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Abstract. In this study investigate the m-biharmonic viscoelastic equation with variable exponents. Firstly
we demonstrate the blow up of solutions for positive initial energy. Later we prove that nonnegative
solutions of finite time blow up under negative initial energy.

1. Introduction

We deal with the following m-biharmonic viscoelastic equation with variable exponents
zt + ∆

2z −
t∫

0
k (t − s)∆2

mz (x, s) ds = |z|p(x)−2 z, x ∈ Ω, t > 0,

z (x, t) = ∂z
∂v (x, t) = 0, x ∈ ∂Ω, t ≥ 0,

z (x, 0) = z0 (x) , x ∈ Ω,

(1)

here ∆2
mz = ∆

(
|∆z|m−2 ∆z

)
, m ≥ 2 is a constant, Ω is a bounded domain with smooth boundary ∂Ω in Rn,

(n ≥ 1), and the initial value z0 ∈W2,p(·)
0 (Ω) , the exponent p (·) is given measurable function and k : R+ → R+

is a bounded C1 function.
Butakın and Pişkin [4] study the subsequent m(x)-biharmonic parabolic equation, with variable exponent

zt − ∆z + ∆2z + ∆2
m(x)z = |z|

p(x)−2 z.

They proved the global existence and blow up of solutions with negative initial energy.
Butakın and Pişkin [5] discuss a viscoelastic m(x)-biharmonic equation with logarithmic source term

zt + ∆
2z + ∆2

m(x)z −
∫ t

0
1 (t − s)∆2zds = |z|p−2 z ln |z| .
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ORCID iDs: https://orcid.org/0000-0003-1140-9672 (Gülistan Butakın), https://orcid.org/0000-0001-6587-4479 (Erhan
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They proved the local existence of solutions by using the Faedo-Galerkin method. Later, we proved the
blow up of solutions by using the concavity method.

Messaoudi [13] investigated the semilinear parabolic equation

zt − ∆z +

t∫
0

1 (t − s)∆z (x, s) ds = |z|p−2 z. (2)

The author has demonstrated that the solutions to (2) blow up in finite time when the initial energy E (0) ≤ 0.
Later, Messaoudi [14] also proved that the solutions to (2) blow up in finite time when the initial energy is
positive. Tian [25] obtain the lower bound for the problem (2).

Wu et. al. [26] studied the subsequent semilinear equations with p-Laplacian viscoelastic term

zt − ∆z +

t∫
0

1 (t − s)∆pz (x, s) ds = |z|q(x)−2 z. (3)

They proved that the weak solutions of the above problems blow up in finite time.
Problem (1) emerges from various mathematical models in engineering and the physical sciences. Over

the recent decades, significant focus has been directed towards the examination of equations featuring
viscoelastic components, leading to numerous findings concerning the existence, uniqueness, and properties
of both weak and classical solutions. For further exploration, we direct interested readers to [1–7, 9, 15–
21, 23, 24].

Inspired by the preceding research, we show that solutions to problem (1) blow up when given any
positive initial energy and sufficiently large initial values, assuming p (·) ≥ 2 and n ≥ 1. Also, we establish
that nonnegative solutions of problem (1) finite time blow up under negative initial energy.

This work is organized as follows: In part 2, we will demonstrate the local existence of solutions. In
part 3, we will establish that solutions finite time blow up.

2. Existence

In this part, we will prove the local existence of solutions.

Definition 2.1. A function z (x, t) is considered a weak solution to problem (1) if it belongs to L∞
(
0,T; H2

0 (Ω)
)
∩

Lm
(
0,T; W2,m

0 (Ω)
)

and if zt ∈ L2
(
0,T; L2 (Ω)

)
subject to the given equality.

∫
Ω

ztθdx +
∫
Ω

∆z∆θdx −
∫
Ω

t∫
0

k (t − s) |∆z (s)|m−2 ∆z (s)∆θdsdx

=

∫
Ω

|z|p(·)−2 zθdx,

applies to all θ ∈W2,m
0 (Ω) .

Lemma 2.2. Suppose that z (t) is a weak solution to problem (1), we introduce the energy functional J (t) as follows:

J (t) =
1
2

1 −

t∫
0

k (s) ds

 ∥∆z∥2

−

∫
Ω

1
p (x)

|z|p(x) dx +
1
2

(k ◦ ∆z) (t) , (4)
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here

(k ◦ ∆z) (t) =

t∫
0

k (t − s)
∥∥∥∆z (t) − |∆z (s)|m−2 .∆z (s)

∥∥∥2

2
ds.

Thus J (t) is a non-increasing function with respect to t.

Proof. Differentiating equation (4) and utilizing the initial equation of (1), it follows that

dJ (t)
dt

= −

∫
Ω

(zt)
2 dx +

1
2

t∫
0

k′ (t − s)
∥∥∥∆z (t) − |∆z|m−2 .∆z (s)

∥∥∥2

2
ds

−
1
2

k (t) ∥∆z∥22

≤ −

∫
Ω

(zt)
2 dx ≤ 0.

By integrating the above identity over the interval (0, t), we derive

J (t) − J (0) ≤ −

t∫
0

∥zτ (τ)∥22 dτ. (5)

Therefore, the proof is concluded.

We assume the exponent p(x) and the relaxation function k, to be such that

1 < p− = ess inf
x∈Ω

p (x) ≤ p (x) ≤ p+ = ess sup
x∈Ω

p (x) < ∞ , (6)

∀z ∈ Ω, ϵ ∈ Ω, |z − ϵ| < 1,
∣∣∣p (z) − p (ϵ)

∣∣∣ ≤ ω (|z − ϵ|) , (7)

here

lim
τ→0+

ω (τ) ln
1
τ
= C < ∞.

k (s) ≥ 0, k′ (s) ≤ 0, 0 <

∞∫
0

k (s) ds <
2p− − 4
2p− − 3

, k =

1 − 3
4

∞∫
0

k (s) ds

1 −
∞∫
0

k (s) ds
. (8)

Where, we present our main result.

Theorem 2.3. Suppose that (6), (7), (8) hold, and letting p+ ≤ m < 2n
n−4 , where z0 ∈W2,m

0 (Ω) then problem (1) has a
local weak solution z(x, t) satisfying: z(x, t) ∈ L∞

(
(0,T0) ; H2

0 (Ω)
)
∩ Lm

(
0,T0; W2,m

0 (Ω)
)

and zt ∈ L2
(
0,T0; L2 (Ω)

)
for T0 > 0.

Proof. We will utilize the Faedo Galerkin method. Interested readers are referred to [10, 22] for similar proof
of the existence of weak solutions.
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Suppose {ωi}
∞

i=1 forms an orthogonal basis in W2,m
0 (Ω). We define finite dimensional subspace Vr =span{ω1, ω2, ..., ωr}.

Assuming

z0r (x) =
r∑

i=1


∫
Ω

z0ωidx

ωi → z̃0 strongly in W2,m
0 (Ω) as r→ +∞.

For each r we aim to find r functions ar
1, a

r
2, a

r
3, ..., a

r
r so that

zr (x.t) =
r∑

i=1

ar
i (t)ωi (x) r = 1, 2, ...,

solves the given problem
∫
Ω

zrt (x, t)µdx +
∫
Ω

∆zr (x, t)∆µdx −
∫
Ω

t∫
0

k (t − s) |∆zr (s)|m−2 ∆zr (s)∆µdsdx

=
∫
Ω

|zr (x, t)|p(x)−2 zr (x, t)µdx,

zr (0) = zr
0,

(9)

for all µ ∈W2,m
0 (Ω) and t ≥ 0.

For i = 1, ..., r substituting µ = ωi into equation (9) results in the following Cauchy problem for a linear
ordinary differential equation with unknown ar

i : ar
i (t) = Ti

(
t, ar

1 (t) , ar
2 (t) , ..., ar

r (t)
)
,

ar
i (0) =

∫
Ω

z0ωidx, (10)

here

Ti =

∫
Ω

∣∣∣∣∣∣∣
r∑

i=1

ar
i (t)ωi (x)

∣∣∣∣∣∣∣
p(x)−2 r∑

i=1

ar
i (t)ωi (x)ωi (x) dx

−

∫
Ω

r∑
i=1

ar
i (t)∆ωi (x)∆ωi (x) dx

+

∫
Ω

t∫
0

k (t − s)

∣∣∣∣∣∣∣
r∑

i=1

ar
i (t)∆ωi (x)

∣∣∣∣∣∣∣
m−2 r∑

i=1

ar
i (t)∆ωi (x)∆ωi (x) dxds.

According to Peano’s Theorem, for every i, the aforementioned Cauchy problem yields a unique local
solution ar

i ∈ C2 [0,T].
Now, substituting µ = ωi into the second equation in (9) and then multiplying it by ar

i (t), and summing
over s from 1 to r, we derive

1
2

d
dt
∥zr (t)∥22 + ∥∆zr (t)∥22

−

∫
Ω

t∫
0

k (t − s) |∆zr (s)|m−2 ∆zr (s)∆zr (t) dxds

=

∫
Ω

|zr (t)|p(x) dx, (11)
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with

−

∫
Ω

t∫
0

k (t − s) |∆zr (s)|m−2 ∆zr (s)∆zr (t) dxds

≥ −

∫
Ω

t∫
0

k (t − s)
∣∣∣|∆zr (s)|m−2 ∆zr (s)

∣∣∣ |∆zr (t)| dxds

=

t∫
0

k (t − s)
∫
Ω

[
|∆zr (t)| −

∣∣∣|∆zr (s)|m−2 ∆zr (s)
∣∣∣] |∆zr (t)| dxds

−

t∫
0

k (t − s)
∫
Ω

|∆zr (t)| |∆zr (t)| dxds

≥

t∫
0

k (t − s)
∥∥∥∆zr (t) − |∆zr (s)|m−2 ∆zr (s)

∥∥∥2

2
ds

−

t∫
0

k (t − s) ∥∆zr (t)∥22 ds

=

t∫
0

k (t − s)
∥∥∥∆zr (t) − |∆zr (s)|m−2 ∆zr (s)

∥∥∥2

2
ds

−

t∫
0

k (s) ∥∆zr (t)∥22 ds,

through a direct calculation, this implies that

1
2

d
dt
∥zr (t)∥22 +

1 −

t∫
0

k (s) ds

 ∥∆zr (t)∥22

+

t∫
0

k (t − s)
∥∥∥∆zr (t) − |∆zr (s)|m−2 ∆zr (s)

∥∥∥2

2
ds

≤

∫
Ω

|zr (t)|p(x) dx ≤ max
{
∥zr (t)∥p

−

p(x) , ∥zr (t)∥p
+

p(x)

}
. (12)

Thus, we calculation the last term in the right-hand side max
{
∥zr (t)∥p

−

p(x) , ∥zr (t)∥p
+

p(x)

}
.

Later, from equation (12), utilizing interpolation and Young’s inequality, we derive

max
{
∥zr (t)∥p

−

p(x) , ∥zr (t)∥p
+

p(x)

}
≤ F1 max

{
∥zr (t)∥p

−

m , ∥zr (t)∥p
+

m

}
≤ F1 max

 CG ∥∆zr (t)∥φp−
m ∥zr (t)∥(

1−φ)p−

m ,

CG ∥∆zr (t)∥φp+
m ∥zr (t)∥(

1−φ)p+

m


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≤ CGF1 max

 ε ∥∆zr (t)∥2
−

2 + C (ε) ∥zr (t)∥
2(1−φ)p−

2−φp−

2 ,

ε ∥∆zr (t)∥22 + C (ε) ∥zr (t)∥
2(1−φ)p+

2−φp+

2


= CGF1ε ∥∆zr (t)∥2

−

2 (13)

+CGF1C (ε) max
{
∥zr (t)∥2β1

2 , ∥zr (t)∥2β2

2

}
,

here φ =
(

1
2 −

1
m

) (
1
n −

1
2 +

1
2

)−1
= n(m−2)

2p . β1 =
(1−φ)p−

2−φp− > 1, β2 =
(1−φ)p+

2−φp+ > 1. Where we select p+ ≤ m < 2n
n−4 .

By combining equations (12) and (13), we obtain

1
2

d
dt
∥zr (t)∥22 +

1 −

t∫
0

k (s) ds

 ∥∆zr (t)∥22

+

t∫
0

k (t − s)
∥∥∥∆zr (t) − |∆zr (s)|m−2 .∆zr (s)

∥∥∥2

2
ds

≤ CGF1ε ∥∆zr (t)∥22 + CGF1C (ε) max
{
∥zr (t)∥2β1

2 , ∥zr (t)∥2β2

2

}
. (14)

Due to the integral inequality of Gronwall-Bellman-Bihari type, there exists a positive constant T (indepen-
dent of r) so that

∥zr (t)∥22 ≤ CT, (15)

here

CT = max


[
2
(
1 − β2

)
CGF1C (ε) T + ∥z0m∥

2(1−β1)
2

] 1
1−β1

,[
2
(
1 − β2

)
CGF1C (ε) T + ∥z0m∥

2(1−β2)
2

] 1
1−β2

 .
Now, substituting µ = ωi into the second equation in (9) and multiplying it by

[
ar

i (t)
]′

, then summing over
s from 1 to m, we get

∥zrt (t)∥22 +
1
2

d
dt
∥∆zr (t)∥22

+
d
dt

1
2

t∫
0

k (t − s)
∥∥∥∆zr (t) − |∆zr (s)|m−2 ∆zr (s)

∥∥∥2

2
ds


−

d
dt

1
2

t∫
0

k (s) ∥∆zr (t)∥22 ds


−

1
2

t∫
0

k′ (t − s)
∥∥∥∆zr (t) − |∆zr (s)|m−2 ∆zr (s)

∥∥∥2

2
ds

+
1
2

k (t) ∥∆zr (t)∥22

=
d
dt

∫
Ω

1
p (x)

|zr (t)|p(x) dx

≤
d
dt

(
1

p−
max

{
∥zr (t)∥p

−

p(x) , ∥zr (t)∥p
+

p(x)

})
. (16)
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By integrating equation (16) over the interval [0, t], we derive

t∫
0

∥zrt (t)∥22 dt +

1
2
−

1
2

t∫
0

k (s) ds

 ∥∆zr (t)∥22

+
1
2

t∫
0

k (t − s)
∥∥∥∆zr (t) − |∆zr (s)|m−2 ∆zr (s)

∥∥∥2

2
ds

+
1
2

t∫
0

k (t) ∥∆zr (t)∥22 dt

≤
1

p−
max

{
∥zr (t)∥p

−

p(x) , ∥zr (t)∥p
+

p(x)

}
+

1
2
−

1
2

t∫
0

k (s) ds

 ∥∆z0r (t)∥22 −
1

p−
max

{
∥z0r (t)∥p

−

p(x) , ∥z0r (t)∥p
+

p(x)

}
. (17)

By combining equations (13) and (17), we obtain

t∫
0

∥zrt (t)∥22 dt +

1
2
−

1
2

t∫
0

k (s) ds −
1

p−
CGF1ε

 ∥∆zr (t)∥22

+
1
2

t∫
0

k (t − s)
∥∥∥∆zr (t) − |∆zr (s)|m−2 ∆zr (s)

∥∥∥2

2
ds

+
1
2

t∫
0

k (t) ∥∆zr (t)∥22 dt

≤
1

p−
max

{
∥z0r (t)∥p

−

p(x) , ∥z0r (t)∥p
+

p(x)

}
= cT. (18)

From equation (18), Hölder’s inequality, and Young’s inequality, we get

1
2

t∫
0

k (t − s)
∥∥∥∆zr (t) − |∆zr (s)|m−2 ∆zr (s)

∥∥∥2

2
ds

≥
1
2

t∫
0

k (t − s)
∣∣∣∆zr (t) − |∆zr (s)|m−2 ∆zr (s)

∣∣∣2 dxds

≥
1
2

t∫
0

k (t − s)


(
1 − 1

ε

) ∫
Ω

|∆zr (t)|2 dx

+ (1 − ε)
∫
Ω

∣∣∣|∆zr (s)|m−2 ∆zr (s)
∣∣∣2 dx

 ds

≥
1
2

t∫
0

k (t − s)
∥∥∥|∆zr (s)|m−2 ∆zr (s)

∥∥∥2

2
ds

−
1
2

(1
ε
− 1

) t∫
0

k (s) ds ∥∆zr (t)∥22 ,
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here 0 < ε < 1. From aforementioned inequality and equation (18), we conclude that

t∫
0

k (t − s)
∥∥∥∆zr (t) − |∆zr (s)|m−2 ∆zr (s)

∥∥∥2

2
ds ≤ cT.

Utilizing Hölder inequality, Young inequality and above inequality, we get
t∫

0

∥∆zr (s)∥mm ds

≤

t∫
0


∫
Ω

(
|∆zr (s)|m

) 2m−2
m dx


m

2m−2

∫
Ω

1dx


m−2
2m−2

ds

≤

t∫
0

m
2m − 2

k (t − s)
∥∥∥|∆zr (s)|m−2 ∆zr (s)

∥∥∥2

2

+
m − 2

2m − 2
[k (t − s)]−

m
m−2 |Ω| ds

≤
m

2m − 2

t∫
0

k (t − s)
∥∥∥|∆zr (s)|m−2 ∆zr (s)

∥∥∥2

2
ds

+
m

2m − 2
|Ω|

t∫
0

[k (s)]−
m

m−2 ds

≤
m

2m − 2
cT +

m − 2
2m − 2

|Ω| [k (T)]−
m

m−2 T. (19)

It follows from equations (18) and (19) that

zr → z weakly star in L∞
(
[0,T] ; H2

0 (Ω)
)

zrt → zt weakly in L2
(
[0,T] ; L2 (Ω)

)
zr → z weakly in Lp

(
[0,T] ; W2,r

0 (Ω)
)

|∆zr (s)|m−2 ∆zr (s) → χ weakly in L2
(
[0,T] ; L2 (Ω)

)
. (20)

Subsequently, using the method of Browder and Minty in the theory of monotone operators, we derive
χ = |∆z|m−2 ∆z. By equation (20) and Aubin-Lions-Simon lemma, we get

zr → z weakly star in C
(
[0,T] ; L2 (Ω)

)
. (21)

Thus, zr (x, 0) makes sense and zr (x, 0)→ z (x, 0) = z0 in L2 (Ω), that means z0 = z̃0.
As r→ +∞ taking the limit in equation (9), using equations (20) and (21), we can demonstrate that z (t)

satisfies the initial condition with z (0) = z0 and∫
Ω

zt (x, t)µdx +
∫
Ω

∆z (x, t)∆µdx

+

∫
Ω

t∫
0

k (t − s) |∆zr (s)|m−2 ∆zr (s)∆µdsdx
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=

∫
Ω

|z (x, t)|p(x)−2 z (x, t)µdx,

for every µ ∈W2,m
0 (Ω) and for almost every t ∈ [0,T]. This concludes the proof of the theorem.

3. Blow up

In this part, we will establish the occurrence of finite time blow up in solutions.

Lemma 3.1. [11, 12] (Concavity methods) Assuming β > 0, suppose ψ (t) ≥ 0 is weakly twice-differentiable on
(0,∞) with ψ (0) > 0, ψ′ (0) > 0 and

ψ′′ (t)ψ (t) −
(
1 + β

) (
ψ′ (t)

)2
≥ 0,

for every t ∈ (0,∞) . Thus there exists a T > 0 so that

lim
t→T−

ψ (t) = ∞,

and

T ≤
ψ (0)
βψ′ (0)

.

Theorem 3.2. Suppose that z(x, t) be a weak solution of problem (1) in a bounded domainΩ ⊂ Rn (n ≥ 5). Later for
every 2k < p− < p+ < m < 2n

n−4 and J (z0) > 0, z0 ∈ W2,m
0 (Ω) the solution z (x, t) blows up in finite time assuming

that

∥z0∥
2
2 ≥ max

{
C1 J

2
p− (z0) ,C2 J

2
p− (z0)

}
,

here

C1 =

(
2kp−

p− − 2k

) 2
p−

[
p− − 2(

p+ − 2
)
|Ω|

] 2−p−

p−

,C2 =

(
2kp+

p+ − 2k

) 2
p+

[
p−

p+ |Ω|

] 2−p+

p+

.

Proof. To establish the finite time blow up of the solution under the theorem condition, we assume the
contrary, that the solution z(x, t) is global. By multiplying the first equation of problem (1) by z and
integrating over Ω, we derive

1
2

d
dt

∫
Ω

z2dx = −

∫
Ω

|∆z|2 dx

+

∫
Ω

∆z (t)

t∫
0

k (t − s) |∆z (s)|m−2 ∆z (s) dsdx

+

∫
Ω

|z|p(x) dx. (22)

In the subsequent discussion, we will address two cases:
Case 1: E(t) ≥ 0, for every t > 0. From equation (5), this implies J (z0) ≥ J (t) ≥ 0. By combining the first

equation of problems (1) and (4), applying the Schwartz inequality, we obtain

1
2

d
dt

∫
Ω

z2dx =

∫
zztdx
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≥

∫
Ω

|z|p(x) dx −
∫
Ω

|∆z|2 dx

−

t∫
0

k (t − s)
∫
Ω

∣∣∣∆z (t) − |∆z (t)|m−2 ∆z (s)
∣∣∣2 dxds

+
3
4

t∫
0

k (t − s)
∫
Ω

|∆z (t)|2 dxds

≥ −

1 − 3
4

t∫
0

k (s) ds

1 −
t∫

0
k (s) ds

2J (t) +

1 −

1 − 3
4

t∫
0

k (s) ds

1 −
t∫

0
k (s) ds

2
p−


∫
Ω

|z|p(x) dx

≥ 2
(
β − 1

)
1J (t) − 2β1J (t) +

(
1 −

21
p−

) ∫
Ω

|z|p(x) dx. (23)

We select β complying with

1 < β <
p− − 2k
21J (0)

C3, (24)

here

C3 = min

 1
p−

[
p− − 2(

p+ − 2
)
|Ω|

] p−−2
p−

∥z0∥
p−

2 ,
1

p+

[
p− − 2
p+ |Ω|

] p+−2
p+

∥z0∥
p+

2

 . (25)

By combining the fact that J(t) ≥ 0 with the formula (23), it follows that

1
2

d
dt

∫
Ω

z2dx ≥ −2β1J (0) + 21β

t∫
0

∥zτ (τ)∥22 dτ

+

(
1 −

21
p−

) ∫
Ω

|z|p(x) dx. (26)

Utilizing Hölder’s inequality and Young’s inequality results in∫
Ω

|z|p(x) dx ≥
∫
Ω

ηp (x)
2

z2dx −
∫
Ω

p (x) − 2
2

η
p(x)

p(x)−2 dx, (27)

where η is a positive constant to be determined in (38). Substituting equation (27) into equation (26), we
obtain

d
dt

∫
Ω

z2dx ≥ 41β

t∫
0

∥zτ∥22 dτ − 41βJ (0) +
(
p− − 21

)
η ∥z∥22

−

(
p− − 21

) (
p+ − 2

)
|Ω|

p−
max

{
η

p−

p−−2 , η
p+

p+−2

}
. (28)
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It is clear

41β

t∫
0

∥zτ (τ)∥22 dτ ≥ 0.

By solving nonhomogeneous ordinary differential equation, we can acquire∫
Ω

z2dx ≥ ∥z0∥
2
2 e(p−−21)ηt

+

[
41βJ (0) +

(
p− − 21

) (
p+ − 2

)
|Ω|

p−
max

{
η

p−

p−−2 , η
p+

p+−2

}]
(29)

×

(
1 − eη(p−−21)t

)
η
(
p− − 21

) .

Let L (t) =
t∫

0
∥zτ (τ)∥22 dτ. Given our assumption that the solution z(x, t) is global, later L (t) is a bounded

function for every t > 0.

L′ (t) =
∫
Ω

z2dx, L′′ (t) =
d
dt

∫
Ω

z2dx.

By substituting equation (29) into equation (28), we conclude that

L′′ (t) ≥ 41β

t∫
0

∥zτ (τ)∥22 dτ

+e(p−−21)ηt


(
p− − 21

)
η ∥z0∥

2
2 − 41βJ (0)

−
(p−−21)(p+−2)|Ω|

p− max
{
η

p−

p−−2 , η
p+

p+−2

}  . (30)

We can select ε to be sufficiently small so that

0 < ε <
(
p− − 21

)
C3 − 21βJ (0)

1β ∥z0∥
2
2

, (31)

here C3 is defined in equation (25).
We establish the auxiliary function ϕ as follows:

ϕ (t) = L2 (t) + ε−1
∥z0∥

2
2 L (t) + C,

here C is large enough to satisfy C > 1
4ε
−2
∥z0∥

4
2 . Assume that δ = 4C − ε−2

∥z0∥
4
2 , so δ > 0. Thus

ϕ′ (t) = 2L (t) L′ (t) + ε−1
∥z0∥

2
2 L′ (t) =

(
2L (t) + ε−1

∥z0∥
2
2

)
L′ (t) , (32)

ϕ′′ (t) =
(
2L (t) + ε−1

∥z0∥
2
2

)
L′′ (t) + 2 [L′ (t)]2 . (33)

Utilizing identify (33), we can derive[
ϕ′ (t)

]2
=

[
2L (t) + ε−1

∥z0∥
2
2

]2
[L′ (t)]2

=
[
4ϕ (t) −

(
4C − ε−2

∥z0∥
4
2

)]
[L′ (t)]2

=
(
4ϕ (t) − δ

)
(L′ (t))2 , (34)
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with

2ϕ′′ (t)ϕ (t) = 2
[(

2L (t) + ε−1
∥z0∥

2
2

)
L′′ (t) + 2 (L′ (t))2

]
ϕ (t)

= 2
(
2L (t) + ε−1

∥z0∥
2
2

)
L′′ (t)ϕ (t) + 4 [L′ (t)]2 ϕ (t) . (35)

Observing that

1
2

d
dt

∫
Ω

z2dx =
∫
Ω

z (t) zt (t) dx,

by integrating the aforementioned equality from 0 to t, we obtain

∥z (t)∥22 − ∥z0∥
2
2 = 2

t∫
0

∫
Ω

z (τ) zτ (τ) dxdτ,

this implies

[L′ (t)]2 = [z (t)]4
2 =

∥z0∥
2
2 + 2

t∫
0

∫
Ω

z (τ) zτ (τ) dxdτ


2

.

By utilizing Hölder’s and Young’s inequalities, we can derive that

[L′ (t)]2 =

∥z0∥
2
2 + 2


t∫

0


∫
Ω

z2 (τ) dx


1
2

∫
Ω

(zτ (τ))2 dx


1
2

dτ




2

≤ ∥z0∥
4
2 + 4L (t)

t∫
0

∥zτ (τ)∥22 dτ + 2ε ∥z0∥
2
2 L (t)

+2ε−1
∥z0∥

2
2

t∫
0

∥zτ (τ)∥22 dτ. (36)

From (34) and (35), we have

2ϕ′′ (t)ϕ (t) − (1 + α)
[
ϕ′ (t)

]2

= 2
(
2L (t) + ε−1

∥z0∥
2
2

)
L′′ (t)ϕ (t) − 4αϕ (t) [L′ (t)]2 + δ (1 + α) [L′ (t)]2 .

From (30) and (36), we derive

2ϕ′′ (t)ϕ (t) − (1 + α)
[
ϕ′ (t)

]2

= 2
(
2L (t) + ε−1

∥z0∥
2
2

)
L′′ (t)ϕ (t) − 4αϕ (t) [L′ (t)]2 + δ (1 + α) [L′ (t)]2

≥ 2
(
2L (t) + ε−1

∥z0∥
2
2

)
L′′ (t)ϕ (t) − 4αϕ (t) [L′ (t)]2

≥ 2ϕ (t)
(
2L (t) + ε−1

∥z0∥
2
2

) 41β

t∫
0

∥zτ∥22 dτ + eη(p−−21)t

 B
(
η
)
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−4αϕ (t)


∥z0∥

4
2 + 4L (t)

t∫
0
∥zτ∥22 dτ + 2ε ∥z0∥

2
2 L (t)

+2ε−1
∥z0∥

2
2

t∫
0
∥zτ∥22 dτ

 , (37)

here

B
(
η
)
=

(
p− − 21

)
η ∥z0∥

2
2 − 41βJ (0)

−

(
p− − 21

) (
p+ − 2

)
|Ω|

p−
max

{
η

p−

p−−2 , η
p+

p+−2

}
.

Thus

B′
(
η
)
=

(
p− − 21

)
∥z0∥

2
2 −

(
p− − 21

) (
p+ − 2

)
|Ω|

p−
max

{
p−

p− − 2
η

p−

p−−2 ,
p+

p+ − 2
η

p+

p+−2

}
.

Utilizing solving the equation B′
(
η
)
= 0, we may find the maximum point

ηmax 1 =

[
p− − 2(

p+ − 2
)
|Ω|

] p−−2
2

∥z0∥
p−−2
2 or ηmax 2 =

[
p−

p+ |Ω|

] p+−2
2

∥z0∥
p+−2
2 .

It is evident that

B
(
ηmax 1

)
=

2
(
p− − 21

)
p−

[
p− − 2(

p+ − 2
)
|Ω|

] p−−2
2

∥z0∥
p−

2 − 41βJ (0) ,

with

B
(
ηmax 2

)
=

2
(
p− − 21

)
p+

[
p−

p+ |Ω|

] p+−2
2

∥z0∥
p+

2 − 41βJ (0) .

By considering the value of β in (24), we get min
{
B
(
ηmax 1

)
,B

(
ηmax 2

)}
> 0. We select η in (27) satisfying

B
(
η
)
= min

{
B
(
ηmax 1

)
,B

(
ηmax 2

)}
. (38)

Taking into consideration the value ε, we have

B
(
η
)
≥ 2ε1β ∥z0∥

2
2 .

Given the facts that ϕ > 0 and eη(p−−21)t > 1, we can obtain using (37)

2ϕ′′ (t)ϕ (t) − (1 + α)
[
ϕ′ (t)

]2

≥ 2ϕ (t)
(
2L (t) + ε−1

∥z0∥
2
2

) 41β

t∫
0

∥zτ∥22 dτ + 2ε1β ∥z0∥
2
2


−4αϕ (t)


∥z0∥

4
2 + 4L (t)

t∫
0
∥zτ (τ)∥22 dτ

2ε ∥z0∥
2
2 L (t) + 2ε−1

∥z0∥
2
2

t∫
0
∥zτ (τ)∥22 dτ


≥ ϕ (t)


161L (t)

t∫
0
∥zτ∥22 dτ + 41β ∥z0∥

4
2 + 81βL (t) ∥z0∥

2
2

+81βε−1
∥z0∥

2
2

t∫
0
∥zτ∥22 dτ


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−ϕ (t)


4α ∥z0∥

4
2 + 16αL (t)

t∫
0
∥zτ (τ)∥22 dτ + 8εα ∥z0∥

2
2 L (t)

+8ε−1α ∥z0∥
2
2

t∫
0
∥zτ (τ)∥22 dτ


= 0, (39)

here α = 1β. Therefore,

ϕ′′ (t)ϕ (t) −
(
1 +
1β − 1

2

) (
ϕ′ (t)

)2
≥ 0,

given that ϕ (t) > 0 and ϕ′ (t) > 0, we apply Lemma 3 to deduce that ϕ (t)→ +∞ as t→ t∗ ≤ 2ϕ(0)

(1β−1)ϕ′(0)
. Due

to the continuity of ϕ with respect to L, it follows that L (t) tends to infinity at some finite time, which is a
opposition.

Case 2: We assume that there exists t0 > 0 so that J (z (t0)) < 0. We determine v(x, t) = z(x, t + t0), so
J(v(0)) = J(z(t0)) < 0. Given that J(t) is decreasing in t, we have

J (v (t)) ≤ J (v (0)) ≤ 0. (40)

Let H (t) =
∫
Ω

v2 (x, t) dx, later we get

1
2

d
dt

∫
Ω

v2 (x, t) dx =

∫
Ω

v

−∆2v +

t∫
0

k (t − z)∆2
mv (x, z) dz + |v|p(x)−2 v

 dx

≥ −

1 − 3
4

t∫
0

k (t − z) dz

1 −
t∫

0
k (z) dz

2J (v (t))

+


∫
Ω

|v|p(x) dx −

1 − 3
4

t∫
0

k (t − z) dz

1 −
t∫

0
k (z) dz

∫
Ω

2 |v|p(x)

p−
dx


≥

(
1 −

21
p−

) ∫
Ω

|v|p(x) dx. (41)

From (41), accordingly

H′ (t) ≥
2
(
p− − 21

)
p−

∫
Ω

|v|p(x) dx. (42)

Using the embedding theorem Lp(x) (Ω) ↪→ L2 (Ω), we deduce that

∥v∥2 ≤ C4 ∥v∥p(x) . (43)

Referring to the definition in [8], we can obtain that

min
{
∥v∥p

−

p(·),Ω , ∥v∥
p+

p(·),Ω

}
≤

∫
Ω

|v|p(x) dx ≤ max
{
∥v∥p

−

p(·),Ω , ∥v∥
p+

p(·),Ω

}
. (44)
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By inserting equations (43) and (44) into (42), we obtain

H′ (t) ≥
2
(
p− − 21

)
p−

min
{( 1

C4

)p−

∥v∥p
−

2 ,
( 1

C4

)p+

∥v∥p+2

}
≥ C5 min

{
H

p−

2 (t) ,H
p+

2 (t)
}
, (45)

here C4 is a best embedding constant and C5 =
2(p−−21)

p− min
{(

1
C4

)p−
,
(

1
C4

)p+
}
.

Using H′ (t) > 0, so that H (t) ≥ H (0) . This allows us to conclude that

[
H (t)
H (0)

] p+

2

≥

[
H (t)
H (0)

] p−

2

,

so that

[H (t)]
p+

2 ≥ H (0)
p+−p−

2 [H (t)]
p−

2 . (46)

Utilizing (45) and (46), we get

H′ (t) ≥ C5 min
{
H

p−

2 (t) ,H (0)
p+−p−

2 [H (t)]
p−

2

}
≥ C6H

p−

2 (t) , (47)

here C6 = C5 min
{
1,H (0)

p+−p−

2

}
. Later, inequality (47) and Gronwall’s inequality lead to

H
p−−2

2 (t) ≥
1

H
2−p−

2 (0) − p−−2
2 C6t

.

The inequality above indicates that H (t) blow up at finite time T∗ ≤ 2H
2−p−

2 (0)
(p−−2)C6

.

Therefore, by examining the aforementioned two cases, we can derive that z(x, t) blows up in finite
time.
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