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Abstract. In this paper, we derive the general solution of a quadratic-cubic functional equation
3 f (x + 3y) − 3 f (x − 3y) + 36 f (2y) = 9 f (x + y) − 9 f (x − y) + 16 f (3y) and investigate the Hyers-Ulam stability
of the equation.

1. Introduction

The stability problem was first introduced by Ulam [22] in 1940 where he proposed the following
question concerning the stability of homomorphisms:

Let (G1, ⋆) be a group and let (G2, ⋄, d) be a metric group with the metric d(., .). Given ϵ > 0, then there
exists a δ(ϵ) > 0 such that is a mapping h : G1 → G2 satisfies the inequality

d(h(x ⋆ y), h(x) ⋄ h(y)) < δ

for all x, y ∈ G1, then is there a homomorphism H : G1 → G2 with

d(h(x),H(x)) < ϵ

for all x ∈ G1? In other words, if a mapping is almost homomorphism, then is there a true homomorphism
near it with small error as much as possible? If the answer is affirmative, we would call that the equation
H(x ⋆ y) = H(x) ⋄H(y) of homomorphism is stable.

In 1941, Hyers [10] was the first mathematician to present the result concerning the stability of functional
equations. He answered the question of Ulam for the cases where G and H are assumed to be Banach spaces.
Later Hyers’ theorem was generalized by Aoki [2] for approximate additive mappings and by Rassias [20]
for approximate linear mappings. Moreover, a generalization of the Rassias’ theorem was obtained by
Găvruţă [8]. Subsequently, numerous authors have thoroughly explored the stability problems of several
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functional equations [3, 5, 7, 9, 11–14, 21]. Specifically, one of the significant functional equations studied is
the following [1, 6, 16–19]:

f (x + y) + f (x − y) = 2 f (x) + 2 f (y). (1.1)

This functional equation is called quadratic because f (x) = ax2 is a solution of the above functional equation.
Another well-known functional equation is the cubic functional equation which is represented by

f (2x + y) + f (2x − y) = 2 f (x + y) + 2 f (x − y) + 12 f (x). (1.2)

The cubic function f (x) = ax3 satisfies the above functional equation. This equation was solved by Jun
and Kim [15]. They also proved that a functional equation f : X→ Y where X and Y are real vector spaces,
is a solution of (1.2) if and only if there exists a function F : X × X × X→ Y such that f (x) = F(x, x, x) for all
x ∈ X, where F is symmetric for each fixed one variable and is additive for fixed two variables and is given
F(x, y, z) = 1

24 f (x + y + z) + f (x − y − z) − f (x + y − z) − f (x − y + z), for all x, y, z ∈ X. Furthermore, they
investigated the Hyers–Ulam stability for Eq. (1.2).

In 2003, Chang and Jung [4] introduced the following mixed type functional equation

6 f (x + y) − 6 f (x − y) + 4 f (3y) = 3 f (x + 2y) − 3 f (x − 2y) + 9 f (2y). (1.3)

The function f (x) = ax2+bx3 is a solution of the functional equation (1.3). They obtained the general solution
of the functional equation (1.3) and investigated the Hyers-Ulam stability of the functional equation (1.3)
in normed spaces.

In this paper we deal with the functional equation

3 f (x + 3y) − 3 f (x − 3y) + 36 f (2y) = 9 f (x + y) − 9 f (x − y) + 16 f (3y). (1.4)

It is easy to verify that the function f (x) = ax2 + bx3 is a solution of the functional equation (1.4).

The main purpose of this paper is to investigate the general solution of (1.4) as well as its Hyers-Ulam
stability.

2. Preliminaries

In this section, we consider X and Y as real vector spaces.

Lemma 2.1. If f : X→ Y is an even mapping which satisfies (1.4), then f is quadratic.

Proof. We put x = y = 0 in (1.4), to get

f (0) = 0. (2.1)

Now we put x = 0 in (1.4) and we use the evenness of f ,

36 f (2y) = 16 f (3y). (2.2)

Thus (1.4) becomes,

f (x + 3y) − f (x − 3y) = 3(x + y) − 3(x − y), (2.3)

for all x, y ∈ X.
Replacing x by y in (2.3), we get

f (4y) = 4 f (2y).



A. Chutia, H. Dutta / Filomat 39:7 (2025), 2209–2219 2211

Now we replace 2y = y in the above equation to get

f (2y) = 4 f (y). (2.4)

Hence (2.2) can be written as

f (3y) = 9 f (y). (2.5)

We substitute x by x + y and y by x − y in (2.3) and use (2.4) to get

f (2x − y) − f (x − 2y) = 3 f (x) − 3 f (y). (2.6)

Now replacing y by −y in (2.6)

f (2x + y) − f (x + 2y) = 3 f (x) − 3 f (y). (2.7)

Replacing y = 2y in (2.7) and using (2.4), we get

4 f (x + y) − f (x + 4y) = 3 f (x) − 12 f (y). (2.8)

We interchange x with y in (2.8) to get

4 f (x + y) − f (4x + y) = 3 f (y) − 12 f (x). (2.9)

Now we adding (2.8) and (2.9) yields

f (x + 4y) + f (4x + y) = 8 f (x + y) + 9 f (x) + 9 f (y). (2.10)

If we replace x by x + y in (2.3), we have

f (x + 4y) − f (x − 2y) = 3 f (x + 2y) − 3 f (x). (2.11)

Replacing x = 2x in (2.11) and using (2.4), we get

f (x + 2y) = 3 f (x + y) + f (x − y) − 3 f (x). (2.12)

Interchanging x and y in (2.12) to get

f (2x + y) = 3 f (x + y) + f (x − y) − 3 f (y). (2.13)

Now adding (2.12) and (2.13) gives

f (x + 2y) + f (2x + y) = 6 f (x + y) + 2 f (x − y) − 3 f (x) − 3 f (y). (2.14)

Replacing y by −y we have

f (x − 2y) + f (2x − y) = 6 f (x − y) + 2 f (x + y) − 3 f (x) − 3 f (y). (2.15)

Replacing y = 2y in (2.14) and using (2.4), we arrive at

f (x + 4y) + 4 f (x + y) = 6 f (x + 2y) + 2 f (x − 2y) − 3 f (x) − 12 f (y). (2.16)

Interchanging x and y in (2.16) to get

f (4x + y) + 4 f (x + y) = 6 f (2x + y) + 2 f (2x − y) − 3 f (y) − 12 f (x). (2.17)

Now adding (2.16) with (2.17) and using (2.14) and (2.15), we have

f (4x + y) + f (x + 4y) = 32 f (x + y) + 24 f (x − y) − 39 f (x) − 39 f (y). (2.18)

Comparing (2.10) and (2.18), we get

f (x + y) + f (x − y) = 2 f (x) + 2 f (y).

Thus, we have f is quadratic.
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Lemma 2.2. If f : X→ Y is an odd mapping which satisfies (1.4), then f is cubic.

Proof. As f is odd we have f (−x) = − f (x) which gives f (0) = 0.
Putting x = 0 in (1.4) we get

5 f (3y) = 18 f (2y) − 9 f (y). (2.19)

Replacing x by y in (1.4) yields

16 f (3y) = 3 f (4y) + 30 f (2y). (2.20)

Now replacing x by 3y, we get

f (6y) = 4 f (4y) − 5 f (2y).

Replacing 2y by y, we have

f (3y) = 4 f (2y) − 5 f (y). (2.21)

Now, multiplying (2.21) by 5 and subtracting it from (2.19), we get

f (2y) = 8 f (y). (2.22)

Thus, using the above equation in (2.19), we get

f (3y) = 27 f (y). (2.23)

Now, using (2.22) and (2.23) in (1.4), we have

f (x + 3y) − f (x − 3y) = 3 f (x + y) − 3 f (x − y) + 48 f (x). (2.24)

We replace x by x + y to get

f (x + 4y) − f (x − 2y) = 3 f (x + 2y) − 3 f (x) + 48 f (y). (2.25)

Replacing x by 2x and using (2.22), we have

f (x + 2y) = 3 f (x + y) + f (x − y) − 3 f (x) + 6 f (y). (2.26)

Now we interchange x and y to get

f (2x + y) = 3 f (x + y) − f (x − y) − 3 f (y) + 6 f (x). (2.27)

We replace y by −y which gives

f (2x − y) = 3 f (x − y) − f (x + y) + 3 f (y) + 6 f (x). (2.28)

Now, we add (2.27) and (2.28) to obtain

f (2x + y) + f (2x − y) = 2 f (x + y) + 2 f (x − y) + 12 f (x).

This completes the proof.
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3. Main resuls

3.1. The general solution
Theorem 3.1. Let X and Y be two real vector spaces. A mapping f : X → Y satisfies (1.4) for all x, y ∈ X if and
only if there exist a symmetric and bi-additive mapping B : X × X → Y and a mapping F : X × X × X → Y such
that f (x) = F(x, x, x) + B(x, x) for all x ∈ X, where F is symmetric for fixed one variable and is additive for fixed two
variables.

Proof. Let us decompose f into even and odd parts by putting

fe(x) =
1
2

[ f (x) + f (−x)] and fo(x) =
1
2

[ f (x) − f (−x)],

for all x ∈ X. Then, we have

f (x) = fe(x) + fo(x),

for all x ∈ X. We can easily verify that fe(x) and fo(x) satisfy (1.4). Using Lemmas 2.1 and 2.2, we have
fe(x) is quadratic and fo(x) is cubic. Thus, there exist a symmetric and bi-additive mapping B : X × X → Y
and a mapping F : X × X × X → Y such that fe(x) = B(x, x) and fo(x) = F(x, x, x), combining we get
f (x) = F(x, x, x) + B(x, x) for all x ∈ X, where F is symmetric for fixed one variable and is additive for fixed
two variables.

Conversely, if there exist a symmetric and bi-additive mapping B : X × X → Y and a mapping F :
X × X × X→ Y such that f (x) = F(x, x, x) + B(x, x) for all x ∈ X, where F is symmetric for fixed one variable
and is additive for fixed two variables, it is clear that f satisfies (1.4).

3.2. The Hyers-Ulam stability
Throughout this section, let X and Y be a real vector space and a real Banach space, respectively.

In this section, the stability of the functional equation will be investigated. Before proceeding to the
proof of the main result in this section, we shall need the following two results.

We define

D f (x, y) := 3 f (x + 3y) − 3 f (x − 3y) + 36 f (2y) − 9 f (x + y) + 9 f (x − y) − 16 f (3y),

for all x, y ∈ X.

Theorem 3.2. Let ϕ : X × X→ [0,∞) be a function such that

∞∑
i=0

ϕ(2i−1x, 2i−1x) + ϕ(0, 2i−1x)
4i ,

converges and

lim
n→∞

ϕ(2nx, 2ny)
4n = 0,

for all x ∈ X and f (0) = 0. Let us consider an even mapping f : X→ Y which satisfies the inequality

∥D f (x, y∥ ≤ ϕ(x, y), (3.1)

for all x, y ∈ X. Then there exists a unique quadratic mapping T : X→ Y which satisfies (1.4) and given by

T(x) = lim
n→∞

f (2nx)
4n . (3.2)
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Also, satisfies the inequality

∥ f (x) − T(x)∥ ≤
1

12

∞∑
i=0

ϕ(2i−1x, 2i−1x) + ϕ(0, 2i−1x)
4i , (3.3)

for all x ∈ X.

Proof. Let us put x = 0 in (3.1). Then we get

∥36 f (2y) − 16 f (3y)∥ ≤ ϕ(0, y),

for all y ∈ X. Replacing y by x, we get

∥36 f (2x) − 16 f (3x)∥ ≤ ϕ(0, x), (3.4)

for all x ∈ X. Now, let us put y = x in (3.1)

∥3 f (4x) + 24 f (2x) − 16 f (3x)∥ ≤ ϕ(x, x), (3.5)

for all x ∈ X. Using (3.4) and (3.5), we get

∥3 f (4x) − 12 f (2x)∥ ≤ ϕ(x, x) + ϕ(0, x),

for all x ∈ X. Dividing by 12 in the above inequality, we have∥∥∥∥∥ f (4x)
4
− f (2x)

∥∥∥∥∥ ≤ 1
12

[ϕ(x, x) + ϕ(0, x)],

for all x ∈ X. Replacing x by 1
2 x in the above inequality, we have∥∥∥∥∥ f (2x)

4
− f (x)

∥∥∥∥∥ ≤ 1
12

[
ϕ
(x

2
,

x
2

)
+ ϕ
(
0,

x
2

)]
, (3.6)

for all x ∈ X . Now, replacing x by 2x in (3.6) and dividing by 4, we get∥∥∥∥∥∥ f (22x)
42 −

f (2x)
4

∥∥∥∥∥∥ ≤ 1
12

[
ϕ(x, x) + ϕ(0, x)

4

]
.

Now, using (3.6) we have∥∥∥∥∥∥ f (22x)
42 − f (x)

∥∥∥∥∥∥ ≤ 1
12

[
ϕ(x, x) + ϕ(0, x)

4
+ ϕ
(x

2
,

x
2

)
+ ϕ
(
0,

x
2

)]
.

Applying an induction argument to n, we obtain∥∥∥∥∥ f (2nx)
4n − f (x)

∥∥∥∥∥ ≤ 1
12

n−1∑
i=0

ϕ(2i−1x, 2i−1x) + ϕ(0, 2i−1x)
4i , (3.7)

for all x ∈ X. Indeed∥∥∥∥∥∥ f (2n+1x)
4n+1 − f (x)

∥∥∥∥∥∥ ≤ 1
4

∥∥∥∥∥ f (2n2x)
4n − f (2x)

∥∥∥∥∥ + ∥∥∥∥∥ f (2x)
4
− f (x)

∥∥∥∥∥ .
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And, using (3.6) and (3.7), we get∥∥∥∥∥∥ f (2n+1x)
4n+1 − f (x)

∥∥∥∥∥∥ ≤ 1
4

1
12

n−1∑
i=0

ϕ(2ix, 2ix) + ϕ(0, 2ix)
4i +

1
12

[
ϕ(

x
2

),
x
2
+ ϕ(0,

x
2

)
]

=
1

12

n∑
i=0

ϕ(2i−1x, 2i−1x) + ϕ(0, 2i−1x)
4i ,

for all x ∈ X. Now we claim f (2nx)
4n is a Cauchy sequence. We replace x by 2mx and divide (3.7) by 4m to

obtain that∥∥∥4−(n+m) f (2n2mx) − 4−m f (2mx)
∥∥∥ = 4−m

∥∥∥4−n f (2n2mx) − f (2mx)
∥∥∥

≤ 4−m 1
12

n−1∑
i=0

ϕ(2i−12mx, 2i−12mx) + ϕ(0, 2i−12mx)
4i

≤
1

12

∞∑
i=0

ϕ(2i−12mx, 2i−12mx) + ϕ(0, 2i−12mx)
4i+m ,

for all x ∈ X. Taking the limit as m→ ∞, we obtain f (2nx)
4n is a Cauchy sequence in Y. As Y is complete, this

sequence converges in Y.
Now, let us define T : X→ Y by

T(x) = lim
n→∞

f (2nx)
4n ,

for all x ∈ X. It is obvious that T(−x) = T(x) for all x ∈ X. Now using (3.1), we have∥∥∥DT(x, y)
∥∥∥ = lim

n→∞
4−n
∥∥∥D f (2nx, 2ny)

∥∥∥ ≤ 4−nϕ(2nx, 2ny) = 0,

for all x, y ∈ X. Thus, according to Lemma 2.1, T is quadratic.
In (3.7), taking the limit as n→∞, we obtain

∥T(x) − f (x)∥ ≤
1

12

∞∑
i=0

ϕ(2i−1x, 2i−1x) + ϕ(0, 2i−1x)
4i ,

for all x ∈ X. Now, we claim T is unique.
Suppose that there exists another quadratic mapping T̃ : X→ Y which satisfies (1.4) and (3.3). As both

T and T̃ are quadratic, we have T̃(2nx) = 4nT̃(x) and T(2nx) = 4nT(x) for all x ∈ X. Thus, we obtain∥∥∥T̃(x) − T(x)
∥∥∥ = 4−n

∥∥∥T̃(2nx) − T(2nx)
∥∥∥

≤ 4−n
[
∥T̃(2nx) − f (2nx)∥ +

∥∥∥ f (2nx) − T(2nx)
∥∥∥]

≤
1
6

∞∑
i=0

ϕ(2i−12nx, 2i−12nx) + ϕ(0, 2i−12nx)
4i+n ,

for all x ∈ X. By letting n → ∞ in the above inequality, we have T̃(x) = T(x) for all x ∈ X which gives the
conclusion.

Theorem 3.3. Let ϕ : X × X→ [0,∞) be a function such that

∞∑
i=0

3ϕ(0, 2ix) + 10ϕ(2i−1x, 2i−1x) + 10ϕ(3 · 2i−1x, 2i−1x)
8i
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converges and

lim
n→∞

ϕ(2nx, 2ny)
4n = 0,

for all x, y ∈ X.
Let us consider an odd mapping f : X→ Y which satisfies the inequality∥∥∥D f (x, y)

∥∥∥ ≤ ϕ(x, y), (3.8)

for all x, y ∈ X. Then there exists a unique cubic mapping S : X→ Y which satisfies (1.4) and given by

S(x) = lim
n→∞

f (2nx)
8n . (3.9)

Also satisfies the inequality

∥∥∥ f (x) − S(x)
∥∥∥ ≤ 1

96

∞∑
i=0

[
3ϕ(0, 2ix) + 10ϕ(2i−1x, 2i−1x) + 10ϕ(3 · 2i−1x, 2i−1x)

8i

]
. (3.10)

for all x ∈ X.

Proof. Since f is odd, we have f (0) = 0.
Putting x = 0 in (3.8), we get∥∥∥−10 f (3y) + 36 f (2y) − 18 f (y)

∥∥∥ ≤ ϕ(0, y).

Replacing y by x, we obtain∥∥∥−10 f (3x) + 36 f (2x) − 18 f (x)
∥∥∥ ≤ ϕ(0, x), (3.11)

for all x ∈ X. Let us put y = x in (3.8) to get∥∥∥3 f (4x) − 16 f (3x) + 30 f (2x)
∥∥∥ ≤ ϕ(x, x), (3.12)

for all x ∈ X. Now putting x = 3y in (3.8)∥∥∥3 f (6y) − 9 f (4y) − 16 f (3y) + 45 f (2y)
∥∥∥ ≤ ϕ(3y, y).

We replace y by x in the above inequality, we obtain∥∥∥3 f (6x) − 9 f (4x) − 16 f (3x) + 45 f (2x)
∥∥∥ ≤ ϕ(3x, x), (3.13)

for all x ∈ X. Using (3.12) and (3.13), we get∥∥∥3 f (6x) − 12 f (4x) + 15 f (2x)
∥∥∥ ≤ ϕ(3x, x) + ϕ(x, x),

for all x ∈ X. Replacing x by 1
2 x in the above inequality, we obtain∥∥∥3 f (3x) − 12 f (2x) + 15 f (x)
∥∥∥ ≤ ϕ (3x

2
,

x
2

)
+ ϕ
(x

2
,

x
2

)
, (3.14)

for all x ∈ X. It follows from (3.11) and (3.14) that∥∥∥96 f (x) − 12 f (2x)
∥∥∥ ≤ 10ϕ

(3x
2
,

x
2

)
+ 10ϕ

(x
2
,

x
2

)
+ 3ϕ(0, x).
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Now dividing by 96 in the above inequality, we get∥∥∥∥∥ f (2x)
8
− f (x)

∥∥∥∥∥ ≤ 1
96

[
3ϕ(0, x) + 10ϕ

(x
2
,

x
2

)
+ 10ϕ

(3x
2
,

x
2

)]
, (3.15)

for all x ∈ X. Now, we replace x by 2x and divide (3.15) by 8 to get∥∥∥∥∥∥ f (22x)
82 −

f (2x)
8

∥∥∥∥∥∥ ≤ 1
96

[
3ϕ(0, 2x) + 10ϕ(x, x) + 10ϕ(3x, x)

8

]
.

Using (3.15), we obtain∥∥∥∥∥∥ f (22x)
82 − f (x)

∥∥∥∥∥∥ ≤ 1
96

[
3ϕ(0, 2x) + 10ϕ(x, x) + 10ϕ(3x, x)

8
+ 3ϕ(0, x) + 10ϕ

(x
2
,

x
2

)
+ 10ϕ

(3x
2
,

x
2

)]
, (3.16)

for all x ∈ X. Applying induction argument to n, we obtain

∥∥∥8−n f (2nx) − f (x)
∥∥∥ ≤ 1

96

n−1∑
i=0

3ϕ(0, 2ix) + 10ϕ(2i−1x, 2i−1x) + 10ϕ(3 · 2i−1x, 2i−1x)
8i , (3.17)

for all x ∈ X. Now, replacing x by 2mx and dividing (3.17) by 8m, we obtain∥∥∥8−(n+m) f (2n2mx) − 8−m f (2mx)
∥∥∥ = 8−m

∥∥∥8−n f (2n2mx) − f (2mx)
∥∥∥

≤ 8−m 1
96

n−1∑
i=0

3ϕ(0, 2i2mx) + 10ϕ(2i−12mx, 2i−12mx) + 10ϕ(3 · 2i−12mx, 2i−12mx)
8i

≤
1
96

∞∑
i=0

3ϕ(0, 2i2mx) + 10ϕ(2i−12mx, 2i−12mx) + 10ϕ(3 · 2i−12mx, 2i−12mx)
8i+m ,

for all x ∈ X. The right-hand side of the above equation tends to zero as m→∞, thus 8−n f (2nx) is a Cauchy
sequence in Y and hence converges. Let us define S : X → Y by S(x) = limn→∞ 8−n f (2nx) for all x ∈ X. It
is obvious that S(−x) = −S(x) for all x ∈ X. As in the proof of Theorem 3.2, we have

∥∥∥DS(x, y)
∥∥∥ = 0 for all

x, y ∈ X. Thus, from Lemma 2.2, S is cubic.
In (3.17), taking the limit as n→∞, we obtain

∥∥∥S(x) − f (x)
∥∥∥ ≤ 1

96

∞∑
i=0

[
3ϕ(0, 2ix) + 10ϕ(2i−1x, 2i−1x) + 10ϕ(3 · 2i−1x, 2i−1x)

8i

]
.

Now, we claim S is unique. Let us consider another cubic mapping S̃ : X → Y satisfying (1.4) and
(3.10). As we have, S̃(2nx) = 8nS̃(x) and S(2nx) = 8nS(x) for all x ∈ X, the rest of the proof is similar to the
corresponding part of the proof Theorem 3.2. This completes the proof.

Now, we prove the main theorem in this section.

Theorem 3.4. Let ϕ : X × X→ [0,∞) be a function such that

∞∑
i=0

ϕ(2i−1x, 2i−1x) + ϕ(0, 2i−1x)
4i and

∞∑
i=0

3ϕ(0, 2ix) + 10ϕ(2i−1x, 2i−1x) + 10ϕ(3 · 2i−1x, 2i−1x)
8i

converges and

lim
n→∞

ϕ(2nx, 2ny)
4n = 0,
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for all x, y ∈ X. Let us consider a mapping f : X→ Y which satisfies the inequality∥∥∥D f (x, y)
∥∥∥ ≤ ϕ(x, y), (3.18)

for all x, y ∈ X and f (0) = 0. Then there exist a unique cubic mapping S : X → Y and a unique quadratic mapping
T : X→ Y which satisfies (1.4) and∥∥∥ f (x) − S(x) − T(x)

∥∥∥ ≤ 1
24

∞∑
i=0

[ϕ(0, 2i−1x) + ϕ(2i−1x, 2i−1x) + ϕ(0,−2i−1x) + ϕ(−2i−1x,−2i−1x)
4i

+
3ϕ(0, 2ix) + 10ϕ(2i−1x, 2i−1x) + 10ϕ(3 · 2i−1x, 2i−1x)

8i+1

+
3ϕ(0,−2ix) + 10ϕ(−2i−1x,−2i−1x) + 10ϕ(−3 · 2i−1x,−2i−1x)

8i+1

]
,

(3.19)

for all x ∈ X.

Proof. Let us decompose f into even and odd parts by putting

fe(x) =
1
2

[ f (x) + f (−x)] and fo(x) =
1
2

[ f (x) − f (−x)],

for all x ∈ X. Then we have fe(0) = 0 and fo(0) = 0 and f (x) = fe(x) + fo(x).
Now, from (3.18), we obtain∥∥∥D fe(x, y)

∥∥∥ ≤ 1
2

[
ϕ(x, y) + ϕ(−x,−y)

]
and

∥∥∥D fo(x, y)
∥∥∥ ≤ 1

2

[
ϕ(x, y) + ϕ(−x,−y)

]
,

for x, y ∈ X. Thus, in view of Theorems 3.2 and 3.3, there exist a unique quadratic function T : X → Y and
a unique cubic function S : X→ Y, which are given by

T(x) = lim
n→∞

fe(2nx)
4n and S(x) = lim

n→∞

fo(2nx)
8n ,

for all x ∈ X. Also∥∥∥T(x) − fe(x)
∥∥∥ ≤ 1

24

∞∑
i=0

ϕ(0, 2i−1x) + ϕ(2i−1x, 2i−1x) + ϕ(0,−2i−1x) + ϕ(−2i−1x,−2i−1x)
4i ,

for all x ∈ X. And,∥∥∥S(x) − fo(x)
∥∥∥ ≤ 1

192

∞∑
i=0

[3ϕ(0, 2ix) + 10ϕ(2i−1x, 2i−1x) + 10ϕ(3 · 2i−1x, 2i−1x)
8i+1

+
3ϕ(0,−2ix) + 10ϕ(−2i−1x,−2i−1x) + 10ϕ(−3 · 2i−1x,−2i−1x)

8i+1

]
.

Thus, combining the above two inequality, we obtain (3.19). This completes the proof.

Corollary 3.5. Let X and Y be a real normed space and a Banach space, respectively and ϵ ≥ 0 be real number. If a
mapping f : X→ Y satisfies the inequality∥∥∥D f (x, y)

∥∥∥ ≤ ϵ,
for all x, y ∈ X, then there exist a unique cubic mapping S : X → Y and a unique quadratic mapping T : X → Y
satisfying (1.4) and∥∥∥ f (x) − S(x) − T(x)

∥∥∥ ≤ 125
252
ϵ,

for all x ∈ X.
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Corollary 3.6. Let X and Y be a real normed space and a Banach space, respectively and θ ≥ 0 and p < 2 be two real
numbers. If a mapping f : X→ Y satisfies the inequality∥∥∥D f (x, y)

∥∥∥ ≤ θ (∥x∥p + ∥y∥p) ,
for all x, y ∈ X and f (0) = 0, then there exist a unique cubic mapping S : X → Y and a unique quadratic mapping
T : X→ Y satisfying (1.4) and∥∥∥ f (x) − S(x) − T(x)

∥∥∥ ≤ θ∥x∥p [ 1
2p(22 − 2p)

+
1

12
1

23 − 2p

{
3 +

30
2p + 10

(3
2

)p}]
,

for all x ∈ X.

Corollary 3.7. Let X and Y be a real normed space and a Banach space with norms ∥ · ∥1 and ∥ · ∥2, respectively and
0 ≤ a ≤ 1

2 and δ ≥ 0 be two real numbers. If a mapping f : X→ Y satisfies the inequality∥∥∥D f (x, y)
∥∥∥

2
≤ 2δ∥x∥p1∥y∥

p
1,

for all x, y ∈ X and f (0) = 0, then there exist a unique cubic mapping S : X → Y and a unique quadratic mapping
T : X→ Y satisfying (1.4) and∥∥∥ f (x) − S(x) − T(x)

∥∥∥ ≤ δ∥x∥p1
23 1

4 − 2a +
1
2

1
8 − 2a

∥x∥p12−2a

3

{ 2
4 − 22a +

5
8 − 22a (1 + 3a)

} ,
for all x ∈ X.
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