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Study of Ricci and Riemann soliton structures on concircularly
¢-recurrent Sasakian manifolds

Mahuya Bandyopadhyay?®

*School of Mathematical and Physical Sciences, University of Technology Sydney, NSW, Australia

Abstract. The object of this paper is to study some properties of Ricci soliton structures on concircularly
¢ -recurrent Sasakian manifolds. Initially, it is proved that a concircularly ¢ - recurrent Sasakian mani-
fold is an Einstein manifold and as a consequence of this, the Weyl conformal curvature tensor satisfies
W(&, X)Y = 0. Further, the characterization of the vector field admitting Ricci and Riemann soliton have
been studied. Additionally, the three-dimensional locally concircularly ¢-recurrent Sasakian manifolds

have been considered with an example and also it has been shown that such a manifold admitting almost
Ricci soliton reduces to Ricci soliton.

1. Introduction

A concircular transformation in an n-dimensional Riemannian manifold M which maps every geodesic
circle in M to another geodesic circle. In this context, a geodesic circle [12] is defined as a curve whose first
curvature is constant and the second curvature is identically zero. The geometry of concircular transforma-
tions, i.e. the concircular geometry provides a more general framework for studying transformation than
the conformal geometry or inversive geometry of the Euclidean space in the sense that change of metric and

preservation is focused on the geodesic circles rather than circle diffeomorphism. One important invariant
in concircular transformation is the concircular curvature tensor.

Definition 1.1. The concircular curvature tensor C in a Riemannian manifold (M>**', g) is given by [27]

T
C(X,Y)Z = R(X,Y)Z - m[g(lf, Z)X - g(X, 2)Y]

where R is the Riemann curvature tensor and r is the scalar curvature.

Many authors ([5], [22], [21]) have studied the notion of local symmetry of a Riemannian manifold to a
different extent. As a weaker version of local symmetry, T. Takahashi [23] introduced the notion of locally
¢-symmetry on a Sasakian manifold. Generalizing the notion of ¢-symmetry, De et al. [7] introduced the

notion of ¢-recurrent Sasakian manifold. Since then several works have been done by many authors ([18],
[1],[20],[8], [9]) on different types of Riemannian manifolds.
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The notion of Ricci flow was introduced by [13] in 1982 to find a canonical metric on a smooth manifold.
The Ricci flow is an evolution equation for metrics on a Riemannian manifold defined as follows:

d

5;%ii = ~2R;ij

A Ricci soliton is a natural generalization of an Einstein metric and is defined on a Riemannian manifold.
On the manifold M, a Ricci soliton is a triple (g, V, A) defined by

£vg+2S =21g )

where £y is the Lie derivative along the vector field V, called the potential vector field V, g is the Riemannian
metric, S is a Ricci tensor, and A is a constant. A Ricci soliton is a generalization of an Einstein metric. It
will be called Shrinking, steady or expanding according as A <0, A =0 and A > 0. Otherwise, it will be called
indefinite. When the vector field V is the gradient of a smooth function f : M" — R, then the manifold will
be called gradient Ricci Soliton.

Ricci solitons have been studied by several authors such as ([17], [6], [16], [10], [11]) and many others.
Recently, almost Ricci soliton was introduced by Pigola et.al [19], where they modified the definition of
Ricci soliton by adding the condition on the parameter A to be a variable in (1).

A triplet (g, X, A) on Riemannian manifold (M", g) is called a Riemann soliton [15] if there exists a real
constant A such that

%Exg/\g+R=/\G 3

where G = % g A g, £x denotes the Lie derivative operator in the direction of the vector field X, and A is the
Kulkarni Nomizu product.

A vector field ¢ on Riemannian manifold (M", g) is called a ¢(Ric) vector field if it satisfies [14]

Vxp = pQX (4)

where p is a constant and Q is the Ricci operator defined by Ric(X,Y) = g(QX, Y).

Motivated by the above studies, in this paper, we study Ricci soliton structures in a concircularly ¢-
recurrent Sasakian manifold. The paper is organized as follows: In sections 2 and 3, we give a brief
introduction to concircularly ¢-recurrent Sasakian manifold and some features of it. Sections 4 and 5 deal
with the study of Ricci Soliton and Riemann Soliton in concircularly ¢-recurrent Sasakian manifolds. In
section 6, we study 3-dimensional locally concircularly ¢-recurrent Sasakian manifolds, and in section 7, we
show that an almost Ricci soliton reduces to a Ricci soliton in a concircularly ¢-recurrent Saskian manifold.
Finally, in section 8, we constructed an example to show the existence of a three-dimensional concircularly
¢-recurrent Sasakian manifold.

2. Preliminaries

Let M2”+1(qb, &,1,9) be a Sasakian manifold with the structure (¢, £, 1, g), Then the following relations
hold [2]:

P*X = =X +n(X)E, )

;&) =1, b)gX &) =nX), c)n@X)=0, (6)
(X, pY) = g(X,Y) — n(X)n(Y), 7)
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R(E X)Y = (Vx§)Y = g(X, Y)E - n(V)X, (8)
a)Vx& ==X b)(Vxn)(Y) = g(X, ¢Y), )
R(X, Y) =n(Y)X - n(X)Y, (10)
R(X, &)Y = n((NX - g(X, V)&, (11)
NREX, V)Z = g(Y, Z)n(X) - 9(X, Z)n(Y) (12)
S(X, &) =2nn(X) (13)
S(@X, PY) = S(X,Y) = 2n n(X)n(Y) (14)

for all vector fields X, Y, Z, where V denotes the operator of covariant differentiation with respect to g. ¢
is a skew-symmetric tensor field of type (1,1) and £ is called the characteristic vector field. S is the Ricci
tensor of type (0,2) and R is the Riemannian curvature tensor of the manifold.

Definition 2.1 A Sasakian manifold is said to be a locally ¢-symmetric manifold if

P*(VwRI(X, Y)Z) =0 (15)
for all vector fields X, Y, Z, W orthogonal to &.
Definition 2.2 A Sasakian manifold is said to be a locally concircularly ¢p-symmetric manifold if

P (VWO(X, V)Z) =0 (16)
for all vector fields X, Y, Z, W orthogonal to &.

Definition 2.3 A Sasakian manifold is said to be a concircularly ¢-recurrent Sasakian manifold if there exists a
non-zero 1-form A such that

P*(VwO(X, YV)Z) = AW)C(X, Y)Z (17)

for arbitrary vector fields X,Y,Z,W.

If the 1-form A vanishes, then the manifold reduces to a ¢-symmetric manifold.

3. Concircularly ¢-recurrent Sasakian manifold
Let us consider a concircularly ¢-recurrent Sasakian manifold. Then by virtue of (5) and (17), we get
~(VwOI((X, V)Z + n(VwC)(X, Y)Z2)& = AW)C(X, Y)Z (18)
from which it follows that
—g(VwOI((X, Y)Z, U) + n((VwC)(X, Y)Z)n(U) = A(U)g(C(X, Y)Z, U) (19)

Let {e;}, i=1,2,...,2n+1 be an orthonormal basis of the tangent space at any point of the manifold. Then
putting X = U = ¢; in (19) and taking summation overi, 1 <i < 2n + 1 we get

_dr(W) dr(W) r
(VwS)%2) = 15800 2) = 50 = 1900 2) = n0n@] + AWIS(,2) = 5 msg( )] (20)
Replacing Z=¢ in (20) and using (6) and (13), we have
VS0 = )+ AWI2n - ——n(¥) @

n+1) 2n+1)
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Now we have
(VwS)(Y, &) = (VwS)(Y, &) = S(VwY, &) = S(Y, V&) (22)
From equations (9) and (13), we have
(VwS)(Y, &) = =2ng(Y, pW) + 5(Y, pW) (23)
In view of (21) and (23), we obtain

dr(W)
@2n+1)

r
n(Y) + A(W)[2n - W]U(Y) (24)

S(Y, W) = 2ng(Y, pW) +
Replacing Y by ¢Y in (24) and using (6), we have

S@Y, pW) = 2ng(dY, $W) (25)
Using (7) and (14) in (25), we have

SO, W) = 2ng(Y, W) VY, W (26)
Hence we can state the following theorem:

Theorem 3.1. A concircularly ¢ - recurrent Sasakian manifold is an Einstein manifold.

Weyl ([25], [26]) constructed a generalized curvature tensor on Riemannian manifold which vanishes
whenever the metric is (locally) conformally equivalent to a flat metric. The Weyl conformal curvature
tensor is defined by

W(X,Y)Z = R(X, Y)Z -

—[9(QY, 2)X - 9(QX, 2)Y + g(Y, 2)QX - g(X, Z)QY]
@2n-1) 27)

.
+ W[Q(K 2)X - 9(X,2)Y]

for X, Y, Z € TM, where TM is the Lie algebra of differentiable vector fields in (MZ””, 7). Rand r are the
Riemann curvature tensor and scalar curvature of M respectively and Q is the Ricci operator satisfying the
relation S(X, Y) = g(QX, Y).

From the above definition, it can be seen that

div W)X, Y)Z = (%)[{(sz)ﬁf, Z) = (VyS)(X, 2)} - ﬁ{g(Yl 2)dr(X) - g(X, Z)dr(Y)}] (28)
Since the manifold becomes Einstein, therefore div W = 0, where W denotes the Weyl conformal curvature
iirl[z(fauthors proved that if a Sasakian manifold satisfies div W = 0, then W(¢, X)Y = 0.
Thus we obtain the following:

Corollary 3.1. In a concircularly ¢-recurrent Sasakian manifold, the Weyl conformal curvature tensor satisfies
W(&, X)Y = 0.

4. Ricci Soliton

Suppose that a concircularly ¢-recurrent Sasakian manifold admits a Ricci soliton (g, &, A).
Then (2) holds and using Theorem 3.1, we have

(Eeq)(X,Y) +4ng(X,Y) = 2A9(X, Y) (29)



M. Bandyopadhyay / Filomat 39:7 (2025), 2141-2151 2145
Substituting Y = £ in (29), we get
9VE, X) + 4mn(X) = 247(X) (30)
Putting X=¢ in (30), we obtain
A=2n (31)
Thus from (30) we have,
g(Ve&, X) =0 VX (32)

which implies V&= 0, the integral curves of the vector field £ are geodesic. Therefore we have the following
proposition:

Proposition 4.1. Let (M*"*1, ) be a concircularly ¢-recurrent Sasakian manifold with a Ricci Soliton (g,&, M)
such that the vector field & is the characteristic vector field of M. Then the integral curves of & are geodesic on M and
the soliton is expanding.

Next, we consider the vector field & to be a &(Ric) vector field, then from the Lie derivative and (4) we
have,

(Eeg)(X,Y) = g(Vx&, Y) + g(Vyé, X) = 2uRic(X, Y) (33)
Combining (2) and (33), we obtain

(1 + DRic(X, Y) = Ag(X, Y) (34)
Putting X = & in (34), we obtain

(4 + DRic(E, Y) = An(Y) (35)
Substituting Y = & in (35), we have

2n(p+1)=A (36)
From (36),
if u = -1, then A = 0 which implies the Ricci soliton is steady.
If 4 > -1, then A > 0 which implies the Ricci soliton is expanding.
If u < -1, then A < 0 which implies the Ricci soliton is shrinking.

So we can state the following theorem:

Theorem 4.2 Let (M?"*L, ) be a concircularly ¢-recurrent Sasakian manifold with a Ricci Soliton (g,&,A) and
the vector field & is a E(Ric) vector field. Then the Ricci soliton is steady, expanding or shrinking according to whether
pu=-1, Tor<1.

5. Riemann Soliton

The Riemann soliton equation in (3) can be expressed as

2R(X, Y, Z, W) + {g(X, W)(E:q)(Y, Z) + g(Y, Z)(Ecg)(X, W) = (X, Z)(Ecg)(Y, W) = g (¥, W)(Ec9)(X, Z))

37
= 2A9(X, WY, 2) - g(X, 2yg(, Wy] )
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Contracting (37) over X and W, we obtain

2 2 ,
(Eeg)(Y, Z) + mS(Y, Z) - WIZM —divélg(Y,Z) =0 (38)
Putting Y = £ in (38),
(Ec9)(E, D) + Gy S(6,2) = s 2 = 016, 2) = (39)
Now using Theorem 3.1 and (39), we have
2 .
9(Veé, Z) = & D [2n(A — 1) - div &] (40)

Replacing Z by & in (40), it becomes

divé =2n(A - 1) (41)
Substituting (41) in (40), we find

g(Ve&,Z) =0 forallZ (42)
Thus we have the following theorem:

Theorem 5.1. In a concircularly ¢-recurrent Sasakian manifold with Riemann Soliton (g,&.A), divE = 2n(A — 1)
and the integral curves of & are geodesic.

6. On a 3-dimensional locally concircular ¢-recurrent Sasakian manifolds

The curvature tensor in a three-dimensional Sasakian manifold has the following form [3]

R(X, Y)Z = ( i)
( 6 " (43)
+ 22190, 2(X)E - g%, ZME + Y ME)X = X))
Taking covariant differentiation of (43), we get
@R Z = P50 2)x - g 2
d
“W) (906, Z3(0E ~ 9(X, Z)N(VE + DX - 1(ON)Y] )
N D La0, XVim) (& + 900, 20X (Vaed) — 9K, ZXTram(VE - 9(X, 20w
+ (VwDWN@DX + (V) @nX = (Twn)CON@)Y - (Vwi)ZneOY]
Taking X,Y,Z,W orthogonal to &, and using (9), we have
wRIX 07 = L8100 2)% - g%, 2001+ E2 g0 g oW - g g gEl )
From (45), it follows that
2 dr(W) 2 2
PTRXNZ = 2190 267X - (X, 2097 (46)
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Now taking X, Y, Z, W orthogonal to £ and using (5) and (6), we obtain

dr(W)

P*(VWR)(X, Y)Z = —— (DX - 9(X, 2)Y] (47)

Now differentiating covariantly (1) with respect to W (for n = 3), we get

dr(W)
6

(VwO(X, Y)Z = (VwR)(X, Y)Z - [9(Y, )X = 9(X, Z)Y] (48)

Applying ¢? to both sides of (48), we have

dr(W)

P*(VwOX, NZ = G*(VWR)(X, V)Z = ——[9(¥, 2)¢*X = 9(X, 2)¢*Y] (49)

Using (17), (47) and (5) in (49), we obtain

Amcx 1z = -T 00 2)x - gx, 21
dr(W) (50)
— ¢ I DX+ 9(X ZnX)E + 9(X, 2)Y = g(X, Zn(V)E]
Taking X, Y, Z, W orthogonal to & in (50), we get
_ dr(W) B
CXY)Z= 3A(W) [9(Y, 2)X — 9(X, Z)Y] (51)

Putting W = {¢;} in (51), where {¢;}, 1 =1, 2, 3 is an orthonormal basis of the tangent space at any point of the
manifold and taking summation over i, 1 <i < 3, we obtain

_ dr(e;) B
CXNZ = =33 51900 DX - g 2)Y] (52)

Using (1) in (52), we have

RX,V)Z = Milg(Y, 2)X - g(X, 2)Y] (53)
where A1 = (¢ - %) is a scalar, since A is a non-zero 1-form. Then by Schur’s theorem A; will be a constant

on the manifold. Therefore, M3 is of constant curvature A;.
Thus we can state the following theorem:
Theorem 6.1. A 3-dimensional locally concircularly ¢ — recurrent Sasakian manifold is of constant curvature.

If the scalar curvature is constant then from (47) and (49), we can say that
P*(VwO)(X, Y)Z =0

i.e. Alocally three-dimensional concircularly ¢ - recurrent Sasakian manifold becomes ¢ - symmetric.

It is known from Watanabe’s result [24] that a three dimensional Sasakian manifold is locally ¢-symmetric
if and only if the scalar curvature is constant. Hence we can state the following theorem:

Theorem 6.2. A 3-dimensional Sasakian manifold is locally concircualrly ¢-recurrent if and only if it is locally
Q-symmetric.
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7. Almost Ricci Soliton

Suppose that a 3-dimensional locally concircularly ¢-recurrent Sasakian manifold admits an almost
Ricci Soliton defined by (2) where A is a smooth function. Using Theorem 6.1 and equation (53) we have,

S(Y,Z) = Mg(Y, 2) (54)
where A; is a constant.
From equation (2) and (54) we get,

(Evy)(Y, Z) = 2(A = M)g(Y, Z) (55)
Differentiating the above equation with respect to X and using (6) we have,

(VxEv g) = 2dA(X)g(Y, Z) (56)
Now we recall the following formula [28],

(EvVxg = Vxfvg = Vivxig)(V, Z) = —g((EvV)(X, Y)Z) — g((EvV)(X, 2)Y) (57)
for any vector fields X, Y, and Z on M. From this we can easily deduce

(VxEv)(Y, Z) = g(EvV)(X, Y)Z) + g((EvV)(X, Z)Y) (58)

Since £V is a symmetric tensor of type (1, 2) it follows from (58) that
1 1 1
g(EVV)X Y)Z = E(VXEVg)(Yr Z)+ E(Vyfvg)(xl Z) - E(Vzﬁvg)(X, Y) (59)
Using (56) in (59), we have
9(EVYX, VZ) = dAXOg(Y, Z) + dA(YV)g(X, Z) - dAZ)g(X, Y) (60)

Substituting X =Y = ¢; in the above equation and removing Z from both sides, where {e;} is an orthonormal
basis of the tangent space at each point of the manifold and taking X;, 1 <i < 3, we get

(EvV)(ei,e;) = =DA (61)

where dA(X) = g(DA, X), D denotes the gradient operator with respect to g. Now differentiating (2) and
using (58) we determine

JEVVIX Y)Z) = (V29)(X, Y) = (VxS)(Y, Z) = (VyS)(X, Z) (62)
Taking X =Y = ¢; (where {e;} is an orthonormal frame) in (62) and summing over i, we obtain

(EvV)(ei,e) =0 (63)
Combining (61) and (63), we have

DA =0 (64)
This implies that A is constant which leads to the following theorem:

Theorem 7.1. An almost Ricci soliton on a 3-dimensional locally concircularly ¢ - recurrent Sasakian manifold
reduces to Ricci soliton.
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8. Example

In this section we give an example to show the existence of a three dimensional concircularly ¢ - recur-
rent Sasakian manifold.

We consider the three dimensional manifold M = {(x,y,z) € R3,(x, y,z) # 0} are standard coordinates
of R3.

The vector fields

P N R A
YRy 2T T BT o Yoy T %az

are linearly independent at each point of M. Let g be the Riemannian metric defined by

gler,e1) = gles, e2) = gles,e3) =1
gle1,e2) = gles, e3) = gler,e3) =0

Let 1 be the 1-form defined by 1(Z) = g(Z, e3) for any Z € x(M)
Further, let ¢ be the (1,1) tensor field defined by

Pler) = —ea, Pler) = e1, Ples) =0

So, using the lineartiy of ¢ and g, we have

n(es) =1,
¢)2Z =-Z+n(2)es,

9(Z,¢W) = g(Z, W) = n(Z)n(W)

for any Z, W € x(M).

Thus for & = e3, the structure M(¢, &, 1, g) defines an almost contact metric manifold.

Let V be the Levi-Civita connection with respect to the Riemannian metric g and R be the curvature tensor
of g. Then we have,

ler, 2] =0, [er,e3] = —e1, [ez,e3] = —es.
The Riemannian connection of the metric g which is known as Koszul’s formula is given by

29(VxY, Z) = Xg(Y, Z) + Yg(Z, X) = Zg(X, V) + 91X, Y1, 2) - (1%, Z1, X) + g([Z,X], Y) (65)
From (65) we can have,

Veer =0, Veer=e3, Vees=—e
Ve,eo =3, Vee1 =0, Vee3=—e (66)
V6332 = 0, V33€1 = 0, V33€3 =0
From (66), we can easily verify that the structure (¢, &, 1, g) satisfies the relation (8). Hence M(¢, &, 7, 9) is a
three dimensional Sasakian manifold. It is known that,
R(X,Y)Z = VxVyZ = VyVxZ = Vixy|Z (67)

Using (67) and (66) the components of Riemann curvature tensor are given by,

R(e1,e2)e3 =0, R(ez, e3)e3 = —ez, Rleq,e3)es = —e
R(e1,e2)er = —e1, Rlez,e3)er =2, Rler,e3)er =0 (68)
R(e1,e2)er = ez, Rlez,e3)er =0, Rler,e3)e; =e3
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From the definition of the Ricci tensor in three dimensional manifold we get,

3
S(X,Y) = Z g(R(e;, X)Y, e1) (69)

i=1
From the components of the curvature tensor and (69), we obtain the following results,
S(e1,e1) = S(ea, €2) = S(es, e3) = =2 and S(ej, ej)) =0 fori#j
Therefore,
r=S5(e1,e1) + S(ez, e2) + S(es, e3) = —6

Hence, we obtain the scalar curvature is constant.

It is well known from Watanabe’s result [24] that a three dimensional Sasakian manifold is locally ¢-
symmetric if and only if the scalar curvature is constant.

Hence the manifold is locally ¢ - symmetric. Thus Theorem 6.2 is verified.
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