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Existence and blow up of solutions for a m-biharmonic viscoelastic
equation with variable exponents

Giilistan Butakin®*, Erhan Pigkin®

*Dicle University, Institute of Natural and Applied Sciences, Diyarbakir, Turkey
bDicle University, Department of Mathematics, Diyarbakir, Turkey

Abstract. In this study investigate the m-biharmonic viscoelastic equation with variable exponents. Firstly

we demonstrate the blow up of solutions for positive initial energy. Later we prove that nonnegative
solutions of finite time blow up under negative initial energy.

1. Introduction

We deal with the following m-biharmonic viscoelastic equation with variable exponents

t
zr 4+ Nz — fk(t —5) A2z (x,s)ds = |22z, xeQ, t>0,

0 1
z(x,t):%(x,t):o, x€d,t>0,
Z(x,0)=zo(x), XGQ,

here A2z = A (|AZ|'"_2 Az) , m > 2 is a constant, Q is a bounded domain with smooth boundary JQ in R",
(n = 1), and the initial value zj € Wg’p 0 (

Q), the exponent p (-) is given measurable function and k : R* — R*
is a bounded C! function.

Butakin and Piskin [4] study the subsequent m(x)-biharmonic parabolic equation, with variable exponent
zi— Az + A%z + Afn(x)z = |zP®2 2,
They proved the global existence and blow up of solutions with negative initial energy.
Butakin and Piskin [5] discuss a viscoelastic m(x)-biharmonic equation with logarithmic source term

¢
zi + N’z + Ai(x)z - f gt—s) A%zds = 2P zIn 2]
0
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They proved the local existence of solutions by using the Faedo-Galerkin method. Later, we proved the
blow up of solutions by using the concavity method.
Messaoudi [13] investigated the semilinear parabolic equation

t

- Az + fg(t —5)Az(x,s)ds = |z]P 2 z. ()
0

The author has demonstrated that the solutions to (2) blow up in finite time when the initial energy E (0) < 0.
Later, Messaoudi [14] also proved that the solutions to (2) blow up in finite time when the initial energy is
positive. Tian [25] obtain the lower bound for the problem (2).

Wu et. al. [26] studied the subsequent semilinear equations with p-Laplacian viscoelastic term

zi— Az + fg (t=5)Apz(x,5)ds = 2|72 7, 3)

They proved that the weak solutions of the above problems blow up in finite time.

Problem (1) emerges from various mathematical models in engineering and the physical sciences. Over
the recent decades, significant focus has been directed towards the examination of equations featuring
viscoelastic components, leading to numerous findings concerning the existence, uniqueness, and properties
of both weak and classical solutions. For further exploration, we direct interested readers to [1-7, 9, 15—
21, 23, 24].

Inspired by the preceding research, we show that solutions to problem (1) blow up when given any
positive initial energy and sufficiently large initial values, assuming p (-) > 2 and n > 1. Also, we establish
that nonnegative solutions of problem (1) finite time blow up under negative initial energy.

This work is organized as follows: In part 2, we will demonstrate the local existence of solutions. In
part 3, we will establish that solutions finite time blow up.

2. Existence

In this part, we will prove the local existence of solutions.

Definition 2.1. A function z (x, t) is considered a weak solution to problem (1) if it belongs to L™ (O, T; H2 (Q)) n
L™ (0, T, Wo" (Q)) and if z; € L (0, T;L? (Q)) subject to the given equality.

fztedx+fAzA9dx—ffk(t—s) |Az (s)[" 2 Az (s) AOdsdx
flzl”() 2 20dx,

applies to all 6 € W (Q).

Lemma 2.2. Suppose that z (t) is a weak solution to problem (1), we introduce the energy functional ] (t) as follows:

t
1—fk(s)ds l|Az|?

f —|z|P<x dr+ 3 (ko A2) (1), @)

J@® =

N~
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here

t

(ko Az)(t) = f k(t—5) Az () = 1Az ()" 2. Az (5)][ ds.
0

Thus ] (t) is a non-increasing function with respect to t.

Proof. Differentiating equation (4) and utilizing the initial equation of (1), it follows that

t

d
_j;lit) = - f (zt)zdx+% f K (t ) || Az () — 182" Az (s)|[ ds
Q 0
1
—5k @) 1Az}
<

< —J}afwso.
Q

By integrating the above identity over the interval (0, t), we derive

T =70 <= | llze (@)l dr.
/

Therefore, the proof is concluded. [
We assume the exponent p(x) and the relaxation function k, to be such that
1<p =essinfp(x) <p(x) <p" =esssupp(x) < o,
xeQ o)
VzeQ,eeQ,lz—¢| <1, |p(z) —p(e)( <w(z—¢),

here

lim a)(’[)ln1 =C < oo.
7—0* T

o 1-2 [k(s)ds
0

2p~ -4
k(s)>0, k’(s)30,0<fk(s)ds< - k=
0

2 -3 =
F 1- [k()ds
0

Where, we present our main result.

2333

)

Theorem 2.3. Suppose that (6), (7), (8) hold, and letting p* < m < 2% where zy € Wg’m (Q) then problem (1) has a
local weak solution z(x, t) satisfying: z(x,t) € L® ((0, To); H} (Q)) NnL™ (O, To; Wg'm (Q)) and z; € [2 (0, To; L2 (Q))

for To > 0.

Proof. We will utilize the Faedo Galerkin method. Interested readers are referred to [10, 22] for similar proof

of the existence of weak solutions.
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Suppose {w;} 2, forms an orthogonal basis in Wg'm (€©2). We define finite dimensional subspace V, =span{wi, @y, ..., wr}.
Assuming

.
Zor (x) = Z f zowidx |w; — Zg strongly in W(z)"” (Q) asr — +oo.

i=1 Is)

For each r we aim to find r functions ay, ay, a

%, .., @y SO that

r

@)=Y adBwE r=12.,

i=1

solves the given problem

fz,t (x, £) pdx + fAzr x,t) Audx — ffk(t — ) |Az, ()% Az, (s) Audsdx
f Iz, (x, )P~ er (x, 1) udx, ©)
%®=%
for all u € W (Q) and ¢ > 0.

Fori=1,..,r substituting u = w; into equation (9) results in the following Cauchy problem for a linear
ordinary differential equation with unknown a! :

al (t) = T; (t,a; (), a5 (), .., a (1)),
ar (0) = f Zow;dx, (10)
Q

here
p)-2

Z &, () w; (x) w; (x) dx

i=1

r

[ILatwm

o =1

- f Zr“a; (1) Aw; (x) Aw; (x) dx
o =1
+Qf0fk(t—5)

According to Peano’s Theorem, for every i, the aforementioned Cauchy problem yields a unique local
solution a] € C*[0, T].
Now, substituting p = w; into the second equation in (9) and then multiplying it by 4! (t), and summing
over s from 1 to r, we derive
1d
2dt

m-2

Z @ () Aw; (x) Aw; (x) dxds,

i=1

Y a0 M)
i=1

llz (Dll5 + 1Az, (B)II3
t
- f f k(t = s)|Azy ()" 2 Az, (s) Az, (f) dxds
Q 0

fmwmw, (11)
Q
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with

t

- f f k(t = s)|Azy (3)[" 2 Az, (s) Az, (f) dxds
Q 0

t

- f f k(t = s)||Az, (5)/" 72 Az, ()| |Az, (1)) dxds
Q

0

v

t
x5 [ f1az 01- [z 8 az, 0] iaz Glaxs
0 Q

t

— | k(t=s9) | Az (D)]|]|Az, ()| dxds
Jro]

0
t

f k(= 9)[|Az () - 18z, (91" Az, ()] ds

0

\%

t

- fk(t —5) ||Az, (|3 ds

0
t

) f k(t = 5)[[Az, (1) — 1Az, ()" 2 Az 5)] ds
0
t

. f k() 1Az, (DI ds,

0
through a direct calculation, this implies that

t

%% llz, (B)I13 + [1 - fk(s) dSJ 1Az, (D13
0

t

N f k(-9 ||z () - 1Az, (9" Az, ()] ds
0

< [l o8 dx < max iz O, Iz 01, ).

p(x)
Q

Thus, we calculation the last term in the right-hand side max {IIZ, (t)||£ ;x) Lz (t)lli zx)} .

Later, from equation (12), utilizing interpolation and Young’s inequality, we derive

IN

max Iz, B)IF -, Nz (DIF, Fymax{llz, I, , llz Ol
p(x) p(x)

IA

op” (=)
. max { Collaz O e, Ol ™
CellAz, Ol Nzr (Ol

2335

(12)
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2(1-¢)p~
< CoF max) E1AZ O +C @l (t)||22;q:;+ :
ellAz, B + C (&) llzr (I,
= CcFiellAz (1)l (13)
+CaF1C () max {liz, (DI, Iz, (D113},
here ¢ = (% - %)(% -1+ %)_1 = "('g_z). B1 = (;:gr)f >1,p = % > 1. Where we select p* <m < -2L.
By combining equations (12) and (13), we obtain
t
> ey OB + [1 - [ ko ds] 1Az (@R
0
t
+ f k(t =) || Az () = 1Az, (5)" 2 Az, ()2 ds
0
< CcFie||Az, (1) + CaF1C (e) max {llz: (DI Iz (1)1} (14)

Due to the integral inequality of Gronwall-Bellman-Bihari type, there exists a positive constant T (indepen-
dent of r) so that

llz- ()13 < Cr, (15)

here

2(1-p1 ﬁ
2 - g+l ]
Cr = max

[z (1= B2) CaF1C (&) T + lzoml )]7

Now, substituting p = w; into the second equation in (9) and multiplying it by [a; (t)]’, then summing over
s from 1 to m, we get

1d
lzrt (DI + 5 = 1Az, (O
[ t
d|1l e 2
e Efk(t—s)“Az,(t)—IAzr(sM 2Az,(s)||2als‘
L 0
t

f K(s) 1Az, (I ds

0

4

1
dt |2

t
= f K (t = 5) Az () - 1Az, " Az, (5)] ds
0

+%k (0 Az, ()13

d 1
— p(x)
= = fp & Iz, (DY dx

Q

% (pi max {nzr G e (t)n;;x)}) . (16)

IN
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By integrating equation (16) over the interval [0, ], we derive

t

t
[t ot dt+[% -3/ k(s)danAzy 012
0

0
t

. f K(t=9) ||z () - 1Az, ("2 Az, () ds
0

t
+5 [ kOIz 0

0

1 _ +
F max {HZV (t)”Z(x) s ”Zl’ (t)”p }

IA

p(x)

t

1 1 , 1 . p*

+ [E - E fk (S) ds] ”AZO?‘ (t)HZ - F max {”ZOT’ (t)||p(,() s ”ZOI’ (t)”p(x)
0

By combining equations (13) and (17), we obtain

t

t
1 1 1
f“zrt Oli3 dt + [E -5 fk(s) ds — ]FCGFlé?] Az, (£)l3
0 0

t

+3 f k(- 9)||Az, () - 1Az, 91" Az, 9| ds

0
t

+3 [ kOlaz O

0

1 P v
< - max {||zOr Ol - Iz0r <f)“p<x>} =cr

From equation (18), Holder’s inequality, and Young’s inequality, we get
t

; f k(=) Az ()~ 1Az, 6" Az ()] s

0
t

% f Kt - 9)|Az, (1) = 1Az, ()" % Az, (5)| dxds

v

t (1-1) [1Az ()P dx
3 [Ke-9 o
2 +(1—¢) [|IAze (5)/" 72 Az, (s)| dx
Q

v

\%

1 . 2
Efk(t—s)”lAz,(s)l 2 Az, (s)||, ds

0
t

_%(%_1) f k(s)dsllAz, ()R,

0

——

2337

(17)

(18)
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here 0 < € < 1. From aforementioned inequality and equation (18), we conclude that

t

f k(t = s)||Az (1) = 1Az, ()72 Az, (s)||§ ds < cr.
0

Utilizing Holder inequality, Young inequality and above inequality, we get

t
f 1Az, (I ds
0

m=2

¢ 2"’!”*2 2m=2
< f f (1Az, (5)[™) dx‘ [ f 1de ds
0 Q Q
t
m m-2 2
f2m_2k(t‘5)”|AZr(S)| Az (),
0
m — 2 —__m_
s k(=) 7 Qlds
t
m m—2 2
< Zm_sz(t—s)HlAzr(s)l Az, (5)|, ds
0
t
m _m
+s 10l [ e as
0
m

e+ Ik (D] T,
It follows from equations (18) and (19) that
z, — zweaklystarin L™ ([O, T] ;H(z) (Q))
zn — zyweakly in 12 ([O, T];L? (Q))
z, — zweaklyinL? ([O, T]; Wg’r (Q))

Az, ()" ? Az, (s) — x weakly in L2 ([0, T]; L*(Q2)).

2338

(19)

(20)

Subsequently, using the method of Browder and Minty in the theory of monotone operators, we derive

X = |Az|"2 Az. By equation (20) and Aubin-Lions-Simon lemma, we get
z, — z weakly star in C ([O, T];L? (Q)) .

Thus, z, (x, 0) makes sense and z, (x,0) — z (x, 0) = zg in L? (QQ), that means z = z.

(21)

As r — +oo taking the limit in equation (9), using equations (20) and (21), we can demonstrate that z (¢)

satisfies the initial condition with z (0) = zy and

f z¢ (x, t) udx + f Az (x,t) Apdx

Q Q

t
+ k(t - ) |Az, ()" 2 Az, (s) Audsdx
I
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= f Iz (¢, OPY 72 2 (x, 1) pdx,
O

forevery y € Wé'm (Q) and for almost every t € [0, T]. This concludes the proof of the theorem. [

3. Blow up
In this part, we will establish the occurrence of finite time blow up in solutions.

Lemma 3.1. [11, 12] (Concavity methods) Assuming p > 0, suppose ¢ (t) > 0 is weakly twice-differentiable on
(0, 00) with ¢ (0) > 0, Y’ (0) > 0 and

Y OPH -1+ H) 20,
for every t € (0, 00) . Thus there exists a T > 0 so that

fip )= o

and

L YO
gy (0)
Theorem 3.2. Suppose that z(x, t) be a weak solution of problem (1) in a bounded domain Q) C IR" (n > 5). Later for

every 2k <p~ <pt <m < 1127”4 and [ (zg) > 0, zg € Wg’m (Q) the solution z (x, t) blows up in finite time assuming
that

T

2ol > max {cm% (20), CaJ (zo)},

here

2 2-p~ 2 2-p*

(%) [oam) o iw) [Fal
p-2%) -] T \p-2%) [pri

Proof. To establish the finite time blow up of the solution under the theorem condition, we assume the
contrary, that the solution z(x,t) is global. By multiplying the first equation of problem (1) by z and
integrating over (), we derive

1 d 2 _ _ 2
T, zdx = flAzI dx
0 0
t
+fAz (t)fk(t—s) IAZ ()" 7% Az (s) dsdx
0 0
+ f |z/P™ dx. (22)
o)

In the subsequent discussion, we will address two cases:
Case 1: E(t) > 0, for every f > 0. From equation (5), this implies | (z9) > J (t) > 0. By combining the first
equation of problems (1) and (4), applying the Schwartz inequality, we obtain
1d »
EE zedx = f Zthx
Q
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f 2P dx — f |Az[* dx
Q Q

t
- f k(t-s) f |Az (£) - [Az ("2 Az (s)|” dxds
Q

0
t

+ka(t—s)f|Az(t)|2dxds
Q

0

t t
1-32 [k(s)ds 1-2 [k(s)ds
> 0 2 _ 0 3 p(x)
> p J()+|1 . — |z|P* dx
1—fk(s)ds 1- fk (s)ds Q
0 0
Zg p(x)
> 2(B-1)g] () —2Bg] () + 1—p— |zl dx.

We select  complying with

p—k

T<P<250¢

here

p2 pr-2
1 p- -2 ]p‘ 1 |p‘—2]f’+ ot
C3 = min _— Z ,— z .
; { [(p @] | el

By combining the fact that J(t) > 0 with the formula (23), it follows that

N~

dif Zdx > —2[3g](0)+2g‘8f||27(1 II5 dt
Q

2] e

Utilizing Holder’s inequality and Young’s inequality results in

f|z|p(x)dx2f%(x)zzdx—fp(x;_zn”‘p’g)zdx,
o

Q Q

2340

(23)

(24)

(25)

(26)

27)

where 7 is a positive constant to be determined in (38). Substituting equation (27) into equation (26), we

obtain

d _
pT 2dx > 4gB f IIZTII§ dt —4gBJ (0) + (p~ —29)n ||z||§
Q 0

P 14

max{nﬁ,m*-z}.

(=29 (" -2)1Q
p=

(28)
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It is clear

t
49p f llz. (7|5 d7 > 0.
0

By solving nonhomogeneous ordinary differential equation, we can acquire

fzzdx > ||20||§e(”__25)’7t

Q
+ [‘WI 0+ P %) ;i_?* -2l {n* n}]
_ ol -29)t
n(p~-29)

2341

(29)

t
Let L(f) = f [+ (T)H% dt. Given our assumption that the solution z(x, t) is global, later L (f) is a bounded
0

function for every ¢ > 0.
’ 2 ” d 2
L'(t)= | z%dx, L (t):a z°dx.
0 Q

By substituting equation (29) into equation (28), we conclude that

t
L@ > 4gp f 2. (DR de
0

vogn| =200 Izoll2 — 4987 (0)
e ——(pi_zg);f] " ax {mfi-z, mﬂ*—Z} :
We can select ¢ to be sufficiently small so that

. < (p~ —29)Cs —29B] (0)
981120113

here C; is defined in equation (25).
We establish the auxiliary function ¢ as follows:

0<

$B) =L () + e llzol L (H) + C,
here C is large enough to satisfy C > ie‘z |IZOI|§ . Assume that § = 4C — ¢ ||zo||§ ,500 > 0. Thus
@' (t)
@" (t)
Utilizing identify (33), we can derive
[0/ O] = [2L®+e =] I OF
[40 (1) - (4C — &2 llzoll3)] [L” (DT
(49 () - o) 1)),

LML B+ llzolF L (B = (2L (1) + e lzol}) L' (®),
(2L (6 + e lzolB) L7 (¢) + 2L ().

(30)

(31)

(32)
(33)

(34)
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with

20" o) = 2[(2LM+ e IzolB) L7 (B + 2L O] o )

= 2(2L() + 7 ol B) L () (1) + &1L (OF § (1)

Observing that

1d [,

—— | z7dx = | z(f)z () dx,

d
e

by integrating the aforementioned equality from 0 to f, we obtain

t
2B - Izl = 2 f f 2 (0) 22 (2) dudr,
0 Q

this implies

¢ 2
L' OF = [z()]; = [||z0||§ +2 2 (1) z¢ (1) dxdT] )
I

By utilizing Holder’s and Young’s inequalities, we can derive that

£ i 1 2
{|zollé+2lf[fzz(r)dx] [f(zT (r))zde dT”
0 Q Q

lzollt + 4L () f 2. (DI de + 2¢ Il 2L (1)

[L ()]

IA

0
t
-1 2 2
£267 |zl f 2. (DI de.
0

From (34) and (35), we have

2
20" () (B - (1+a)[¢ (1)]

= 2(2L() + &7 |lzolB)L” () () — 4adp (B [L (O + 5 (1 + a) [L' ()]

From (30) and (36), we derive

20" O (t) - 1+ a)[¢/ O]

2(2L(t) + e Hlzoll3) L (8 ¢ (1) — dagp (D [L' () + 5 (1 + ) [ (O]
2(2L () + &V llzolB) L (£)  (B) - 4agp (1) [L' (O]

\%

v

t
26 () (2L () + e Iz0l}) {4gﬁ f el d + e"@‘-zﬁf} B (1)
0

2342

(35)

(36)
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t
zoll3 + 4L (8) [ llzel3 d + 2¢ Izl L (1)
0

—dag (1) ; , (37)
426z} [ lzel3 de
0

here

B(n) = (v~ —29)nllzol - 498/ (0)

- _ + - +
_r =29 (" ~2) 10 max{n#/n;j}.
p
Thus
, - 2 (P =29)(p" -2)1Q p. o= pt

B (TI) = (P _zg)HZOHZ_ p- max p—_znp 'p+_277” :

Utilizing solving the equation B’ (1) = 0, we may find the maximum point
= v
_ p- -2 : =2 _ P pt-2

Nmax1 = [—(p+ =2 IQI] llzoll, ™ OF Nmax2 = [—p+ |Q|] llzoll, ~-

It is evident that
i o2
_2¢ =29 =2 |

B (nmax l) - P_ ,(P+ — 2) |Q| ||ZO||2 - 49,8] (O) s

with
20 -29) [ e
229 P |° p_
B (Nmax2) = | |Q|} llzoll, —44BJ(0).

By considering the value of g in (24), we get min {B (lmax1) , B (1max2)} > 0. We select 11 in (27) satisfying
B (1) = min {B (Nmax1) , B (Nmax2)} - (38)

Taking into consideration the value ¢, we have

B (1) > 2¢gB lIzoll5 -

Given the facts that ¢ > 0 and e"("=29)t > 1, we can obtain using (37)

2
20" O (1) - 1+ a)[¢f ()]

t
26 () (2L (1) + &7 [Izol13) {4gﬁ f llz<Il3 d7 + 2¢gp ||zO||§}
0

>
t
lIzoll3 + 4L (8) [ llz< (D)ll5 d7
—dag (t) 0 ;
2¢ llzoll3 L (t) + 27 |zol3 [ llz< (DI dT

0

t
169L (1) [ llz<I13 d7 + 4B Izoll3 + 8gBL () llzoll3

> ¢(1) 0

t
+8gBe IIzoll; [ 1Izcll3 d
0
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t
4or|lzoll3 + 16aL (t) [ Iz (0I5 d7 + 8ea ||zol3 L ()
—¢ () °
+8c 7 al|zoll3 [ Iz (D)Il3 d7
0
= 0, (39)
here a = gB. Therefore,

0" (090 - (1 + @) (') =0,

given that ¢ (#) > 0 and ¢’ () > 0, we apply Lemma 3 to deduce that ¢ () = +ocast — t* < #% . Due

to the continuity of ¢ with respect to L, it follows that L (¢) tends to infinity at some finite time, which is a
opposition.

Case 2: We assume that there exists ty > 0 so that [ (z(fp)) < 0. We determine v(x, f) = z(x, t + ty), so
J(@(0)) = J(z(to)) < 0. Given that J(t) is decreasing in t, we have

J@ () <] (v(0)) <0. (40)
Let H(t) = f v? (x, t) dx, later we get

Q
t
%%fvz(x,t)dx = fv —sz+fk(t—z)Aiv(x,z)dz+|v|”(")_zv‘dx
Q Q 0
t
1-2 [k(t-2)dz
> —— 2] (1)
1- [k(z)dz
0
t
-3 [k(t-2)dz e
+ flvlp(x)dx— - f ;_ dx
0 1- [k(z)dz ©
0
2
> (1——?) f 0P dx. (41)
p
Q
From (41), accordingly
2(p~ -2
H ) > y f [oP’™ dx. (42)
Q

Using the embedding theorem L™ (Q) < L2 (Q), we deduce that
ol < Callollyey - (43)

Referring to the definition in [8], we can obtain that

: P p* p(x) P p*
min il o I o < f 0P dx < max ol o ol o - (44)
Q
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By inserting equations (43) and (44) into (42), we obtain

200 =29) . [(1Y o (LY
= ming () () ol

Cs min {HL ), H (t)} ) (45)

H' (1)

[\

v

Cy Cy
Using H’ (t) > 0, so that H (t) > H (0). This allows us to conclude that

H(0) H©O)| ’

here C, is a best embedding constant and Cs = Z(Z—jzg) min {(l)p_ ,( 1 )p } .

so that

oy

[H®OIT > HO)F [HO] . (46)

Utilizing (45) and (46), we get

bt

H' () > Csmin {H* ), H©0) =" [H (t)ﬁ} > CH= (1), 47)

here Cs = Cs min {1,H (0)%} . Later, inequality (47) and Gronwall’s inequality lead to

1
H™ (0) - 522Gt

p -2
H7 (t)>

2-p~
2H 7 (0)
(r-2)Co

Therefore, by examining the aforementioned two cases, we can derive that z(x, t) blows up in finite
time. [

The inequality above indicates that H (f) blow up at finite time T* <
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