Filomat 39:7 (2025), 2417-2428

Published by Faculty of Sciences and Mathematics,
https://doi.org/10.2298/FIL2507417S

University of NiS, Serbia
Available at: http://www.pmf.ni.ac.rs/filomat

A
Wy, @“‘
i axs

2,
%,
e,

¥
5
TIprpor®

Hyers—Ulam stability for Hammerstein integral equations with
impulses and delay

Rahim Shah?*, Hajra Imtiaz Abbasi®

?Department of Mathematics, Kohsar University Murree, Murree, Pakistan

Abstract. This paper mainly focuses on solving the Hyers-Ulam and Hyers-Ulam-Rassias stability
problem of the Hammerstein integral equation with impulses and delay using fixed point technique. The
consequent different cases of a finite interval and an infinite interval are studied. Finally, a concrete example
is given at the end to justify the efficiency of the obtained theoretical results.

1. Introduction

Over the past sixty years, a great deal of research has been done on the concept of stability for different
kinds of equations. Because of their many applications in elasticity, electronic devices, heat conduction,
fluid flow, scattering theory, chemical reactions, and population dynamics, among other fields, special
attention has been paid to the Hyers-Ulam stability and the Hyers-Ulam-Rassias stability of a wide range
of functional equations, differential equations, and integral equations (see [1, 3,4, 5, 6, 7, 9, 10]).

The first results on this type of stability for functional equations came from a famous question of S. M.
Ulam [18] from 1940 regarding the requirement of some form of similarity between the solution of a given
equation and a solution of an equation that is slightly different from it. With regard to Banach spaces,
D.H. Hyers provided a partial solution to S. M. Ulam’s query in the case of the additive Cauchy equation
[13]. The term Hyers-Ulam-Rassias stability refers to the additional directions in which Th. M. Rassias,
see [22], gave a stability analysis in 1978. Guo [10] provided some applications to initial value problems
for the first-order impulsive differential equations in Banach spaces, as well as some existence theorems for
external solutions to nonlinear, impulsive Volterra equations on a finite interval in Banach spaces, with a
finite number of moments of impulse effect. Since many applied mathematics problems involve systems of
differential or integral equations, the existence of solutions for the system of nonlinear impulsive Volterra
integral equations on the infinite interval with an infinite number of moments of impulse effect in Banach
spaces is studied.

Several important results in Banach spaces for fractional impulsive integro-differential equations were
established by K. Balachandran et al. [5]. The Hyers-Ulam stability of integral equations has recently
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received attention. L. Hua et al. [23] investigated the Hyers—Ulam stability of a subset of Fredholm
integral equations in 2015. Furthermore, the Stability of the Hyers—Ulam and Hyers—-Ulam—Rassias classes
of Hammerstein Integral Equations was explored in 2017 by L. P. Castro and A. M. Simoes [24]. Since it can
be difficult to find exact answers for such physical issues, the concept of Hyers—Ulam stability is extremely
helpful in many fields (such as economics, biology, numerical analysis, and optimization). It is extremely
useful in the study of integral and differential equations see [1, 8, 11, 12, 15, 16, 19, 28-30], for a few recent
works.

In 2009 and 2010, Castro and Ramos ([9,10]) dealt with the Hyers—-Ulam stability and Hyers-Ulam—
Rassias stabilities in the following non-linear Volterra IEs without delay and with delay. In 2013, Castro
and Guerra [8] investigated the Hyers—Ulam—Rassias stability of the nonlinear Volterra IE with variable
delay using the Banach FPT and the Bielecki metric.

In this work, we will be devoted to analyze the Hyers—Ulam and Hyers-Ulam-Rassias stability for the
following class of the impulsive Hammerstein delay integral equation:

y(x) = p(x) + f(x, y(x), y(1(x))) f g(x, (T, y(7), y(S(1))d + Z Ii(y(x)), 1)

a<xp<b
where, for starting, a and b are fixed real numbers, p : [2,b] — Cis a continuous function, 7, 9 : [a, D] — [a, b]
be continuous delay functions with 7(x) < x and 9(t) < 7, f : [2,b] X CXC > Cand h : [4,b] X C X C - C
are continuous functions, and the kernel g : [, b] X [2,b] — C is also a continuous function. For all x € [g, b],
I:C—>Ck=1,2,...,mand y(x; ) represents the left limit of y(x) at x = xy.

2. Preliminary Results

This segment briefly discusses some basic concepts from the literature. For a non-empty set X, we
introduce the definition of a generalized metric in X as follows:

Definition 2.1. ([2]) A mapping d : X X X — [0, co] is called a generalized metric on set X if and only if d holds:
(C1)d(x,y) =0ifand only if x = y;

(C)d(x,y) =d(y,x) forallx,y € X;

(C3)d(x,z) <d(x,y) +d(y,z) forall x,y,z € X.

Next, we recall the main result of J. B. Diaz and B. Margolis [9], with the help of which we will be able to
prove our main results.

Theorem 2.2. [9] Let (X, d) be a complete generalized metric space. Assume that T : X — X is a strictly contractive
operator with L < 1, where L is a Lipschitz constant. If there exists a nonnegative integer k such that d(T*x, TFx) < oo
for some x € X, then the following are true:

(@) The sequence T"x converges to a fixed point x* of T;

(b) x* is the unique fixed point of T in

X' = |y e X (T, y) < o);

(0) If y € X, then

1
d(y,x") < -1 d(Ty, y). 2)

Now, we give the definitions of Hyers-Ulam—Rassias and Hyers—Ulam stability of the impulsive Hammer-
stein delay integral equation (1).

Definition 2.3. If for each continuously differentiable function y(x) satisfying

Y) = ) = Fx, (), y(x(x) f 906, DT, y(0), Y@NdT = Y, T(y)| < o),

A<X(<X
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for some o : I — (0, 00), there exists a solution yo(x) of the delay impulsive Hammerstein integral equation (1) and a
constant K > 0 with

ly(x) - yo(x)| < Ko(x),

for all x € I, where K is independent of y(x) and yo(x), then we say that the impulsive Hammerstein integral equation
(1) has the Hyers—Ulam—Rassias stability. If o(x) is a constant function in the above inequalities, we say that the
impulsive Hammerstein delay integral equation (1) has Hyers—Ulam stability.

In the current work, using the idea of Cddariu and Radu [22], we shall study the Ulam-type stability results
of the impulsive Hammerstein delay integral equation (1).

3. Main Results

In this section, we study the Hyers-Ulam-Rassias and Hyers—Ulam stability for Eq. (1).

3.1. Hyers-Ulam-Rassias stability in the finite Interval Case

This section presents the necessary conditions for the Hyers-Ulam-Rassias stability of the impulsive
Hammerstein delay integral equation (1), where x € [a, D], for some fixed real numbers a and b.
We will use the space C([a, b]) of continuous functions on [a,b], provided with the metric ([25])

_ |u(x) — v(x)]
d(u,v) = XSEL[E] 0@

)

where ¢ is a non-decreasing continuous function ¢ : [4,b] — (0, o). Recall that (C([g, b]),d) is a complete
metric space (cf., e.g.,([26]), ([27])).

Theorem 3.1. Let us consider a continuous given function u: [a,b] — [0, 00). Moreover, suppose that p : [a,b] — C
is a continuous function, f : [a,b] X C x C — C is a continuous function such that there exists M > 0 so that

M= sup |f(x,y)l, yeC

a<xy<b

and the kernal g : [a, b] X [a,b] — C is also continuous. In addition, suppose that there is § € [0, 1) such that
Lx lg(x, )lu(t)o(t)dt < po(x)
and h : [a,b] x C X C — C is a continuous function which fulfills the condition
I (x, u(x), u(3(x))) = h(x, v(x), o(S(xX))| < p()u(x) — v(x)|

forall x € [a,b] and u,v € C([a, b]).
Moreover, I : C — C and there exists a constant L > 0 such that

I (u(x)) — Ie(@(x))| < Liu(x) — v(x)|
forall u,v € C([a, b]).

If y € C([a, b]) is such that

y0) = ) = Fx, (), y(x() f 95 DTy, YOONT — Y Iy < 0(x), @

a<xp<x
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forall x € [a,b] and MB + L < 1, then there exists a unique function yo € C([a, b]) such that

Yo(X) = p(x) + f(x, Yo(x), Yo(T(x))) f 9(x, DT, Yo (1), Yo(S(1)))dT + Z L(yo(xi))

a<xp<x

and

o(x)
ly(x) = yo ()| < m 5)

forall x € [a, b].

This means that under the above conditions, of the impulsive Hammerstein delay integral equation (1) exhibits
Hyers-Ulam-Rassias stability.
Proof. We will consider the operator () : C([a, b]) — C([a, b]), defined by

(Q@))(x) = p(x) + fx, u(x), u(t(x))) f 9(x, Dh(T, u(7), u(3(1)))dt + Z Ti(u(x;)),

a<xp<x

for all x € [a,b] and u € C([a, b]). Note that for any continuous function u, ((u) is also continuous. Indeed,

(Q())(x) = (Qu))(x,)l

[pGo) + Fx, (), u(z(x) f g, (e, u(@), u(S()de
+ Y () - pl)

a<x<x

— F (0, 1(x), 1(T(x0))) f g, DT, (D), u(S(T)))dT

- Y )

a<xg <Xo

IA

2 o) + e, (e [ gt e ), (e

+ Z Ik(u(xk))—f(xo,u(xo),u(T(xo))fD!J(xo,T)h(T,M(T),M(S(T)))dT

<X <X

- Y, )

a<x0k <Xp

IA

[P0 = ploa)| + |, 1), () f 9(x, DT, u(r), u(3(x))dx

— f (o, (o), u(T(%) f (%o, (T, 1(2), u(S(D))dt

H Y hwen - Y Ty

a<xp<x a<xg <Xo
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< k@)—m&)+hqf‘ﬂLTmﬁM@%M9ﬁ»MT
- f g0, e, u(x), u(S(0))]
| Y b - Y Iwg)
< Jptw) - pta] + M| [ gt e 0w
—f g(xo,T)h(T,u(T),M(S(T)))dT+f g(xo, Dh(T, u(t), u(S(1)))dt
= [ gt e o), o conye] + D= Y )
a a<xp<x a<xok<xg
< Ip@) - () + M f 195, ) = (%o, DI(T, u(2), u(S(2))ldx

f 9o, Dz, (), u(SONAT|) + | Y 1)

aA<xp<x

Y, Iut)| =0,

u<X0k <X

when x — x,.
Based on the present conditions, we can conclude that the operator C is strictly contractive (for the given metric).
Forall u,v € C([a, b]), we have,

Q@) (x) = Q@) ()|

d(Q(u), (v)) = sup

x€la,b] G(x)
L ) I g, Dbt (o), u(S(x))dr - fx,0()) [ gCx, DT, ()] + Ty Ieluxy) — 0]
- xe[ag] a(x)
[ 19, DIz, u(z), u(S(0)) - h(z, (1), v(S(x)))ldt
< Msup
xe[a,b] o(x)
+ su Za<xk<x Ik[u(x];) - v(x]:)]
xe[a,ph] O'(X)
I 19, Dlp(r)o(0) M2 gy lu(x) — 0(x)|
= Msup ) el A
() —o@| [ 9t Dlpo(dr ju(x) - o()|
M L -
= Msp T P ) o M)
< Md(u,v)p + Ld(u, v)
< (MB+Lyd(u,v).

Due to the fact that MB+L < 1 it follows that () is strictly contractive. Using the above mentioned Banach fixed point
theorem, the impulsive Hammerstein delay integral equation achieves Hyers-Ulam-Rassias stability. Additionally,
(5) follows from (4) and (2).
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3.2. Hyers-Ulam-Rassias stability in the infinite Interval Case.

This subsection focuses on the Hyers-Ulam-Rassias stability of the impulsive Hammerstein delay inte-
gral equation across infinite intervals. This means that instead of considering, as before, a finite interval [a,
b] (with a,b € IR), we will now consider e.g., corresponding intervals [a, c0), for some fixed a € R.

Thus, we will now be dealing with the integral equation

y(x) = p() + f((x, y(x)), y(z(x))) f g9(x, (T, y(7), y(S(7))d7 + Z T(y(x)), (6)

a<xp<x

for all x € [, ), where a is a fixed real number, p : [4,0) — C is a bounded continuous function, 7,9 :
[a, 00) — [a, 00) be bounded continuous delay functions with 7(x) < xand 9(7) < Tand f : [4, c0)XCxC — Cis
bounded continuous function, /1 : [a, 00)XxCXC — C and the kernel g : [4, 00)X[a, c0) — C are also continuous
functions. Moreover, Iy : C - C,k = 1,2,...,mand y(x,:) represents the left limit of y(x) at x = x;. Our
technique relies on a recurrence procedure, as the result for the finite interval situation is already available.

Let us consider a fixed non-decreasing continuous function ¢ : [a, o) — (€, 1), for some €, > 0, and the
space Cy([a, 0)) of bounded continuous functions endowed with the weighted metric ([25])

dy(u,v) = sup M

x€[a,00) qb(x )

Theorem 3.2. Let us consider a continuous function u : [a,00) — [0, oo). Further, assume that p : [a,00) — Cisa
bounded continuous function, f : [a,00) X C X C — C is a bounded continuous function such that there exists M > 0
so that

M= sup |f(x, y(x), y(z(x)), yeC,

x€[a,00)

and the kernel g : [a, 00)X[a, 00) — Candh : [a, 00)XCXC — C are continuous functions so that fax g(x, T)h(t, z(T))dT
is a bounded continuous function for any bounded continuous function z.
In addition, suppose that there is p € [0,1) such that

f 96, V(DT < fo()

and h : [a,00) X C X C — C is a continuous function which fulfills the condition

I (x, u(x), u(8(x))) = h(x, v(x), (S| < px)lu(x) - v(x)|

forall x € [a, 00) and u,v € Cyp([a, 00)).
Moreover, I : C — C and there exists a constant L > 0 such that

I (u(x)) = Ie(0(0))] < Llu(x) - v(x)|
for all u,v € Cyp([a, )).
If y € Cy([a, 0)) is such that
(%) = ) = £, y(x), y(x() f 900 (T, Y0, ySONAT— Y Iyep)| < o),
forall x € [a, 00) and MB + L < 1, then there exists a unique function y, € Cy([a, 00)) such that

1o(2) = p) + (5, yo(), Yo(T(x)) f g DT yo(0), Yot @+ Y L(wolxp) 7)

a<xp<x
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and

60 - 1o = o) ®)
T 1-MB+1L)
forall x € [a, o).
Under the given conditions, the impulsive Hammerstein delay integral equation (1) exhibits Hyers-Ulam-Rassias

stability.

Proof. For any n € IN, we will define I, = [a,a + n]. By Theorem (3.1), there exists a unique bounded
continuous function v, : I, — C such that

You(x) = p(x) + f(X, You(¥), You(T(x))) ja‘x 9, DT, You(T), You(S(1)))dT + Z Le(You(x)) )
and
[y(x) = You(x)l < 0 (10)
1-MB+1D)
for all x € I,. The uniqueness of o, implies that if x € I, then
Yon(X) = Yon+1(X) = Yome2(x) =+ . (11)

For any x € [a, o), let us define n(x) € N as n(x) = min{n € N | x € I,}. We also define a function y, : [a, c0) —
Cby

yo(x) = yo,n(x)(x)' (12)

For any x; € [a, ), let n; = n(x1). Then x; € Intl, 41 and there exists an € > 0 such that 1o(x) = yo,+1(x) for
all x € (x; — €,x1 + €). By Theorem (3.1), o,4,+1 is continuous at x;, and so it is .
Now, we will prove y, satisfies

Yo(X) = p(x) + f(x, Yo(x), Yo(T(x))) f (5, DI, Yo(0), yu(S(O)dx + Z Ti(yo(x;))

a<xp<x
and

p(x)

ly(x) = yo(x)| < WM (13)
for all x € [a, 00). For an arbitrary x € [a, c0) we choose n(x) such that x € I,,. By (9) and (12), we have
]/o(x) = ]/a,n(x)(x) = P(x) + f(x, ]/a,n(x)(x)r yo,n(x)(T(x))) f g(xr T)h(’(, ya,n(x)(T)r yo,n(x)(s(T)))dT
+ Z Ik(yo,n(x)(x]:))
= () + £, Yo(x), Yol () f g, DT, Y0, oSO+ Y Teyop). (14)

a<xp<x

Note that n(C) < n(x), for any C € I, and it follows from (11) that ¥,(C) = Yo,u()(C) = You@)(C), so, the last
equality in (14) holds.
To prove (13), by (12) and (10), we have for all x € [4, ),

1y(x) = Yo(¥)| = 1Y) = Yo ()] < %-
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Finally, we will prove the uniqueness of y,. Let us consider another bounded continuous function y; which
satisfies (7) and (8), for all x € [g, o). By the uniqueness of the solution on I,y for any n(x) € N we have

that Yoir,., = Youey and vy, satisfies (7) and (8) for all x € Iy, so

Yo(x) = Yol (x) = Yl (x) = y1(x).

3.3. Hyers—Ulam stability in the finite interval case

This section provides adequate requirements for the Hyers-Ulam stability of the impulsive Hammerstein
delay integral equation (1). For a given non-decreasing continuous function o : [2,b] — (0, o), we shall
utilize the same metric (3).

Theorem 3.3. Let us consider a continuous function y : [a,b] — [0, 00). Moreover, assume that p : [a,b] = Cisa
continuous function, f : [a,b] X C X C — C is a continuous function such that there exists M > 0 so that

M= sup [f(x,y)l, yeC,

x€la,b]

and the kernel g : [a,b] X [a,b] — C is also continuous. In addition, suppose that there is p € [0,1) such that
| ot olucerato < oo
a

and h : [a,b] x C x C — C is a continuous function which fulfils the condition

Ih(x, u(x)) = h(x, v())| < p()lu(x) = v(x)|

forall x € [a,b] and u,v € C([a, b]).
Moreover, I, : C — C and there exists a constant L > 0 such that

I (u(x)) = L(v(x))] < Liu(x) = v(x)|

for all u,v € C([a, b]).
If y € C([a, b]) is such that

y(x) = p(x) = f(x, y(x), y(7(x)) f g(x, Dh(t, y(7), y(S(1))d7 — Z Ik(y(x;))| <0, (15)

<X <X

x € [a,b], where O > 0 and MP + L < 1, then there is a unique function y, € C([a, b]) such that

Yo(x) = p(x) + f(X, Yo(x), Yo(T(x)) f 9(x, DI(T, Yo(1), Yo(8(1)))dT + Z Ti(yo(x;))

a<xp<x

and

0
— < - -
Y0 = 0l < T (16)
forall x € [a, b].

This means that under the above conditions, the impulsive Hammerstein delay integral equation (1) has the
Hyers-Ulam stability.



R. Shah, H. 1. Abbasi/Filomat 39:7 (2025), 2417-2428 2425

Proof. We will consider the operator T : C([a, b]) — C([a, b]), defined by

(Tu)(x) = p(x) + Fx, u(x), u(z(x))) f 9, (T, (), u(S@NdT + Y Tu(xp)

a<xp<x

for all x € [a,b] and u € C([a, b]).
T is strictly contractive (with respect to the metric under consideration). Indeed, for all u,v € C([a, b]),
we have,

[(Tu)(x) — (To)(x)]
xe[a,b] o(x)
f lg(x, DIh(T, u(t), u(3(1))) — h(t, v(T), v(3(7)))ldT
M su
xe[u b] o(x)
+ su Za<xk<x Ik|u(x;;) - v(x;)l
xe[ag] (x)
* Jg(x, T)|lu(T)G(T)|u(Tg o0l g
= Mew ()
u(x) — v(x)|
M AT
(o) —o@) 19t Dlp)o()d
Msup == oy sup )
o 1160 = 0]
su _—
xe[a,b] o(x)
Md(u,v)p + Ld(u, v)
(MB + L)d(u, v).

d(Tu, To)

IA

IA

+

INIA

Due to the fact that M + L < 1 it follows that T is strictly contractive. Thus, again we can apply the Banach
fixed point theorem, which ensures that we have the Hyers-Ulam stability for the impulsive Hammerstein
delay integral equation with (16) which is obtained by using (2) and (15).

3.4. Example

In this section, we present an application of the results derived.

Example 3.4. Consider the following impulsive Hammerstein delay integral equation:

1 1 1
y(x):zoooexp(—3x)+x ¥2+4 + 10008m( ) (17)
sin(y(x)) X 3y(t) + sin(y(1))
20006 + exp () )y SR~ T)][zooo TP 13241
lv(3")
40+ y(37)|

We note that Equation (17) is in the form of Equation (1) with the data as follows:

[a,b] =[0,1],x,T €[0,1],
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1 1
= _ 2
p(x) exp (=3x) + x Vx> + 4 + 10005m( )

1
2000

sin(y(x))
2000(3 + exp (x2))’

[y, y(z(v))) = 7(x) =0,
9(x,7) = exp [-4(x — 7)],

3y(7) + sin(y(7))
2000+ 3+ 312+ 71

h(T, y(7), y(3(1))) = (1) = 0.

lv(3)|

20+]y(3)|

o

Ix:§ =

2426

We now check the conditions of Theorem 3.1. To show that the conditions of Theorem 3.1 hold, we let M = 200071,

B =371, ux)=x"1, 0(x) =x L =407, and calculate:

1
2000

sin(y(x))
3+exp(?)| ™

max If(x y(x), y(t(x)l =

2000 rej01]

Vxe[0,1,VyeC,

fax lg(x, T)lp(T)o(t)dT = fox exp [—4(x - T)]%Td’[
= fx exp [-4(x — 1)]dt < %x,\lx, T €[0,1],
0
A (x, u(x),u(3(x))) = h(x, v(x), v((x)))|

| 3Bu(x) + sin(u(x)) B 3v(x) + sin(v(x))
12000 + 23 +3x2 +x 2000 + x3 + 322 + x

1
< ;lu(x) -o(x),Yx€[0,1],Yu,veC,

u(x) o(x)
40 + u(x) 40+ v(x)
B 40[u(x) — v(x)|
(40 + u(x))(40 + v(x))

I (u(x)) = Ik(w(x))l = |

1
< Elu(x) —o(x),Yx€[0,1],Yu,veC.
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It is also clear that MB + L = 53— X + + & = 0.02516666667 < 1. Hence, using this value, we have

X B o(x)
T 1- L)
1=y b+ ] 1D

[y(x) — yo(x)| < x €[0,1].

Hence, equation (17) admits the Hyers—Ulam—Rassias stability in the finite interval case. Since x € [0,1],
obviously, we also have

X B 1 B 0
1_[1 x14L 1-MB+L) 1-(MB+1L)

ly(x) = yo(¥)| < 0=1

2000

Thus, equation (17) is stable in the Hyers—Ulam sense.

4. Conclusion

In this study, the Hammerstein integral equation for impulses and delay was considered. We developed
new sufficient criteria for the impulsive Hammerstein delay integral equation and obtained the results
of Hyers-Ulam-Rassias stability on finite and infinite intervals, as well as Hyers-Ulam stability on finite
intervals. An example was provided to demonstrate the numerical application of the results.
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