
p=0 O+ yHr ((1 VO, — )) CAY + (_,(4;7 +r+ LTJ)
4 2 ®
m+1 me O+ v P ((1 7/) s—5-3 3| - 9) M(S) + C(4P +7r— 2)
Z12m+3r+s = O Z3r+s-12 H ~(8) N ’
p=0 +CM@p+r+1) 0 + y4p+r 1+ 2] ((1 y) A£8)5 e 9)
3
ify#1,n=1,and
A(8) s—1 ~(8) 5=2
) _(1)m+1x ﬁvs_4_3L5§1J+6(4p+r+l+L3J) 05_5_3L%J+C<4P+T+LS3 J)
12m+3r+s = | 3 3r+s—12 ’
o ~(8) s=1 ~(8) _ =2
ANy + 6(4;7 +r+ 15 J) CACINPEY + C(4p +r—1+[%5 J)
_(8) s=1
w00 eyt (AT S) 8 L eap o2
Yi2madres = @ Y3r4s-12 H A(S) ® e (122)
=0 +0M@p+r+1) ﬁs—4—3LﬂJ +C(4p+r+ L%J)
3
(8) =2 3
- m 0 3L572J+9(4P+"+|-3J) ZJS)S+C(4p+r—2)
Z1om+3r+s = O Z3r4s5-12 H (8) (8) -2\
=0 s tCU@p+r+1) 0, says2) +9(4p+r—1+ LSTJ)
3
ify=1,n1=1,wherem e Ny, r€{2,3,4,5 ands € {0,1,2}.
Case 25: Let 0 = 0 and afynC # 0. In this case, we get the following system
Yn-4Zn-5Xn-6 Zp-4Xn-5Yn—6 Xn—-4Yn-5Zn—6
X, = , = I g = , (123
" Yn-1Zn-2 (CY + ﬁxn—Syn—4zn—5xn—6) Yn VZn-1Xn-2 " Xn-1Yn-2 (77 + Czn—an—4yn—SZn—6) ( )

for n € INy.
By interchanging vy, z,, x4, ¥, 1, C, @ and p instead of x,,, Y, z4, @, ¥, 6, 1 and C system (111) transforms into
system (123). So, the solutions in (119)-(122) turn into the following formulas

C+ el =y ((1 ~1) ~i8)5 - C) B+ a2 ((1 _ a)v(fi) _ 5)

m
_ ,m+l
X12m+3r+4s = ) X3r+s5-12 H

, ®) ) 522 - !
R R (R I R ((1 o, e C)
poarm = (- e®, L - ) T (a-ne® L -]

1 m+1 m
Y12m+3r+s = (7;) Y3res-12 H

4|52 - ~(®) ’
=0 ﬁ+a4p+r 1+ %5 J(( a)v a2 ﬁ) C_,+174V+V+L 3 J((l n)o i 43 — C)
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s=1
m B+ adprrlels J((l D()Z}s 43l ﬁ) C+ 174p+r 2((1 ma® ~(8) )
_ ,m+l
Z12m+3r+s = ) Z3r+s-12 | |

=0 CH+ e (1 -, - ) B+ atrrls ((1 a)o® ey ﬁ)

ifa#1,n+1 and

dp+r+ 52 | 5® -
X Yy ﬁCH]p ’ ((1 M0 52, C) o+ Up+r-2)
12m+3r+s = 3r+s—12 ,
m+3r+s r+s 13 (8) + ‘B (4p +r+ 1) T+ n4p+r 1+ 332 ((1 n) ~(8)5 32 _ C)
s-5-3155
( m+l ﬁ vﬂ_ﬂ% +B(4p +r+1532]) i ((1 - 17)7751’4_3%J - C)
Y12m+3r+s = —3) Y3res-12 ®) i) . ’
y =0 Us s g2y T Blap+7=1+15) Lo yproritss) ((1 o, -3ty C)

8

05_4_3“51] (4p +r+1+ le) C+ 2 ((1 o ~(8) )

=

_ ~m+l
Z12m+3r+s = ) Z3r+5-12

el (1 — 17 ®) s=11)
p=0  CHnPT ((1 o, ) Uoaasy ¥ B (4;9 el J)
ifa=1,n#1,and
(8) -2 _
w00 oyt AT R]) g a2 (1 - ap®, - p)
X12m+3r+s = x3r+s 12 H . 1 ~(8) =21\’
b0 B (A -wol® —p) o, o) +C(4p+r-1+12))
( ml ﬁ B+ atrrr] ((1 - 0‘)0(85 e ﬁ) ~£8)4 315! + C(4P tr+l+ L%J)
Y12m+3r+s = —3) Y3r+s-12 = ~(8) s—1 ’
4 p=0 B + a1+ (( - a)®_ 352) 5) O aa=y T O (4p+7+155)
Ap+r+1+[ 5L ~
g (a-an®, L -f) O a2
Z12m+3r+s = )Y Z3r+s-12 H (8) 4 1 o1 !
p=0 3T CUEp+r+1) B+ atrtrils J((1 cx)v Y ﬁ)
ifa#1,n=1,and
~(8) s=2
m 07 3LS_2J+C(4P+”+L53 J) U(Ei)3+[3(4p+r—2)
X12m+3r+s = x3r+s 12 H (8) + B (4 ~(8) =21\’
=0 BAp+r+1) 53L52J+C(4p+r—1+LTJ)

U
2 -1
o e 2J+ﬁ(4p+r+ 1521) % 3L51J+C(4p+r+1+LSTJ)
2

1 m+1 ﬁ
Y12m+3r+s = (—3) Y3r+s-12 o ) _
4 <0 vs Sy +[3(4p+r— + LTJ) R +C(4p+r+ L%J)

8) s—
v£—4—3L5’1J +ﬁ(4p+r+1+ Lle) 0 4 C(dp+r-2)

(8) L+ C@p+r+1) vgl%tﬂj +ﬁ(4p+r+L%J)/
3

_ ,m+l
Z12m+3r+s = ) Z3r+s-12

=

]
o

P
ifa=1,n=1 wherem e Ny, re€{23,4,5} and s € {0,1,2}.

Case 26: Let C = 0 and afy0n # 0. In this case, we get the following system

Y = Yn-4Zpn-5Xn-6 Yn = Zp-4Xn-5Yn—6 - Xn-4Yn-5Zn—6 (124)
n — 7 n — 7 n— -7
Yn-12Zn-2 (@ + BXp-3Yn—-4Zn-5Xn—6) Zn-1Xn-2 (Y + OYn—3Zn-4Xn—5Yn—6) NXn—1Yn-2




for n € INy.
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By interchanging z,, x,, Y, 1, &, B, ¥ and O instead of x,, ¥, z,, @, v, 0, n and C system (111) transforms into
system (124). So, the solutions in (119)-(122) turn into the following formulas

_ m+l
X12m+3r+s = 1]

Y12m+3r+s =

m+1
l
Z12m+3r+s = | 3 Z3r45-12

ifa#1,v#1, and

_ m+l
X12m+3r+s = 1]

Y12m+3r+s = 1]

1
Z12m+3r+s = | 3
n

ifa=1,y#1, and

_ am+l
X12m+3r+4s = 1]

Y12m+3r+s = 1]

m+1
1
Z12m+3r+s = Z3r4s5-1

ifa#1,y=1,and

_ am+l
X12m+3r+s = 1]

+1
Yi2m+3r+s = 11 Y3r+s-1

X3r+5-12

m
]/3r+s 12 H

X3r4+5-12

+1
Y3r4s-12

m+1
) Z3r45-12

X3ry+5-12

+1
Y3r+s-12

X3ry+5-12

=

1l
o

p

ﬁ + a4p+r+|_%] ((1 _ 0()'0(8)

s—5-3| 53|

)

0 + V4P+r—2 ((1 7/) A(8) )

dptr++| 5 o® - "~
0+ NI,y =0) a2 (- anf?, -
p— ® r b ,
B+ atpre ((1 aypo, ﬁ) O + s J((l y)o 28)4 312 6)

=0

=

m

ﬁ + oAprrelLst 1] ((1 a)v(g)

0+ 7/4p+r+1 ((1 — y)@is_)3 —

0 T ®) _aY
) prav (a-ar® . -5)

s—4-3[ 5]

9)

2

0+ 7/4p+r+ ==

5®) _
((1 7/)vs —5-3| 5]

%)

“:I

0 B+ ALt ((1 _ a)v(g)

— ‘B) o + ‘)/4}7+T 1+|_S ZJ ((1 ,)/) A(S)

_ 9)'

S35 5-5-31 5]

w0 4 et ((1 - )/)2328_)4_%%] - 9) o® 4 B(dp+r-2)

8 ~ ,
p=0 'Ug_)3 +p (4p +7r+ 1) 0 + y4p+r+|_%J ((1 _ 7/)628_)4_&_&] _ 9)

3
8 _
ﬁ i_)S_%gJ + 5(4;7 +r+ LHJ) 0+ ,)/4p+r -2 ((1 y)A(S) )
®)

0 + y4p+r+1 ((1 )/)?7(8)

(8)

m 0 .
s—4-3| 57 |

0)

+/3(4p+r+1+L%J) 0 + LS

5-3 532

+p(ap+r—1+132))

Ha -

2

5®
-5-312)

o)

®)

v .
s—4-3]55 |

p=0

5®)
05—4—3L5;1 1

+[3(4p+r+Lle) 0 + yHr- 1+L~2J((1 )0

®
s—5-3[ 52 ]

+9(4p+7’+1+|_s 1]) ‘B+a4p+r 2((1 (X)ZJ(S) ﬁ)

=

i
(=}

B+ a1 (1 - a)y?, - p)

5®

43L52J

Ap+r+| 52 ] (8) _
B+t ((1 o B

+ 9(4p+r+ L%J),

0O +0@p+r-2)

~o)

=

A(S) s tO0@p+r+1)

i
(==}

B+ AL gl ((1 _ a)U(B)

~4-3155! |

Ap+r—1+[ 5= 2| ’
B+a ((1 oc)v 5 32) ﬁ)

_ﬁ)

(8)
Us-s- 3L52]

+9(4p+r+[%])

[l

=0

=

B+ aprrlst] ((1 _ 0()'0(8)

~(8)
vs—4—3L5’1 ]

s—4-3[ 53 |

+0(4p+r+1+5)

)0

5®

s—5-3 52 ]

U(S_)3+‘B(4p+1’—2)

=

=
Il
fe=}

(8) +ﬁ(4p+r+1)
(8)

®

s—4-3[ 2|

+ 9<4p+r+ L%J)’

+0(4p+r-1132))

2
P

=

Il
[}

Vs aez) + ‘8(4;7 +r4 L%J)

0O +0@p+r-2)

@£?3+9(4p+r+1) v

®)
s-5-3[52]

+p(4p+r—1+132))
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® +ﬁ(4p+r+l+|_S 1])

m+1 m 0
1 s—4-3[ L]
Z12m+3r+s = ? Z3r+s-12 H

1) o® PPN
o O gy TR LSH) A0 0 -1 )

o 3L;2J+9(4p+r+L%J)

ifa =y =1, wherem e Ny, re€{2,3,4,5}and s € {0,1,2}.

Case 27: Let afy0nC # 0. In this case, we get the following system

Yn-4Zn-5Xn—6
7
Yn1Zn-2 (O+BXu_3Yn-4Zn_5Xn_s)

Yo = Zn-4Xn-5Yn-6 , neN,. (125)

Zp-1Xn-2 ()/+ 9y11—3211—4xn—5 yn—é)
Xn-4Yn-5Zn-6

Xn1Yn-2(1+Czn-3%u-4Yn-5Zn-c)

Xy =

Zy =

Multiplying the first equation in system (125) by y,-1z,—2x,—3 for all n € INy, the second by z,_1x,_2y,—3 for
all n € INg and the third by x,_1y,-2z,-3 for all n € N, it follows that

Xn-3Yn-4Zn-5Xn-6

YnYn-1Zn-2Xn-3 a+BXy—3YnaZn5%n 6"
Yn-3Zn-4Xn-5Yn-6

ynzn_lxn_Zyn_3 = }’+eyu—32n—4;n—5yn—6’ ne NO' (126)
ZnXn-1Yn-2Zn-3 =

Zn-3Xn-4Yn-5Zn-6
r]+czn—3xn—4yn—52n—6 4

By using the change of variables

|>—‘

XnYn-1Zn-2Xn-3 =

oy’
YnZn1XnoVn3 = 5, N=-3, (127)
ZnXn-1Yn-2Zn-3 = #/
system (126) becomes
o) =ao? + g, 00 =y00 0, 0=, +( neN,. (128)

From (4), the solutions of the equations in (128) is given respectively

m+1 1 ©)
©9) w, aF# 1,
U3msi = )
v, +p(m+1), a=1,
0+y™ 1 ((1-y)o?,-0
o [lrlaooo) Ly
U3m+i = A(9) v (129)
0, +0(m+1), y=1,
C+T]m+1 (1_17)55?) -
50 {% n#1l,
3m+i ~(9
v(_)3 +C(m+1), n=1,
form e Ngand i € {0,1,2}.
From (127), we gain
50 50 ©
X = %xn 12,
NONC) ﬁw)
Yn = %yn 1, 126, (130)
n 4 n-8
o 9 8
Zn = Jom o Zn-12,

Un 0y 2408
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and eventually

R )
_ 12m+j-1012m+j-5 12m+j-9
X12m+j = RORC) o) X12(m-1)+js

12m+j 12m+j—4"12m+j-8
20 L0 o
L — 12m+j-1 12m+] -5 12m+/ 9 .
y12m+] - PONPC) o) y12(m—1)+]/ (131)
12m+j 12m+] —4712m+j-8
(9) 59 5(9)
o 12m+j-1"12m+j-5"12m+j-9 )
Z12m+j = O .0 ") Z12(m-1)+jr
12m+jY12m+j-4Y12m+j-8

where m € Ny and j = 6,17.
From (131), we attain

z ﬁ§92)p+3r+s—15(192)p+3r+s—50(192)p+3r+s—9
X12m+3r+s =X3r+s-12 H ©) ) O ’
p=0  U12p+3r+5V12p+3r+5-4V12p+3r+5-8
= ~(192) +3r+s5—1 (192) +37+5— 56592) +37r+5-9
Y12m+3r+s =Y3r+s-12 H A(g e i © ! p (132)
p=0 12p+37+5012p+3r+5—4 12p+3r+5-8
m_ 9 &9
12p+3r+s—1"12p+3r+s-5 12p+3r+s -9
Z12m+3r+s =Z3r+s—12 H ~O) ©) ) ’

p=0  V12p+3r4+sV12p+3r+5-4V12p+3r+5-8

where m € Ny, r € {2,3,4,5} and s € {0, 1, 2}.
From (129) and (132), we obtain

w0+l (g (( -y sy ™ ) C+ il ((1 oy LR C)
X12m+3r+s = X3r+s-12 H ) |
11 B+ atril (1 a)y?, - ) 0 + ytrrls ((1 7o sty T 9)
s—4-31%5
) B+ A2 ((1 D()U(g) ﬁ)
dp+r—1+ 532 | s - ,
CHnPrTs ((l M 532 C)
Ap+r+1+[ 5] 7 el - o a
y y m CH ((1 MOy e )/Hapr 3 ((1 Vs ﬁ)
12m+3r+s = Y3r+s-12
n+3r+s r+s 13 0+ y4p+‘r+1 ((1 y)v(9) 9) C+ 174P+r+ 5 ((1 - )~Z9)4 3ty C)
3
0 + ,}/4p+r -2 ((1 )/) ,\(9) )
X 7
dp+r—1+[ 2 ] _ ©) —
B+ a1l ((1 “)05—5—3L%J [3)
m_ B+ afrrIHE ((1 - 0‘)029_)4—3Lﬂj - 5) 0+t ((1 oy 3L 9)
Z12m+3r+s — Z3r+s—12

00 C + ytprel ((1 o) ~(9 ) B+ st ((1 a)vs9)4 s _ﬁ)
C+774p+r 2((1 T])~(9) _ )

X P
Ap+r—1+ 2]
0 + 145 (( 7/)7)553LsZJ 6)

ifa#l,y#1,n+1,and

=1 A9 L) 7
0+ y4p+r+1+|_ - J((l _ 7/)02—)4—34%] ) C+ T]4p+r+ 3 ((1 n)o 2 )5 ss2) C)

m
X12m+3r+s = X3r+s-12 H

9 1
0 ( ) + ‘8(4]9 +r+1) 0 + 7/4p+r+ =1 ((1 V)b A£9)4 .y _ 9)
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(9) +ﬁ(4p+r—2)

X ’
r— s=2
O+ -1+ J((1 17)0s 53152 C)

o ) 1)
Y12m+3r+s = Y3r+s-12 H 0 aparat (1 — ,\(9) 0 4 -1 ~(9)
p=0 Ty (( LNy ) Cnirersd ((1 - n)vs—4—3t%lJ - C)
0 + y4p+r -2 ((1 7/) A(9) )
029—)5—3LﬂJ +B (4p +r—1+ I_%J)
029) .y +ﬁ(4p +r41+[5]) 0+ LS ((1 o -312) 6)

m
Z12m+3r+s = Z3r+s—12 5 5
H Comrrt (@=mal=C) ol +B (L)
3

C+ n4p+r 2((1 n)v(9) )

0+ y4p+r 1+ 552 2 | ((1 )/)’0S 53122 2 6)

ifa=1y#1,n#1,and

A9 —2 ~(9
m % et O(4p + 7+ 1+ 5L]) C+ i) ((1 - 77)025_34% - C)
X12m+3r+s = X3r+5-12 H dprrel A(9) s=1
po B+ (1= ), - B) A +0(4p+r+15])
B+ 2((1-a)?, - p)
X

C+ - 1+L<2J((1 n)ﬁs 53152 —C)

m O+ el =] ((1 n)~§9)4 k) )ﬁ + ALt ((1 - a)0(95 s2) ,8)
e = || T e (-0 -9)
. 0O +0(p+r-2)
B+ atrrr-1HF] ((1 - a)vig_)S_SL%J ~ ,B),
w B+ adrrielst] ((1 _ “)029_)4_%% - ﬁ) 629—)5—3L%J +0 (4p +7+52))
Z12m+3r+s = Z3r+s-12 g C 4 el ((1 — ), - C) ap+rel 5 (1 Z 2)p® -
53 p+a ((1 N0y gy ﬁ)
C + 2 ((1 n)v(% _ )
T Ol )
ifa#1l,y=1,n#1,and
0 + yHpriieLst =1 ((1 - y)A29)4 sy 6) 2729_)5_3Lﬁj +C (477 Tr+ L%J)

m
X12m+3r+s = X3r+s-12 H

<0 ﬁ + i+l (( a)v(9) ‘3) 0+ y4p+T+Lg s ((1 7/) A£9)4 et 9)
3
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B+a*2((1-a)l?, - p)

2263

X
~(9) _ =21\
Us—5—3L%J +C(4p+r 1+1[5 J)
~(9) s—=1 4p+r+|_ﬁj _ ) _
e Coaagy T C(ap+r+1+15])p+a ’ ((1 LAY 5)
Y12m+3r+s = Y3r+s-12 H

p=0 O+ ytirl ((1 AL A(g) ) ﬁ29—)4—3L%J +C (4;7 +7r+ L%J)
0 + y4p+r -2 ((1 )/) A(9) )

4p+r—1+|_ﬂj _ ©) _ ’
B+a 3 ((1 oz)zzs_5_3t%J B

X

Ap+r+1+ 5L _ 9) _ dp+r+ 52 | 5(
m B+ ’ ((1 a)vs—z;—SL%J B|o+y - )/) s— 5 3152] -0
Z12m+3r+s = Z3r+s-12 H

~(9) =
p=0 st C@p+r+1) B+ atrrrl 1J((1 a)v Py ﬁ)

o, +c(4p+r—2)

ifa#1,yv#1,n=1,and

X

A(9) s—1 dp+r+ 2] _ ~(9) _
me O s +6(4p+r+1+L J)C+qpr ((1 )553L%J C)
X12m+3r+s = X3r+s-12 H ( + ﬁ (4 S 1) 7’)(9) 40 (4 P LEJ)
p=0 Us-3 P s—4-3 51 ] P 3

O +B@p+r-2)

C+ 174p+r 1+ 2] ((1 T])~(95 ) C)

X

m C 4 gLt ((1 - ’7)559—)4—&% - c) 029_)5_3ng +B(4p+r+13321)
Yramidree = Poreei2 H o0+ 0(dp+r+1) apere 5] 50
p=0 -3 P C+n? (1- 77)5434%]_(;
0O +0p+r-2)
X
9 _ 7
Ui—)5—3LﬂJ +p (4p +r—1+ I_%J)
w00 e B )00+ 0 (ap e 1))
Z12m+3r+s = Z3r+s-12 . 1 N © )
po (- et - Q) o e P (4p +r+15520)
C+ 174p+7 2 ((1 0)0(9) )
O 21)
00 qea) * O(4p+7r-1+[2])
ifa=1,vy=1,n#1,and
Ap+r+1+ 3 | A(9) — 50) $=2
w64y ((1 70, e) 00 ez, + Clap 7+ 152))
X12m+3r+s = X3r+s—12 H (9) ;
y-0 +Bp+r+1) 6 + yHrerelst] ((1 W0, e - 9)
3
y 0(9_)3+ﬁ(4p+r—2)
o)

=21\
sy T C(4p +r—1+ LTJ)
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~(9) s=1 1), =2
113_4_3Lﬂ +C(4p+r+1+|_S J)v 53L¥J+ﬁ(4p+r+L53 J)

m
Y12m+3r+s = Y3r+s-12 A ~ _
g O + yaprrr+l ((1 AL (9) ) 29)4 ey C(4p +r4 I_%J)

0 +y4p+r 2((1 7/) A(9) ) 133)

B) _ =21
US_S_3L%2J+ﬁ(4p+r 1+ (5 J)

r 52 (9
Ub . 3Lﬁ1J+ﬁ(4p+r+l+|_S 1])9+y4p++L J((1 )0 2)5 BL%J_Q)

m
Z12m+3r+s = Z3r+s-12 H +C (4 el ) 4 s—1
-0 o p+r+1) Vg T Blap+r+13)

=

77(9_) +C(4p+r-2)

s-2 A9 ’
0+ V4p+r 1+ 57 J((l 7/) 2)5 3|_%J _ 9)

X

ifa=1y#1,n=1and

5(9) s=11) 59 5=2
By e +9(4p+r+1+[ J) 53L%+C(4p+r+L3J)
X12m+3r+s = X3r+s-12 H il ©) o) s=1
<0 ﬁ + odptr+ ((1 _ a)vs_?) _ﬁ) s a3l 1 9(4p +r+ LTJ)
B+ a2 ((1 - a)v§9_)3 - ﬁ)
) _ s21)
05—5—3L%J + C(4p +r—=1+1% J)
~(9) s=1 ap+r+122) (1 — )@ _
ﬁ Us amaysst ) * C(4p tr+l+l5 J)B ot ((1 a)vs—5—3L%J ‘B)
Y12m+3r+s = Y3r+s-12 A(9) ~(9) s—1
14 +O@p+r+1) o0 eyt Ol 15)
00 +0@p+r-2)
X ,
dp+r—1+[ 2] — ©) —
B+a 3 ((1 oz)vs_s_m%J ﬁ)
Ap+r+1+| 5L _ O — 59 =2
m_ B+ oIS ((1 oz)st_A‘_SL%J ﬁ) O s a2 +0 (4p +r+1%5 J)
Z12m+3r+s = Z3r+s-12 H ~(9) .
<0 +C(@p+r+1) B+ atr+rils] ((1 - a)v£9)4 sest) 5)
LTS
~(9) s +C@p+r-2)
5O) _ s221)
O s-a12) +6(4p+r 1+[1%5 J)

ifa#1,y=1n=1,and

o +9(4p+r+1+Ls H) 00,y + Cap+r+ 1)

m
_ 57 T
Homdres = Brest2 g )+ Bp+r+1) 00, +O(ap+r+154))
o +BAp+r-2)
- 6297)573%] + C(4p +r—1+ L%J),
e n 529_)4_3L5A(19J) +C(ap+r+1+1550)) zj%_%z BT LS_TzJ)
<0 +0(@p+r+1) Oy gy ¥ C (4;9 +r+ L%J)
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00 +0@p+r-2)
X

©9) _ =21\’
057573L%J+ﬁ(4p+r 1+]5 J)
©) s=11) 49 52
) ﬁ A +ﬁ(4p+r+ 1+15 J)kaL%J + 9<4p+r+ 155 J)
e T S o0+ C(dp+r+1) o +B(4p +r+15L)
p=0 5-3 p 5*4*3L%J p 3
52%3 +C(@p+r-2)
0 - Y
07 a2, +0(4p+r-1+132])

ifa=y=n=1,whereme Ny, re{234,5}ands € {0,1,2}.

Theorem 2.1. Assume that a # 0, # 0,y #0,0 # 0,1 # 0, C # 0. The forbidden set of the initial values for
system (12) is given by sets

b= U U - ) o
Xi-3Yi-4Zi-5Xi—6 a)’

meNy i=3
v gt (_9), or— L _pm (—E)} (134)
Yi-3Zi—4Xi—5Yi—6 V4 Zi-3Xi-4Yi-5Zi-6 n
and
{]1_5 xp=0 or y,=0 or z,=0, pe {1,2,3,4,5,6}}
where F = (X_g, X_5,X_4,X_3,X_2, X_1, Y—6, Y5, Y1, Y3, Y2, Y—1,%—6, Z—5, 24, Z—3, 22, Z-1)-
Proof. We have gained the set
{Jﬁ x,=0 or y,=0 or z,=0, pe {1,2,3,4,5,6}}

belongs to the forbidden set of the initial values for system (12) at the beginning of the section 2. If x_; # 0,
y-j#0andz_; #0,j€{1,2,3,4,5,6}, system (12) is undefined if and only if

a+ ﬁxn—Syn—42n—5xn—6 =0,
Y+ 0yy-3zp-4Xn-5Yyn-6 =0, n € Np.
n+ Czn—an—4yn—SZn—6 =0,

By using the change of variables (127), the above conditions can be written

Up-3 = —E, On-3 = —Q, Op-3 = —E, n € No. (135)
a 4 n
Thus, the solutions of system (128) can be expressed as
Vame1 = " (0i23),  Oame1 = 9" (Bis),  Dzmar = K" (Bi3), (136)
where m € Ny, i€ {0,1,2}, f(r) = ar + B, g(r) = yr + 0, h(r) = nr + C. By using (135) and (136), we get
_ —m-1 ﬁ ~ _ —m=1 6) ~ _ 1,—m-1 ( C)
i3 = -1, 0Ui3= -—=|, Tiz=h il (137)
) e ;

a U
This means that if one of the conditions in (137) holds, then 6m — th iteration or 6(m + 1) — th iteration can

not be calculated. Consequently, (134) is attained. [

where m € No, i €{0,1,2}, f1(r) = £, 71 () = 52,171 (1) = 5.
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3. Conclusion

In this study, we gain the solutions of the following system of difference equations,

Yn-4Zn-5Xn—6

xn = 7
}/n—lzn—Z(a+ﬁxn—3yit—4zn—5xn—6)
Zn-4Xn-5Yn-6
yVl = - ’ ne NO/
Zn—lxn—Z(y+9y;1—32n—4xn—5yn—6)
Xn-4Yn-5Zn-6
Zy =

Xn1Yn-2(1+Czn-3%u-4Yn-5Zn-6)

where the initial values x_,, y_, z_, forp = 1,6 and the parameters «, 8, y, 0, i, C are real numbers. Firstly,

we

solved the mentioned system depending on whether the parameters are equal to zero or non-zero. In

addition, the solutions of the aforementioned system are obtained in closed form. Finally, we also describe
the forbidden set of the solutions of this system of difference equations.
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