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Abstract. In this paper we take up a characterization of weighted inequalities for Riesz potential and its
commutators in generalized weighted Morrey spaces M.,”(I') defined on Carleson curves I with the class
of weights F,;. We prove the boundedness of Riesz potential I} and its commutator |b, I?| from the spaces
MPHT) to the spaces MI7*(T), where 0 < < 1,1 <p < 1, % - % = a, (g1, ¢2) are positive measurable
functions, (w1, w;) € F,4(I') and b € BMO(I).

1. Introduction

Morrey spaces were introduced by C.B. Morrey [31] in 1938 in connection with certain problems in
elliptic partial differential equations and calculus of variations. Subsequently, Morrey spaces found impor-
tant applications in the Navier- Stokes and Schrédinger equations, elliptic problems with discontinuous
coefficients and potential theory. Riesz potential I! is one of the basic tools of harmonic analysis used in
the solution of partial differential equations, and the boundedness of these operators in various function
spaces has been studied by many mathematicians. Some of these spaces are generalized Morrey space
MP#, generalized weighted Morrey space M!,” and global generalized weighted Morrey space GM,,0,¢,«-
Coifman and Fefferman [9] obtained sufficient conditions for maximal and singular operator in weighted
Lebesgue spaces and also Muckenhoupt and Wheeden [32] obtained weighted norm inequalities for frac-
tional integrals. The boundedness of the Riesz potential in Morrey spaces was obtained by Adams [1].
In [16], Guliyev obtained the boundedness of Riesz potential, maximal and singular integral operators
in generalized Morrey spaces. In 2012, Guliyev [17] generalized both the generalized Morrey space and
the weighted Morrey space and defined the generalized weighted Morrey space. The boundedness of
the Riesz potential in the generalized weighted Morrey space was proved in [4]. The boundedness of the
Riesz potential and its commutator in global generalized weighted Morrey spaces with the Fefferman-Pong
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weight class has been proven by Aykol, Geleri, Hasanov and Safarov in [5]. In [14], Riesz potential and its
commutators in global generalized weighted Morrey spaces of homogeneous type with weights belonging
to Fefferman-Pong class were proved.
LetI' ={t e C:t=1(s),0 <s <[ < oo} be a rectifiable Jordan curve in the complex plane with arc-length
measure v(t) = s, where [ = vI lenghts of T'.

We denote

It,r)=TNB(tr), teTandr >0,

where B(t,r) ={z€ C: |z —t| <r}.
A rectifiable Jordan curve I is called a Carleson curve (regular curve) if the condition

vI'(t, 1) < cor
holds for all t € I and r > 0, where the constant ¢y > 0 is independent of t and r.

Definition 1.1. Let1 < p <ocoand 0 < A < 1. Wedenote by L, \(T') the Morrey space, the set of all locally integrable
functions f on I such that

”fHLp,,\(r) = tesl"]:lrgo r_%||f”Lp(I’(t,r)) < 0.

IfA <0or A >1,then L,)\(T') = ©, where © is the set of all functions equivalent to 0 on T

Maximal operators and potential operators in various spaces defined on Carleson curves have been widely
studied by many mathematicians (see, for example [6], [7], [23], [25], [26], [27], [29], [37]). Albrecht Bottcher
and Yuri I. Karlovich showed that for general Carleson curves and general Muckenhoupt weights the sets
in question were logarithmic leaves with a halo, and they presented final results concerning the shape of the
halo in [7]. Dadashova, Aykol, Cakir and Serbetci studied the potential operator I{ in the modified Morrey

space L, 1(I') and the spaces BMO(T') defined on Carleson curves I' in [11]. In [19] Guliyev, Armutcu and
Azeroglu established the boundedness of potential operator in the local generalized Morrey space LMf t’;’;(I“)
and the generalized Morrey space MP?(I') defined on Carleson curves I, respectively.

Let f € L*(T). The maximal operator Mr is defined by

Mrf(t) = supOT(t, )™ | If(@ldv(o).

t>0 T(t,r)

Theorem 1.2. [36] Let 1 < p < oo and (w1, w2) € Fy(T'). Then the operator Mr is bounded from Ly, (T') to Ly ., (D).
Corollary 1.3. Let 1 < p < oo and w € Fy(I). Then the operator Mr is bounded in L, ., (I').

Let 0 < @ < 1and f be a locally integrable function on I'. Then the fractional maximal function M{ is
defined by

MEf(x) = sup(vI(t, 7))+ fr o If ()|dv(7).

t>0

Let0 < a <1and f € L(I'). Then the potential operator I is defined by

I3£(t) = fr It — 7L F(T)dv(T).

Adams type Sobolev-Morrey inequalities for the potential operators in Morrey space defined on Carleson
curves were proved in [12].
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Theorem 1.4. [12] Let T be a Carleson curve, 1 < p < % O<a<land0 <A <1-—a. Then the condition

- % = 1% is sufficient and in the case of infinite curve also necessary for the boundedness of It from Ly (T') to

1
p
Lg A (D).

A measurable function w : T — [0, o] is referred to as a weight if w™'({0, oo}) has measure zero. Let
1<p<oo, % + % =1, I be a rectifiable Jordan curve, and w be a weight onI'. Let the condition

1 1/p , 1/p
supsup — ( f @’ (y)dV(y)) ( f W™ (y)dv(y)) (1)
tel' r>0 I'(t,r) T(tr)

is finite. The set of all weights w on I' satisfying (1) is usually denoted by A, and referred to as the set of
Muckenhoupt weights.

Let 1 < p < oo, ¢ be a positive measurable function on (0,0) and w be a weight. We define the
generalized weighted Morrey space M,,”(T), the space of all functions f € L;,ofw (I') with finite norm

_ L
X

Ifllpgeq = sup L, e

ter >0 POl n)

where L, ,,(I'(t, 7)) denotes the weighted L,-space of measurable functions f for which

P

WAL, e = WfirenllL, . = ( fr ( )|f WP P (y)dv(y)
t,r

Notice that if w(x) = x1¢,(x), then MP(T) = MP#(T) is the generalized Morrey space and if ¢(r) = rlTA,
then M!;*(T) = L, \(T) is the classical Morrey space.

Two-weight norm inequalities for the operators of harmonic analysis on various function spaces were
widely studied (see, for example [10, 15, 24, 28, 30]). The weighted norm inequalities with different types
of weights on Morrey spaces were also studied (see, for example [20, 33, 37] ). The two-weight norm
inequalities for the Hardy-Littlewood maximal function on Morrey spaces were obtained in [39]. The
two-weight norm inequalities on weighted Morrey spaces for fractional maximal operators and fractional
integral operators were obtained in [34]. Two-weight norm inequalities on generalized weighted Morrey
spaces for maximal, Calderén-Zygmund operators and their commutators were obtained in [3].

In this paper, we give a new characterization of two-weighted inequalities for Riesz potential I and its
commutators in generalized weighted Morrey spaces M,,"(I') defined on Carleson curves I with the class
of weights F,, ;(I'). We find the conditions for the boundedness of Riesz potential I} and its commutator |b, I{|
from the generalized weighted Morrey spaces M., (T') to the spaces M{"*(I), where 0 < v <1,1<p <1,
% - % = a, (¢1, ¢2) are positive measurable functions, (w1, w;) € F,,4(I') and b € BMO(T).

In the sequel we use the letter C for a positive constant, independent of appropriate parameters and not
necessary the same at each occurrence.

2. Background material

Definition 2.1. The weight functions (w1, w2) belong to the class A;,(F) for1 < p < oo, if the following statement

1 1
7

P P

supsup% fa)g(y)dv(y) fw{p/(y)dv(y)

tel' r>0
tn (t.r)

is finite.
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Definition 2.2. The weight functions (w1, w2) belong to the class A, 4(T) for 1 < p,q < oo, if the following statement

q v

11 —y
supsuprr i ! f wl(y)dv(y) f w," (y)dv(y)
tel' r>0
(t,r) (t,r)
is finite.

Definition 2.3. The weight functions (w1, wz) belongs to the class F,(T') for 1 <p < o0, 1 < k < oo, if the following
statement

1
P’k

supsup| + [ | |3 [ o @i

tel' r>0
I'(t,r) I'(t,r)

is finite.

Definition 2.4. The weight functions (w1, wz) belongs to the class F,4(T') for 1 < p,q,k < oo, if the following
statement

1
qk P’k

supsupr“‘?*ﬁ‘%‘ﬁ fa)gk(y)dv(y) fa)]_p/k(y)dv(y)

tel' >0
(t,r) (t,r)
is finite.
Let f € L(T). Then the sharp maximal function Mlﬁ, is defined by

MEF(8) = sup (T (E, ) f ) = franldv(v),
t>0 T'(tr)

where frin(t) = (VI'(t, )™ fF(t,r) fydv(y).

Definition 2.5. We define the BMO(T') space as the set of all locally integrable functions f such that

I fllsmo = sup (vI(t, 7)™ If(y) = frenldv(y) < oo
tel, r>0 T'(t,r)
or

Illowo = igf sup GTEN)™ | 1f) - Clivy) < oo

tel, >0 I(tr

Definition 2.6. Let 1 < p < co. We define the BMO,,,(T') space as the set of all locally integrable functions f such
that

NCFC) = fram)xrenlln, .o

lfllzmo,, = sup
" ter, 10 llewll, vt ry)
or
Ifllmo,,, = sup (It M) I(FC) - fremxrenll, ollw™ L, wen < o

tel’, r>0
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Theorem 2.7. [21] Let 1 < p < oo and w be a Lebesgue measurable function. If w € A,(T), then the norms || - |lpmo

pw
and || - llamo are mutually equivalent.

Lemma 2.8. [22] Let b € BMO(T'). Then there is a constant C > 0 such that
|81 — baci0| < Clibllamo ln% for 0<2r<rm,
where C is independent of b, r and 7.
Let Lo »(IR+) be the weighted Ls-space with the norm

9llL..,(r,) = €8s sup v(r)g(r).

r>0

We represent
A= {qo €M (R, 1) : lim p(r) = 0}.
Let u be a continuous and non-negative function on R;. We define the supremal operator S, by
(Sug)(r) = llugllroo), 7€ (0, 0).
The following theorem was proved in [8].
Theorem 2.9. [8] Suppose that v, and vy are non-negative measurable functions such that 0 < |[o1]lr ) < oo for

every r > 0. Let u be a continuous non-negative function on R. Then the operator S, is bounded from L3 (Ry) to
Ly (Ry) on the cone A if and only if

JozSu (I, <=

We will use the following statement on the boundedness of the weighted Hardy operator

H; g(r) :== foo g(t)yw(r)dr, 0<r<oo,

where w is a weight.
The following theorem was proved in [18].

Theorem 2.10. [18] Let v1, v, and w be weights on (0, oo) and v1(r) be bounded outside a neighborhood of the origin.
The inequality

ess sup v2(r)H;,9(r) < Cess sup v1(r)g(r)

r>0 >0

holds for some C > 0 for all non-negative and non-decreasing g on (0, 00) if and only if

B:= supvz(r)f M < 00

0 ess sup v1(s)
T<§<00
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3. Two-weighted inequalities for Riesz potential and its commutators in generalized weighted Morrey
spaces defined on Carleson curves

In this section we prove the two-weighted inequalities for Riesz potential and its commutators in
generalized weighted Morrey spaces defined on Carleson curves with the class of weights F,, ;.

Theorem 3.1. [35] Let 0 <a <1, 1<p< i % - % = a and (w1, wz) € Fyg(T). Then the operator I¢ is bounded
from Ly, ., () to Ly ., (D).
From the inequality M f(t) < 0} (I)|fI(t), we get the following corollary.

Corollary 3.2. Let0<a<1,1<p< i
Ly, () to Ly o, (D).

% - % = aand (w1, w2) € Fp4(T). Then the operator M is bounded from

Theorem 3.3. Let0<a<1,1<p< %,%—%
that for an arbitrary f € Ly, (T) the inequality

= aand (w1, wz) € Fy4(T). Then there exists a constant C > 0 such

1 m 1 ”f”L o CtD) dT
I flle, ., cery < Cr llwallr, o, f T e — 1
) 2llsran | loallyramy < 1)
is hold.
Proof. We represent f as
f@) = fWxrean(y) and fo(y) = f(Y)xere2n(y) 2)
and have
Lfy) =AW + I A)
By Theorem 3.1, we obtain
”1%f 1| Ly, (T(E7)) =C ”f 1| Ly, TR — c ”f | Lpy @T(420) °
Then
”Ilc“yf 1”qu“,2(1"(t,r)) =C ”f “L,,,,A,1 (T(t2r) )
where the constant C independent of f. With the help of (3) inequality we get
. Al . weo) dr
It < Crv||as| f T 4
|| rfll Lq,mz(l’(t,r)) 2Lg (' (t,r)) . ”a)Z”qu(F(t,’r)) T ( )

When |t —z| < rand (z—y| > 2r we have 1 |z—y| < |t—y| < %|z—y,and therefore

I fa(2)| < f = o )| dvin) < C f = o |Fw)| dviy).

°T(t,2r) T(t,2r)

Then we obtain

(o8]

f =y [fw)lavy = C f fw)| f 247 | dv(y)

I'(t,2r) T(t,2r) t—yl

a-1 |
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(o)

= C f 7972 f lf)| dv(y) |de
2r yeF:ZrSIt—y|ST}

S I N

= Ly, (o) 191 L, (e )
r

< C f T ”f ”Lp/a,l(r(t,f)) ”wl_luLp/k(l"(t,T)) dt
r

< ng’[a -2+ ,k, —aty q+p,k+ ” ||LV“1(r(tT))dT

J lw2llr, .t o))

Cfoo & 1L, @0ty dt
.

w2l T

Therefore we obtain

a * 1 Wfll,,, @) de
||Illzf2”Lq,m2(r(t,,)) < Cr¥ [lwallL ) fr‘ T

Hence we get which together with (4) and (5) yields (1). O

w2l ) T

Theorem3.4. Let0<a<1,1<p<i,
the condition

e , essin infriv Pr(Mlenllwen g,
o — < Ca(r). (©)
, llwozllz o

% }7 = a and (w1, w2) € F,4(T) and the functions @1(r) and @o(r) fulfill

Then the operator I¢ is bounded from M;,"" () to ML ().
Proof. Let f € M.,”". From the definition of the norm of generalized weighted Morrey space we write

1

||I?f ”Mﬁ;fz(r(t,r)) - ”I?f ”Lm @ ?

sup —-
teLr>0 1 o (1) llw2llL (et ry)

We estimate ||11€“ f “ L in (7) by means of Theorem 3.3 and Theorem 2.10. Taking

q,09 (T'(t,r)
1

vi(r) = m, vo(r) = ﬁ, g(r) = ||f||pr1 ), W(t) =7 a ||a)2||L () with inequality (6) we obtain
P 1()llw: L

1
% L n) f -, If1ls,., o) de
w2

IEf)| e < Csup
” ”M " () tel,r>0 (Pz(r)rﬂk “a)Z”qu(Ftr)) lwallL im0y T
~ Csup f‘ . ”f”LMl(l”(tI)) dr
feT, r>0 @2(1) “wZ”qu(rtT)) T
< Csup 171, e

1
teLr>0 1 1 (r) ||w1||L,,k(r(t,r )

= C ”fHMff;j’l "
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It is well-known that the commutator is an important integral operator and it plays a key role in harmonic

analysis. In this section we consider commutators of the Riesz potential. Let f € Lll"“(I’) and b € BMO(T).
Then commutators of the Riesz potential [b, I] are defined by the following equality

[b, IF]f(t) = f(b(t) = b))t — 7| f(D)dv(r), O<a<l.
r
Similarly, given a measurable function b the operator |b, I{| is defined by
b, I f(t) = flb(t) = bt — *f(D)ldv(r), O0<a<l.
r

The maximal commutator M, is defined by

My r(f)(t) := sup (VI'(t, 7)™ f Ib(£) — b(D)Ilf (D)ldv(7)
r>0 r

forallteT.

Theorem 3.5. [2] Let b € BMO(I'). Suppose that Y is a Banach space of measurable functions defined by on I
Assume that M is bounded on Y. Then the operator My is bounded on Y, and the inequality

IMyrflly < clibllgapo Il flly
holds with constant ¢ independent of f.
Corollary 3.6. Let 1 <p < oo, b € BMO(T) and w € Fy(I'). Then the operator My is bounded in Ly ,(I').

Lemma 3.7. [13] Let 1 < s < oo and b € BMO('). Then

ME(Ib, I3I£(1)) < Clibllamo [(Mrlliff(t)ls)‘: + (M%“If(t)ls)g],
where C > 0 is independent of f and t.

The following statement holds (see [38]):

Proposition 3.8. [38] Let 1 < p < co. Then for all f € L, (T) and g € L, (T) there holds

[ s < c| [ misomsstians

with the constant C > 0 independent on f.

Lemma 3.9. Let 1 <p < ocoand w € F,(I'). Then
AL, < CIMEflL,,,

with the constant C > 0 independent on f.

Proof. From the following equivalence, we get

Ifall, ~ sup fr FOId ).

lgl,, <1
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According to Proposition 3.8,

lfole, <C sup fr Mﬁf(y)Mﬂgw)(y)dv(y)\.

<
gl <1

By the Holder inequality and Theorem 1.2, we derive

Ifali, < € sup lloMfl, o™ Mr(ga)],
lgl,, <1
< C sup ||cuM§flle ||9HL
g, <1 '
< CloMfll,-

O

Theorem 3.10. Let0<a<1,1<p<1i, % - % = a, b € BMO(T) and (w1, w2) € Fy (), w1 € Fp(T), wa € Fy(T).
Then the operator |b, It| is bounded from Ly, ,, (T') to Ly ., (D).

Proof. Let f € L, ,,(I') and b € BMO(I'). From Lemma 3.9 we obtain

From Lemma 3.7 we have

b, I?If”qumz(l”) =C ||M1#ﬁ (|b, Ig'f)”Lq,mz @

1 1
[t o),y = Ol e B )+ ()]
o o5\ H as | £\
< C“b“BMO( (Mr |Irf‘ ) LD + (Mr ’f|) sz(r)]'
From Corollary 1.3 and Theorem 3.1, we get
1 1
Joaelty],sclamay], . <chsl o=l o
9.0, (1) 9.0 : !
From Corollary 3.2, we obtain
s\t s\t

oy sely], =l o
Therefore we get

e 21£ll,, ) < Clellvio I£],
Thus the theorem has been proved. [
Theorem 3.11. Let0<a<1,1<p<1i, % - % = a, b € BMO(T) and (w1, w2) € Fyg(T), w1 € Fp(T), wa € Fy(I).

Then

Ly, T(¢1) dT

= f
T)’”_ , ®)
w2l roy) T

1 _1
b, I fllr, ., ey < Cr¥ IBllpato Nl r) fT w (1 +1n

r

r

where C does not depend on f and t.
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Proof. We represent f as (2) and have
Ib, Il £ (x) < 1b, It | f1(x) + Ib, I ] f(x)-

By Theorem 3.10 we obtain

b, Il fille,, @0ty < ClIbllsao fille,,., @) = Clbllsao Ifllk, ., 20,

where C is independent of f. Then we get

T) 1, ) dr

1 <1
b, Il fille,, ey < Cr ||a)2||qu(l”(t,r))f (i (1 +1In -
.

) lwallyaeo T

When |t - z| < rand (z - y| > 2r we have 1 |z - y| < |t - ]/| <3 |z - y| and therefore we get
biie < [ o -selk- " wl s
cI'(t,2r)

s C f b = b= | [f] )

T’ (t,2r)

Then we obtain

f lb(y) - b@)| [t =y | )| dvw)

eT(t.2r)

- C f g2 f Ib(y) - b@)| || dv(n) | de
2r yeT2r<|t—y|<t}

e f g2 f 16(9) — bren| [F@)] dvi) | de
2r yel2r<|t—y|<t}

+C|b(z) = brep| | 72 [f)|dv(y) |dz
[« J

yeF:ZrSlt—ylST}
= Ji+h.

To estimate [; :

i = CfT“‘Z f |b(y) = bros||f(w)| dv(y) |dT
2r {yer:2r<|t-y|<t}

< C f 772 f |b(y) = breo| | f(v)| dv(y) |dr
2r yer2r<|t—y|<t}

(e8]

o [y -trol| [ fwlav far

2r yel2r<|t—y|<r}

2326
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(o)

C [0 =trunll, o Il

r

o)

+Cf 2 |bres — breo| |1

r

dt

,,ul(r(tf))” 11”L (T(t,7))

[

Clibllsmo f 2|f ”L,,,wl(r(m)) ||‘”1_1)‘Lp,(r(t,1)) dv

r

o)

+C [1Bllpo f “2n = —[I7,

r

drt

Ly, (T(t,7)) ” 11||L (T'(t,7)

[

C”b“BMOf (1+1n )”fHLP[,l(FtT)) H Il“L (F(tf))d

r

[

Clibllsmo f O (1+ln )Hfl

r

dt

Ly, (T(t,7) ” Wy 1||L 'k (C(t,7))

[ a— 2+ —a+f—7+ + ||f|
Cllllavo [ =277 (1410 )

r

Lp,w, (C(t7))
llewallr e,

[ee]

f
C”b”BMOfT_’;k/ (1 +1n %)””L”ﬂdj

J w2l o) T

Then we obtain

Also

|b(z) - bre|

Ly, T(t1) dT

1
L <Clpl fT (1+m% )—
I BMO lwallr ey T

r

b(z) — (Tt ) f b(y)dv(y)

T(t,r)

= |b) + 0Tt ) f (b(2) - b(w)) dv(y) - f bE)v(y)

(t,r) T'(t,r)
- o1 [ 0@ - b))
T'(t,r)
< suop(vl"(t,r))_1 f |b(z)—b(y))dv(y)=Mer(t,r)(Z)~
i T(t,r)

Then we obtain

|bz) = bre. | < sup I, )™ f |b@) - b(y)| dv(y) = Myxren (@)

T(t,r)

2327

(10)

(11)
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To estimate |, : (from (11) and Hoélder inequality)

J2

Clo@) - brep| | 2 |f(y)|dv(y) |dr
J=o

yel":27<|t—y|<’r}

< Clb(z) - bre| f PN, e Nt e 47

< ClbG) - bres| f o I Loy (C(£7)) ”“)1_1HLpfk<F<tﬂ)> at
< Clbta) - bmrlf a2+ r—atl-Le s ”ﬂhﬂﬁﬁ
< Clpr) - br(tr)|fT v 1+ln )M%d:

CMbXF(tr)(Z)fT 4 1+1n )
||w2||qu<r(m)) T

Then we obtain

”f”LMl(l"(t ) dT

J» = CMyxrin(2) f T 1+1n ) (12)

lwalle e T°

Therefore, we get

[

b, If1f2 < C”b”BMOf @ (1+1n )

r

” ||Lpa,1(l"(t"£)d’f

w2l o) T

“ ||L wq (L(t, dT
+CMypXT(tr) Z)f’[ w 1+h’1 )M .
”wzHqu(F(tT)) T

Then by (10), (12) and Theorem 3.5 we have

b, It folle,,.,, a0y < Whlley,, @eny + 12, @)

. - (1] -
”lb/I?le”Lq/mZ(l”(t,r)) < Cr# “b”BMO”wzHqu(r(f,V))f (1+ n-— )p—1
Nlw2llL vty T
r
r L “f”L o T dT
+ClIMy Xt @l e f e (1 it )—
w2l v,y T
J
< Hf ”Lp“1 (T(t,7) dr

L 1
Cr# 1|bllamo ||w2||qu(F(t,r)) f (1 *ing )

J lwallr ey T
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Hence

N o N V]
b, IF1 f2llL,.., @0ty < Cro¥ 1bllsago lawzllr e m) fT ® (1 +1In —) e (13)
) w2l e T
r

which togehter with (9) and (13) yields (8). O

Now, we prove the boundedness of commutators of the Riesz potential operator |b, I¥| from the gen-
eralized weighted Morrey spaces M}, (T') to the generalized weighted Morrey spaces M{*(I') . We find
conditions on the functions ¢1(r) and @ (r) for the boundedness of |b, If| from MZ,’?“ (T) to MZ;Z)Z D).
Theorem 3.12. LetO<a<1,1<p<i 11 =4y be BMOT), (01, w2) € Fy (), w1 € Fp(T), wa € Fy(T) and

a’p q

the functions @1(r) and @o(r) fulfill the condition

1
- ess inf 1% @1 ()|l llL, )
f s (1 +In E) T<r<oo " d?T < Cqo(n). (14)
r

lewallL . re o))
Then the operator |b, I8| is bounded from M}’ (T) to MET*(T).

Proof. Let f € MI;”". From the definition of the norm of generalized weighted Morrey space we write

1

b, It

su

b, 1| . (15)
- Al )
ter>0 14 Qo (r) llw2llL e ) "

| ” MLCEn) ~

We estimate | b, I f “ Lo ) in (15) by means of Theorem 3.11 and Theorem 2.10. Taking
q,w7 1

-L _ . . .
vi(r) = ————,v2(r) = 55, 90) = e, ey W@ = (1+InF) T T lwall! o, with inequality (14)

1
pr’
7 g1l

and we obtain

1 (o]
% |lwallL,, (e r) 1 T Hf”L oy (7)) AT
Clbllsmo sup — i hfr (1+ln—)ﬁ—T%L—————

(<50 13 (1) lewalle vt T2l

1 * e, e d
= Cllbllawo sup f (141 %)s 3 WAl ey de
r
1

b, Irlf ”MZ;Z’HF)

terr>0 P2(7) llwalle . rt,0y T

IN

Cllbllavo sup —- 1Al e
teLr>0 1 @1 (1) Nl [l vt )

= ClIbllsmo “fHMff;fl O
0
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