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Some remarks on generalized Schwarz-Pick type inequality for
harmonic quasiconformal mappings with simply connected ranges

Miljan KneZevié®

*University of Belgrade, Faculty of Mathematics, Studentski trg 16, 11000 Belgrade, Serbia

Abstract. The main result of this paper is a generalized Schwarz-Pick type inequality for ordinary harmonic
quasiconformal mappings of the unit disk onto arbitrary simply connected domains in the complex plane.
This result extends some of our earlier findings, as well as those presented in the excellent article [2]. Additi-
onally, by analyzing the properties of the hyperbolic metric on simply connected hyperbolic domains in the
complex plane, we establish the co-Lipschitz continuity of these mappings and determine the corresponding
bi-Lipschitz constant with respect to the hyperbolic metric.

1. Introduction

Let R be an arbitrary Riemannian surface with a complex structure defined by the atlas (U,, h,). Denote
by z, € V, = h,(U,) C C the local parameter on that surface associated with the chart (U,,h,). Assume
that the surface R is also equipped with a Riemannian metric, represented in terms of the local parameters
as ds? = pv(zv)ldzvlz, where p, is a positive C? function on V, compatible with the complex structure on
R. Specially, whenever z, € V, = h,(U,) ¢ Cand z, € V, = h,(U,) C C are local parameters on R with
U, N U, # 0, then p,(z,) = pu(AEIA’ (), 24 € Uy N U, where z, = A(z,,) = (b, 0 h;")(z,) is the mapping
describing a conformal (one-to-one and analytic) transition between local parameters z, and z, on R.

Note that in the neighborhood of each point on a Riemann surface R, the Riemannian metric can be
viewed as a positive multiple of the Euclidean metric. To emphasize the conformal invariance of this metric
under changes inlocal parameters, we will refer to it as the conformal metric on R and, whenever convenient,
denote it by ds® = p(z)|dz|>. Additionally, the associated representative, i.e., the function p : z  p(z), will
be referred to as the density of the conformal metric on R.

It is well known that if y : [0,1] — R is an arbitrary rectifiable curve on the surface R, then the length
of that curve with respect to the given conformal metric ds?> = p(z)|dz|* on R is defined as the nonnegative

quantity [y, = f Vp(@)ldz|. If we choose any two points P; and P, on R and define dr(P1, P2) = inf|y|,,

where the infimum is taken over all rectifiable curves y on R that join Py and P, then a distance function

dg, induced by the conformal metric ds* = p(z)ldzlz, is defined on R. This implies that the surface R can also
be regarded as a metric space.
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Let ds* = p(z)|dz|* be a conformal metric on the Riemann surface R. Consider a chart (U, &) and the local
parameter z € V = h(U) C C around an arbitrary point Py € R, h(Py) = zgp € V, on R and, without loss of
generality, denote by p the representation of the given metric in terms of the local parameter z. The real
number

1 (alog p)(zo)
2 p(zo)

is referred to as the Gaussian curvature of the conformal metric ds? = p(z)|dz|* at the point Py on R. It can
be shown that this definition is independent of the choice of local parameter on R near Py. Indeed, if a
different chart (U1, /1) also contains Py, with corresponding local parameter z € V = /i({) ¢ C around Py and
h(Py) = %y, i.e. if ds? = p(2)|dz[* represents the conformal metric in terms of that parameter, then it holds that

(alogp)(2) = (alog((p o A)A'@))()
= (alog(p o A))(z) + 2(a log|A")(z)

= (alog P)(A@)IA )P,

in a suitably chosen neighborhood V' C V of the point zy, as the function z + log|A’(z)|, z € V’, is harmonic,
where Z = A(z) is the mapping establishing the conformal transition between parameters. Thus, since
%y = A(zo) and p(z0) = p(A(z0))IA’(z0)P?, it follows that Ky(z0) = K5(Z0). Therefore, regardless of the choice
of local parameter used, we refer to the Gaussian curvature of the conformal metric ds* = p(z)|dz|* as the
function defined on R by formula (1).

Kp(z0) = - 1)

Example 1.1. Let D = {z € C : |z| < 1} denote the open unit disk in C. Consider the conformal metric ds* =
Ap(z)|dz|> on ID, where the density function Ap is defined as

2
/\]D(Z) = (ﬁw) ,z€D. (2)

For any z € D, we have
(41og Ap)(z) = 4(log Ap)=:(2) = —8(log(1 - [2I*))=2(2)

8
‘8( |z|2)() - RPR

which implies that (Alog Ap)(z) = 2Ap(z). Thus, Ky, (z) = -1, for all z € ID. Consequently, the conformal
metric ds? = Ap(z)|dz* has constant negative Gaussian curvature on ID. Moreover, the associated distance
function for this metric on D is given by

1 Z1—Z ‘
_ 1-2pz¢
dp(z1,22) = log e
1-2pz¢

Z1, Zp € D. (3)

Definition 1.2. The hyperbolic metric on the unit disk is a conformal metric ds*> = Ap(z)|dz|*, where the density
function Ap is given by (2). The function dp is called the hyperbolic distance on the unit disk ID.

For more details on the hyperbolic metric see [1, 2, 6,7, 9, 14].
Let Q and )’ be domains (open and connected) in the complex plane C.

Definition 1.3. A mapping f : Q — , of class C? in Q, is called harmonic with respect to a conformal metric
ds? = p(w)|dwl|* on Q' (where p is a positive function of the class C* on (') if
po(f(2)
fee(2) +
p(f(2))

forall z € Q. Here, f, and f; denote the partial derivatives of f with respect to z and z, respectively, and f.- represents
the mixed second-order partial derivative of f in Q, with f.z = (f2)z = (fz)2-

f(2)f(2) =0, (4)
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In the special case when the conformal metric on )’ is the Euclidean metric, i.e. when p =1 on (Y, the
condition (4) reduces to the usual harmonicity condition (Af)(z) = 4f.:(z) = 0, for all z € Q. Thus, fis a
Euclidean harmonic (or just harmonic) mapping in this case.

Definition 1.4. A orientation-preserving C! diffeomorphism f : Q — Q' = f(Q) is said to be a regular k-
quasiconformal mapping (or simply k-quasiconformal) if there exists a constant k € [0, 1) such that

f(2)
=== <k, 5
Iura) = 5 5 )
for all z € Q, where 1i¢(z) = 28, z € Q, is the complex dilatation of f.

Remark 1.5. Note that the previous definition is correct since the mapping f is orientation-preserving, i.e. the
Jacobian of that mapping is positive. Hence, J¢(z) = |f(2) — |@)P = |£@PQA — lus(z)?) > 0, which implies
that f.(z) # 0. The smallest constant k satisfying property (5) is referred to as the quasiconformality constant of the

mapping f. Additionally, many authors use the constant K instead of k to represent the quasiconformal constant of

1+k
a k-quasiconformal mapping f, where K = 1_1-k > 1. Throughout the text, if f is a k—quasiconformal mapping, the

constant K will always be equal to K = 12k and be a number not less then 1.

Note that when K =1, i.e. k = 0, the mapping f is conformal, because in this case fz = 0 on Q.

An initial partial characterization of harmonic quasiconformal diffeomorphisms of the unit disk onto
itself was provided in [11], where it was shown that such mappings are co-Lipschitz. Furthermore, a
complete characterization of these diffeomorphisms in terms of their boundary functions was established in
[15] (see also [8]), using Mori’s inequality for quasiconformal mappings. Specifically, every quasiconformal
mapping of the unit disk onto itself extends to a homeomorphism of their corresponding closures. Notably,
these mappings have been proven to be bi-Lipschitz with respect to the Euclidean metric and, more
significantly for our purposes, they are also quasi-isometries with respect to the hyperbolic metric (see
[9,17]).

Theorem 1.6 ([9]). Let f be a k-quasiconformal harmonic diffeomorphism of the unit disc ID onto itself. Then f is a
quasi-isometry of the unit disc ID with respect to the hyperbolic metric. In addition, f is a (K!,K) bi-Lipschitz with
respect to the hyperbolic metric.

Theorem 1.7 ([9]). Let f beak-quasiconformal harmonic diffeomorphism of the upper halfplanelH = {z € C : Im z > 0}
onto itself. Then f is a quasi-isometry of H with respect to the hyperbolic metric on H. More specifically, f is a
(K™, K) bi-Lipschitz with respect to the hyperbolic metric on H, but also with respect to the Euclidean metric, i.e.

|21 — 22| /K < [ f(z1) = f(2z2)] < Klz1 — 22,
forall z1, zo € H. The estimates are sharp.

For further properties and characterizations of the harmonic quasiconformal mappings, that act between
various subdomains of the complex plane C, we refer to [2, 5, 7-9, 11-14].

Let R be an arbitrary Riemann surface of hyperbolic type, meaning that its universal covering surface
is the unit disk. By using the Uniformization theorem, the surface R can be uniquely equipped with a
conformal metric of constant Gaussian curvature equal to —1, which we shall refer to as the hyperbolic
metric on the surface R. In that case we will use the notation ds? = Ag(z)dz?, for the hyperbolic metric on R,
and dy for the corresponding hyperbolic distance function on R, which is induced by the hyperbolic metric
with the density Ag. Moreover, if 7 : ID — R is the projection that realizes the covering of the surface R
by the unit disk ID, then the mapping 7 is a local isometry with respect to the distances induced by the
corresponding hyperbolic metrics.
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Example 1.8. If is trivial to deduce that the metric density function of the hyperbolic metric on the upper half plane
His gwen by the formula Ap(z) = 2, where z = x + iy, x € R, y > 0, is a point in H. Thus, the conformal metric
ds? =5 LdzP, z=x+iy, y>0,is the hyperbolic metric on the upper half plane H. On the other hand, if we consider
the mapping

e
152

37+ 1

which establishes a conformal isomorphism between the strip S and the unit disk ID (the mapping s~
considered as a covering mapping), then it is straightforward to compute that

s(z) =

- itan(gz), 2e$=(-1,1) xR,

L could be

4ls'(z)|? m

&)= T se@Re = (2<| cos(CDP

- g
|sin(§2)) 2/ cos? (% Re z),
for every z € S, so the hyperbolic metric on S is given by ds* = (%)2 o ( e )Idzl ,z€85.

In [2] authors formulated and proved the following result that is important in our approach.

Theorem 1.9 ([2]). Let Q be a simply connected convex domain of the hyperbolic type in the complex plane C. If f
is a harmonic and k-quasiconformal mapping of the unit disk ID onto Q, then the inequalities

K+1 Aa(f(2)) K+1
T <\/ @ @< ——

hold, for all z € ID, where Aq is the hyperbolic metric density function on Q. The estimates are sharp.

2. Hyperbolic partial derivatives of a C! mapping and some estimates

Let G c C be an arbitrary simply connected domain in C, distinct from C, i.e. its boundary in C contains
at least two points. By the Riemann mapping theorem, the domain G is conformally equivalent to the unit
disk ID. Denote by g : G — ID the mapping that establishes this conformal isomorphism. Then, it is easy to
verify that the corresponding hyperbolic metric on G is given by

4lg’ (w)l*
ds? = Ac(w)|ldwl?, where Ag(w) = ————"—— weG
c(w)ldwl| c(w) 0= )PP

Observe thatif § : G — D is another mapping that establishes a conformal isomorphism between G and D,
then
19" (w)| g’ (w)]

1-1g@)P? 1= lg@)P’

because § o g~! is a conformal automorphism of the disk ID. Hence, the hyperbolic metric defined in this
way does not depend on the choice of the mapping g. For simplicity, we will always use such a domain G
in the following text.

Definition 2.1. Let G, G’ C C be simply connected domains, distinct from C, and let f : G — G’ be a C! mapping.
The hyperbolic partial derivatives of f, with respect to z and z, in the domain G are defined as

1910 = ‘;(f()) FGL 19AIE) = || =5 fetf (Z”|fz< ) ©)
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It follows directly from the classical Schwarz-Pick lemma that if f is an analytic mapping between G
and G/, then ||d,flI(z) < 1, for all z € G, with equality holding if and only if f is a conformal isomorphism.
Similarly, if f : G — G’ is a C! mapping and /i : D — G is the Riemann mapping, i.e. a one-to-one analytic
mapping of the unit disk ID onto the domain G, then

Ac((foh
1o 0 010 = |~ oo
_ [t 3@, 0
B e L AR}
_ et eryea -, o
- " O o= o

because / is a conformal isomorphism. Similarly, we have 110 ( foh)l(C) = (10, fll(z). Therefore, it suffices to
restrict our attention to a mappings f : ID — G, where G # C is a simply connected domain in C.

Our goal now is to utilize estimates of the hyperbolic derivatives to characterize the behavior of harmonic
quasiconformal mappings from the unit disk to certain hyperbolic target domains in the complex plane.

Lemma 2.2. Let f : D — G, where G is a simply connected hyperbolic domain in C, be a C' mapping that preserves
orientation. If there exists some M > 0 such that ||0f||(z)(1 + | f(2)]) < M for every z € D, then

dc(f(z1), f(z2)) < Mdp(z1,22),

for every z1,z, € D.

Proof. Let z; and z; be arbitrary points in the disk ID, and let y : [0, 1] — ID be the geodesic line with respect
to the hyperbolic metric in ID connecting z; and z;. Then,

de(f (), f(z2) < ff Vic@)ldul

Ac(f(2))
< fy @) VAp@)( £(2)| + | f2(2)])ldz]

_ f 19712 VD@ + 1 @Didz]
Y
<M f VAo@ldzl = Mdp(z, 22),
Yy

which proves the statement. [

Using a similar argument, namely that |[dw| > (|f2(z)| — | fz(2)])|dz| holds because f is orientation-preserving,
it can be easily shown that the following lemma holds.

Lemma 2.3. Let f : D — G, where G is a simply connected hyperbolic domain in C, be an orientation-preserving
C! homeomorphism. If there exists some m > 0 such that ||0f|l(z)(1 — luf(2)) = m for every z € D, then

dc(f(z1), f(z2)) 2 mdp(z1,22),

for every z1,z, € D.
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3. Further results and comments

Among the numerous generalizations of the Schwarz-Pick lemma, we now highlight one of the most
elegant and remarkable results, which applies specifically to mappings between Riemann surfaces. This
result follows directly from the Schwarz lemma for Kdhler manifolds, established by S. T. Yau (see [18])
and further discussed in the excellent article [16].

Theorem 3.1 ([16]). Let R and S be two Riemann surfaces without boundary, with conformal metrics ds* = p(z)|dz|*
and ds*> = o(w)|dwl|?, respectively. If the metric ds* = p(z)|dz|*> on the surface R is complete metric, and if for the
corresponding Gaussian curvatures the conditions K,(z) > —ay and K,(w) < —az hold, for some real constants a; > 0
and ay > 0, then for any analytic mapping F : R — S between these surfaces we have

E@IF P < 2 p(a),
2

for each z € R. In particular, if a1 = O, then F is a locally constant mapping.

Example 3.2. Let Q) = C \ [0, +o0). Denote by s the regular branch of the multivalued function S : z — Sz,
in the region (), determined by the condition s(=1) = i. Then, by the mapping g(z) = W2 € Q, which is a

s(z)+z’

conformal isomorphism from the region Q onto the unit disk 1D, the hyperbolic metric is induced on Q). Thus, the
ldz?

4|z| Im(s(z))”

and f(z) = tx +1iy, z = x +iy € Q, K > 1. These mappings are obviously k-quasiconformal, with k = 2, and
harmonic in Q Obviously, f(Q) = f(Q) Q. It is also not difficult to verify that f.(z) = K+1 and fz(z) K+1
hold, for each z € Q. However, a simple inspection (see [2]) reveals that |10, f|(z) > K” , s well as ||9; fli(z) < K2}r<1,
whenever z = x +iy € Qand x > 0,y > 0.

hyperbolic metric on Q has the form ds* = Aq(z)|dzl* = z € Q. Consider the mappings f(z) = Kx + iy

The previous example illustrates that, by applying the comment following Definition 2.1, for simply
connected domains in the complex plane of hyperbolic type that are not convex, we may anticipate results
differing from those presented in [2] (see also Theorem 1.9). So, let G C C be a simply connected region
distinct from C. We further examine the properties of the hyperbolic metric on G, demonstrating that the
previous statements, with modified constants, also hold in the case of arbitrary hyperbolic domains in C.
To this end, we highlight a result that addresses this (see [4]).

Lemma 3.3. Let G C C be a simply connected region distinct from C. Then, for the density function of the hyperbolic
metric Ag, that is defined on G, the following inequality holds:

(log A0)==(2)] < 22 +9‘fAG( ), 2€G. )

Now we are ready to state and to prove the main result of this paper.

Theorem 3.4. Let f be a k-quasiconformal harmonic mapping of the unit disk ID onto G, where G C C is an
arbitrary simply connected region distinct from C. If the conformal metric ds*> = Ac(f(2))|fz(z)PldzI* is complete

2172
on D, then ||9fll(z) > (1 + K+ %ﬁk) , for each z € D. Additionally, dc(f(z1), f(z2)) = m(k)dp(z1,22),
for each z € D, meaning the mapping f is m(k) co-Lipschitz mapping with respect to the hyperbolic metric, where

m(k) = .
\/7
V1 +K2+ 128

Proof. For the density of the conformal metric 6(z) = Ag(f(2))|f2(2)]%, z € D, we find that

(log A6)wn(f(2)) f2(2) ]
A(f@)  £@))

K, (z) = — (1 +lus)P + 4Re( (8)
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for each z € ID. Therefore, by applying inequality (7), we conclude that

(108 /\G)ww(f(z)) fz(z) 16 +9 ‘/_
‘Re( Ac(f(2) fz(z)] g el ©)
for each z € ID. Thus, using (8), we obtain
K@) =1+ @f + 127 CREAETE > -(1ees CREAEN (10)

for every z € D. Finally, since the density o(z) = Ag(f(2))lfz(2)]?, z € D, induces a complete metric on D,
applying Theorem 3.1 to the identity mapping and the corresponding metric densities, we find that

16+9\/_

Ap(2) < (1+K + AP, 2 (11)

Consequently, when we calculate the corresponding hyperbolic derivative,

-1/2
12710 = LDz o> (14 khwk) : (12)

for each z € ID. The rest is trivial consequence of the Lemma 2.3 and the inequality |uf(z)| < k,z€D. O

Remark 3.5. Determining when equality in inequality (10) holds, and whether the best lower bound for the curvature
K, is always negative, is challenging. However, K, cannot be non-negative on ID. If it were, by Theorem 3.1, if
we consider identity map F : ID 3 z + w = F(z) = z € D and chose conformal metrics ds* = o(z)|dz|* =
Ac(f@)f2(2)Pldz* and ds* = Ap(w)|dw|?, where z, w € D, than, trivially we will obtain that F is constant, which
is not true. Thus, inf{K,(z) : z € D} < 0.

It would be of particular interest, under the same conditions, to determine the corresponding Lipschitz
constant for the hyperbolic metric using an alternative approach. The result in [6], obtained by the author
and to be elaborated in a forthcoming paper, provides such a constant only for small values of 0 < k <
ko = 0.06331. Fundamentally, these results represent variations of the Schwarz-Pick type theorems adapted
to surfaces equipped with a conformal metric of non-positive Gaussian curvature. A significantly more
challenging problem, however, would be to derive appropriate bi-Lipschitz constants in the Euclidean case.
Since the Euclidean metric has Gaussian curvature identically equal to zero, this case lies beyond the scope
of the present work.
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