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Three dimensional homogeneous hyperbolic Yamabe solitons

Avijit Sarkar?®, Babita Sarkar?

Department of Mathematics, University of Kalyani, Kalyani 741235, West Bengal, India

Abstract. The present article deals with homogeneous hyperbolic Yamabe solitons of dimension three. We
delve into unimodular as well as non-unimodular hyperbolic Yamabe solitons on Lorentzian manifolds.
Hyperbolic Yamabe solitons on special three dimensional Lie groups have also been considered.

1. Introduction

A pseudo parabolic heat type initial value problem

% = o5 0) =
E()__ , 9(0) = g0,

where g is the metric and S is the Ricci curvature, is well known as Ricci flow introduced by Hamilton
[14, 15]. After the work of Hamilton, in 1960, H. Yamabe posed a problem which is known as Yamabe

problem [28]. On the foundation work of Hamilton and Yamabe, R. Schoen [24] developed the notion of
Yamabe flow. Further works on Yamabe flow can be found in [8, 12].
A Yamabe flow is represented by

d
(0 = -2s(090),

where s is the scalar curvature. The Ricci flow and the Yamabe flow both are first order initial value
problems. Self similar solutions of such a flow are known as solitons. In the geometric perspective, such
solitons have been studied by a large number of researchers [12, 14, 17, 21, 26].

A hyperbolic geometric flow is a prototype of wave equations in IR". The notion of hyperbolic geometric
flow is available in [11]. A hyperbolic geometric flow associated with the Ricci curvature has the nomen-
clature hyperbolic Ricci flow. A hyperbolic Ricci flow is more informative than the first order Ricci flow as
it contains both the properties of a Ricci flow and the Einstein equation. Actually it is analogous to the non
linear wave equation. The wave nature of the equation with two variables has been elaborated by Kong
and collaborators [18, 20]. Azami [1, 2, 13] also analyzed different aspects of hyperbolic Ricci flow. It is to
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be further mentioned that in the paper [13] hyperbolic Ricci solitons have been studied on homogeneous
Lorentzian manifolds. For details about Lorentzian manifolds we refer [9, 22, 27].

From the literature of soliton theory it is well known that in two dimensional situation Ricci solitons
and Yamabe solitons are equivalent, but they are not so in higher dimensions. This phenomenon strikes us
to extend the notion of hyperbolic Ricci solitons to the idea of hyperbolic Yamabe solitons. To this end let
us first formulate the definition of a hyperbolic Yamabe soliton as follows.

The notions of hyperbolic Yamabe flow and hyperbolic Yamabe soliton have been introduced in [3] by
Blaga and Ozgiir. The hyperbolic Yamabe flow is an evolution equation given by

g
ot?
for a time depending (semi) Riemannian metric g on a smooth manifold M", where s denotes the scalar
curvature of (M", g). In this connection, it is to be mentioned that some further developments of this topic
can be found in [4-7, 19].
A solution g(t) of the hyperbolic Yamabe flow on M" is a Yamabe soliton if there exist a scalar positive
function o(t) and a diffeomorphism ¢ on M" such that

g(t) = a(t)pi(go),  9(0) = go. )

Without loss of generality, we may assume

(t) = =2s(t)g(t), 1)

00)=2, d0)=4, 0"(0)=-2pu. 3)

Using (1), (2) and (3), we get

£vEvgo + ALvgo = (1 — s)go.

Ignoring the subscript of the metric, a Riemannian manifold (M", g) is called hyperbolic Yamabe soliton
if there exist a vector field V on M" and real scalars p and A such that

fvEyg + Afyg = (u —s)g. 4)

The present article is constituted as follows:

After the introduction in Section 1, we study hyperbolic Yamabe solitons on three dimensional Rieman-
nian manifolds in Section 2. We consider unimodular hyperbolic Yamabe solitons on Lorentzian manifolds
in Section 3 and non-unimodular hyperbolic Yamabe solitons on Lorentzian manifolds in Section 4. Section
5 deals with hyperbolic Yamabe solitons on special three dimensional Lie groups.

2. Hyperbolic Yamabe Solitons On Three Dimensional Left-Invariant Riemannian metrics

Three dimensional Riemannian Lie groups were categorized by Milnor [21]. Sekigawa [25] established
that a three dimensional simply connected and complete homogeneous manifold is either symmetric or a
Lie group with left invariant Riemannian metric. The classification of three dimensional Riemannian Lie
groups given by Milnor permits to determine all three dimensional homogeneous Riemannian manifolds.
Rahmani [22] classified unimodular Lie groups in three dimensions that have a left invariant Lorentzian
metric. Cordero and parker [10] investigated three-dimensional Lorentzian Lie groups, focusing on the
symmetry groups of the sectional curvature in the various cases. Particularly, they obtained all the possible
forms of a non unimodular Lie algebra. Calvaruso [9] has also worked on Three dimensional homogeneous
Lorentzian manifolds.

Let G be a three dimensional connected Lie group with left invariant Riemannian metric. We discuss
unimodular and non-unimodular cases separately.
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2.1. Case of Uni modular:

Let us consider an orientation for the Lie algebra g of G such that the bracket product is expressed by
the cross product by the formula
[X, Y] =L[XxY],

where L is unique linear map from g to itself. The Lie algebra g is called unimodular if and only if this linear
map is self-adjoint. Then there exists an orthonormal basis {1, e;, e3} consisting eigen vectors of L such that

[e, 2] =mzes,  [er,e3] =myer, [e3,e1] = maer (5)

for three real constants niy,my,,ms.
With respect to the basis {e1, e, €3}, Milnor [21] computed the components of the Ricci curvature as
follows:

1(m? —m3 —m3) + myms L 0 X 0
Sij = 0 3(m5 —m7 —m3) + myms 0 . (6)
0 0 2(m3 —m? —m2) + mym,

The scalar curvature is

1
s = —E(mf + m% + mg) + 1My + Moyms + myms. (7)

Now, we choose an arbitrary vector field V such that V = Vje; € g, where V3, V, and V3 are three real
constant. Then using (5), we get

0 (my —mp)V3  (m3 —my)V>
£vg = |(m1 —mz)V3 0 (m —m3)Vy (8)
(mz —m1)Vy  (my —m3)Vy 0

Again with respect to the basis {ej, €5, €3} and using (5) and (8) we have

(£V o £V ( )11 = 2V2m3(m3 - ml) - 2V2m2(m1 - mz),

(Ev 0 £v)(9) = —2V2ma(my — m3) + 2Vamy (my — my),

(Ev 0 £v)(9)12 = V1 Vama(my + my — 2ms3),
(Ev o £y
(Ev o £y

)
)
(Ev 0 £v)(9)33 = 2Vima(my — m3) — 2Vamy(ms — my,)
)
Y9z = ViVasmy(my — 2my + m3),

)

(
( )23 = V2V3m1(m3 - 271’11 + mz).

Therefore, using (7), (8), (9) and from the equation (4) we get the following system of algebric equations

1
. 2V§m3(m3 —mp) — 2V§m2(m1 —mp) =+ E(m% + m% + mg) — mimy — MyMz — M3My,
2 2 1 5 2 2
o —2V1m3(m2 - 7113) + 2V3m1(m1 - mz) =u+ —(ml +m; + 7713) — MMy — MMz — M3hiq,

) Zmez(mz —m3) — 2V§m1(m3 mp) = pu+ (m1 + m2 + m3) — MMy — Moz — Mzhiy, (10)

oV Vzm:z,(mz + mq — 2m3) + /\(m1 - m3)V 0
o V1V3m2(m1 —2my + m3) + /\(7113 - T}’I1)V =
° V2V3m1(m3 —2my + mz) + /\(THZ - TH3) 0
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Solving the above equation we get some solutions of (10), satisfying the following result.

Theorem 2.1. Assume a three dimensional Riemannian Lie group (G, g) where g is its unimodular Lie algebra
expressed by (5) with respect to a orthonormal basis {e1, e, e3}. Then a few nontrivial left invariant hyperbolic Yamabe
solitons on g are as follows

(1) if mqy = my = mg then %m% =ypand forall Ve gand A € R,

(2)ifmy =m3#0;, u=0then V1 =V3=0and forall V, e R;

B)ifmy=m3#0;m =0; u=0then Vo = V3 =0and forall V1 € Rand forall A € R,

@ ifm#0,m=m3=0;u= —%m% then V, = V3 = 0and for all Vi € Rand forall A € R.

2.2. Case of Non-unimodular :

Here we let a three dimensional non-unimodular Riemannian Lie algebra g and u is its two dimensional
uni modular kernel. Then there exist an orthonormal basis {e;, e;, €3} such that e; is orthogonal to u and
[e1,e2], [e1, €3] are orthogonal to each other. Then bracket product is expressed as

[e1, e2] = miey + myes, [e1, e3] = maey + myes, (11)
[es,e3]1 =0, my+my #0, mymz + momy = 0,

for four real constants my, m,, ms, my.
With respect to the basis {e1, €2, 3}, the Ricci components are given by [21]

2 - L2 — L2 — i — mymy 0 0

—miy—3 MMy — 1y P
— Mm1my 0 (12)

L= 2 1 1
Sij = 0 my — 3hy + 5y R
0 0 —1my + 5M5 — 513 — MMy,

and the scalar curvature is

1 1
s ==2m% — =m2 — =m? — 2m> — 2mymy — Myms. (13)
1 2 2 2 3 4

Choosing an arbitrary vector field V = Vje; € g, we have

0 mVy+m3Vs moVo+myVs
£Vg =|mVy+m3Vs3 —2m Vi —(m2 + T’I’l3)V1 . (14)
my Vo + myVs —(m2 + mg)Vl —2m4 V1

Using (11) and (14), we get

(Ev o £v)(@)11 = (dmymz + dmymy) Vo Vs + Z(m% + m%)Vﬁ + 2(m§ + mﬁ)V2,

(Ev 0 £v)(9)22 = 4m3 Vi + 2ma(my + m3) V3,

(Ev 0 £v)(9)s3 = 2m(my + m3)V2 + 4m3 V7, 15)

(Ev o £v)(9)12 = (=3m3 = 2m3 — mymz) V1 Vo + (=3mymg — 2mamy — mams) V1V,

(Ev 0 £v)(9)13 = (=mymy — 2myms — 3myma) V1 Va + (—mams — 2m3 — 3m3) V1 Vs,
)

(EV oty (g)23 = (m1m2 + 3myms + 3momy + TYZ31114)V%.
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Equation (4) gives us the following system of equations
o4 2, 22 2, . 2\172
mimg + dmomyg) Vo Va + 2(my + my)Vy + 2(m5 + my) V3

1 1

=u+ me + 2mi + Emg + Emg + 2mymy + moms,

© 4miV73 + 2ma(my + m3) Vi — 2Am V4
1 1

=u+ Zm% + Zmi + Emg + §m§ + 2mymy + moms,

o 2m3(my + m3) V2 + 4m2V2 — 2AmyVy (16)

1 1
=u+ Zm% + 2’”421 + Em% + §m§ + 2mymy + moms,

o (—3111% — ng — T’I12m3)V1 Vo + (—3m1m3 — 2momy — m3m4)V1 Vi + A(Tfll Vo + Wl3V3) =0,
o (—m1m2 — 2myms — 371127114)V1V2 + (—m2m3 - 2m§ - 3mi)V1 Vi + A(H’ZQVQ + Tl’l4V3) =0,

o (mlmz + 3myms + 3momy + m3m4)Vf - }l(n’lz + T’H3)V1 =0.

Solving (16), we find some solutions proving the follwing result.

Theorem 2.2. Consider a three dimensional Riemannian Lie group (G, g) and g is non uni modular Lie algebra
followed by (11) with respect to the orthonormal basis {e1,e;.e3}. Then a few nontrivial left invariant hyperbolic
Yamabe soliton on g are

Difmi=mg #0;m #0;my=mz =0; u = —6m§;then Vi= ﬁande =0;V3=0,

() if my = mz;my =my =0; u==2m3 then Vi = Vo =V3=0forall A € R,

() if my # 0; my = mz = my = 0; yu = =2m? then Vi = ﬁ, Vy,=0forall V3 € R,

() if my # 0; ma # 0; mz = my = 0; u = —2m? — Ym?2 then the system of equations has no solution.

3. Uni modular Hyperbolic Yamabe Solitons On Three Dimensional Left-Invariant Lorentzian metric

In the Riemannian case, there exists an orthonormal basis {e1, ¢;.e3} but in the case of Lorentzian metric
there exists a pseudo orthonormal basis {e1, ;.e3}, with e3 time like. The Lie algebra g is unimodular if and
only if the endomorphism L, defined by [X, Y] = L(X X Y), is auto adjoint [26]. In this cases four Different
form (serge types) can occur. They are following:

[q p —p] r 0 0]

gy :Sergetype {3} :|p g 0], g :Serge type {1zz}: [0 g |,

p 0 g 0 -r ¢
p 00 p 0 0

g : Serge type {11,1} : |0 g 0], g :Serge type {21} : |0 g o |.
00 r 0 -6 q-26

Seperately, we discuss all the cases.

3.1. Lie Algebra g,:

For this algebra there exists {e1, €2, €3}, a pseudo orthonormal basis with e3 time like, so that

gg : le1, e2] = mieq —myes, le1, e3] = —myer — maer,

17
[62, 63] = mpey + miey; +mie3, My F 0. ( )
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With respect to the basis {e1, €5, e3}, the Ricci curvature tensor of Lie algebra g, is characterized by [9]

1,2
—Emz —Mni1Mmip mqmyp

Sij = |—mimy  —2m% — m? 2m3 (18)
My 2m3 —2m? + Tm}

and the scalar curvature is
_ » 1,
s = —4m; — §m2. (19)

Now choose an arbitrary vector field V = Vie; € g,, then we get

2my (Vo — V3) -mVy m Vi
fvg = -m1 V1 2m1 V3 —ml(Vz + V3) (20)
m Vq -my(Vy + V3) 2m 'V,

Using (17) and (20), we obtain

(£V ofy (g)u = 477’1%‘/% - Sm%VZV;; = 2mmyV1Vy + 4m%V§ + 2mymy V1 Vs,

)

(Ev 0 £v)(9)2 = 2miV5 = 2mimy V1V — dmyma Vi Vs = 2miVa Vs + 2m3 V3,

(Ev 0 £v)(9)33 = 2m3 V3 — dmymy V1V — 2myma Vi Vs + 2m2 Vo Vs — 2m3 V3, 2

(£V o £V)(g)12 = —3m%V1 Vo + 3m1m2V2V3 + 31’11%‘/1 V3 + mlmz\/% + m1m2V% - 4m1m2V2,

(EV o £V)(9)13 = —3171%‘/1 V3 +3mmyV,oVs + 3171%‘/1 V, — 41’?111’712‘/% + m1m2V§ - mlszf,

(Ev 0 £v)(9)2s = —2m3V? + m2V3 = m2 V2 + 3mymy ViV + 3myma V1 Vs,
Therefore using (19), (20) and (21), (4) gives following system of equations

1
e 4m3V3 — 8m3Vo Vs — 2mymy ViV + 4md Vi + 2mymp Vi Vs + 2Amy (Vo — V) = p + 4m? + Emg,
1
0 2m2V?2 = 2mymy Vi Vo — Amymp ViV = 2m3Vo Vs + 2m2 V32 + 2Amy Vs = p + 4m? + Emg,
1
o Zm%V% —Admymy V1V — 2mymy Vi Vs + 2m%V2V3 - 2m%V§ +2AmVy = —U - 4111% - —m%, (22)

2
° —3111%V1V2 + 3mymy Vo Vs + 3111%V1V3 + mlszg + mlszf - 4711171’12V§ - AmVqy =0,

o —3m%V1V3 + 3mymy Vo Vs + 3m%V1V2 - 411’[1sz§ + m1ﬂ12V§ - mlszf + Am1 V1 =0,
o 2miVi + miV5 —miV3 + 3myma ViV + 3myimy Vi Va — Amy (Vs + V3) = 0.

Inview of (22), we have the following

Theorem 3.1. Let (G, g,) be a three dimensional Lorentzian Lie group and g, is its unimodular Lie algebra defined
by (17) with respect to a pseudo orthonormal basis {ey, e, es}, with time like e3. Then a few non trivial left invariant
hyperbolic Yamabe solitons on g, are following

(1) if my = 0; my # O then u = —3m3 and for all V1, V5, V3 € R,

(2)ifmy #0;my =0; A = 0; u = —4m?3 then V1 = 0 and V = V3,

(8) if my # 0; my # 0 then V1 = V, = V3 = 0 s not a solution of (22).

3.2. Liealgebra g :
There exists {e1, 2, €3}, a pseudo orthonormal basis with e3 time like, so that
g: [e1,ea] = mzer —maes, le1, e3] = —maey + mzes,

23
[e2, €3] = mye, ms # 0. (23)
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The Ricci curvature tensor of Lorentzian Lie algebra g is given by [9]

—Lp2 = 2m3 0 0
Sij = 0 %m% —mymy  mg(my — 2my) (24)

0 ma(my — 2my)  —3m% + mym,

and the scalar curvature is
1

s = —Em% - ng. (25)

Now for an arbitrary vector field V = Vie; € g, the Lie derivative £y 7 is

0 m3Vay + (my —mp)Vs  (my —m1)Vy —m3Vs
£Vg = |m3V, + (T’I’ll - 71’12)V3 —2m3 V1 0 (26)
(my —mq)Vy —m3Vs 0 2m3Vy

From (23) and (26), we get

(Ev o £v)(9)11 = @m3 — 2m3 + 2myimp) V5 + (=2ma(my — my) — 2m3) V3,

(Ev 0 £v)(9)2 = 4m3V3 + 2mim3 Vo Vs + 2my(my — ma) V3,

(Ev 0 £v)(9)ss = —4m3 V3 — 2mq(ma — my)V3 + 2mymzV, Vs, @)
(Ev o £v)(@h2 = (=3m3 + ma(my — m1)) V1V + (mams — mymz) Vi Vs,
(Ev 0 £v)(9)13 = (—2mams + mym3) V1 Va + (3m3 + ma(my — m2))V1 Vs,

(Ev 0 £1)(9)2s = 2m1(my — m1) VoV — myms V3 — mymz V.

Therefore using (4), we have the folllowing system of equations

1
° (2m§ - 2m§ + 2m1m2)V§ + (=2my(my —my) — 2m§)V§ =u+ Em% + Zmé,

1
o 4m3 V7] + 2mym3Vo Vs + 2my(my — mp)V3 — 2Ams Vi = p + Emf +2m3,

1
o —4m3V3 = 2my(my — m) V3 + 2mams Vo Vs + 2AmsVy = —p — Emf - 2m3, (28)

o (—31’71% + mz(m2 - ml))Vle + (277127713 - mlmg)V1V3 + AmsV, + /\(m1 - mz)V3 =0,
o (—271’[27113 + mlﬂ13)V1V2 + (37”1% + 17’12(1’711 - mz))Vl Vi + /\(le - T}’I1)V2 —AmzV3 =0,

[ ] 271’11(1112 — ml)Vng - m1m3V§ — m1m3V§ =0.

By (28), we get the following

Theorem 3.2. Let (G, g) be a three dimensional Lorentzian Lie group and g is its unimodular Lorentzian Lie algebra
expressed by (23) with respect to a pseudo orthonormal basis {e1, e, e3}, with time like vector field es. Then a few non
trivial left invariant hyperbolic Yamabe soliton on g are listed bellow

(1) if my = myp # 0; m3 = 0; u = —3m?2 then V1,V,, V3 € R,

(2) if ms # 0; my = my = 0; u = =2m3 then V1 =0, V, = V3,

@) ifmi #my;my=0; p = —%m% then Vo, = V3 =0and V; € R,

(4) if u # 0 then V1 = Vo = V3 = 0 is not a solution of (28).

3.3. Liealgebra g :

For a pseudo orthonormal basis {e1, e, e3} with ez time like, the bracket product is described as

g: ler,e0] = —mgzes, [e1,e3] = —maer, e, €3] = mier. (29)
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With respect to the basis {e1, e, €3}, the component of the Ricci curvature are described by [9]

1
—3(m3 —m3 + m3) — mymg 0
_ L2 _ 2 o 12
Sij = 0 5 (m3 —m5 + m3) — myms
0 0

and the scalar curvature is

3 2 1 2 1 2
= Smy — My — My + MMy — MMz — Myms.

=M 5T

Choosing an arbitrary vector field V = Vje; € g, we have

0 (my —mp)Vz  (m3 —my)V>
£vg = |(m —mp)V3 0 (my —m3)Vy|.
(mz —m1)Vy  (my —m3)Vy 0

Using (29) and (32), we obtain

(Ev o £v)(9)11 = —2m3(mz — m1) V5 — 2ma(my — my) V3,
(Ev 0 £v)(9)22 = 2m3(my — m3) V2 + 2my(my — my) V3,
(Ev 0 £v)(9)33 = 2ma(ma — m3) V2 — 2my(mz — my) V3,
(Ev o £v)(@12 = —mz(my + my — 2m3)V1 V>,

(Ev o £v)(9)13 = ma(=2my + m3 + my1)V1 V3,

(Ev 0 £v)(9)23 = my(my + mz — 2mq) Vo V3.

Therefore from (4), we have the following system of equations

3 1
® —2ms(mz — ml)V§ - 2my(my — mz)V§ =u- Em% + —m% +

2

1 1
® 2mz(my — mg,)Vf + 2mq(my — my)V32 = U= ;m% + —m% + >

2

3 1
® 2my(my — m3)Vf —2mq(ms — ml)V§ =—-u+ Em% - —m% -

2
o —m3(m2 +mq — 211’[3)V1V2 + A(ﬂ’l1 - 7’1’12)V3 =0,
o mz(—2m2 + m3 + ml)V1V3 + A(TTZ3 - ml)V2 =0,
L] ml(mz + ms3 — 271’11)V2V3 + /\(mz - M3)V1 =0.

By virtue of (34), we obtain the following

0
0 (30)

2 2 2
—my — m3) + mymy

1
5 (m3

(31)
(32)
(33)
15
mz — MMy + MMz + myms,
m§ — mimy + myms + mims,
1
m3 + mymy — moms — myms, (34)

Theorem 3.3. Consider a three dimensional Lorentzian Lie group (G, g) and its unimodular Lorentzian Lie algebra
(G, g) defined by (29) with respect to a pseudo orthonormal basis {e1, ez, e3}, with time like vector field es. Then we
have some non trivial left invariant hyperbolic Yamabe solitons on g, which are following

(1) if my = mp = mz then yu = —3m? forall V € R,

(2) if my = my; m3 = 0; = 2m3 then Vi = Vo = 0 and for all V3 € R,

() ifmy =mz;my =0; u=0; A =0then V2 = V3 and V, =0,
(4)ifml=m3;m2=0;y=0;)\¢0thenvl=V2=V3=0.

3.4. Liealgebrag :

For this Lie algebra there exists a pseudo orthonormal basis {e;, e, e3} with ez time like, such that

a: [erex] = —ex + (2n — my)es, [e1,e3] = —mae; + e3,

[e2, €3] = myey, n==l.

(35)
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With respect to the basis {e;, €5, €3}, the Ricci curvature tensor of Lorentzian Lie algebra g is characterized by

[9]

12 0 0
21
Sij=| 0  §m2+2n(my —my) — mymy +2 my + 2(n — my) (36)
0 my + 2(n — my) —3Im? + mymy + 2 — 2nmy
and the scalar curvature is
1
s = 2n(my — 2my) — Em% + 4. (37)
For a left invariant vector field V = Vje; € g, we find
0 Vot (my —ma)Vs  (mp—mqy —2n)Vy— V3
Evg=| —Vo+(m —my)V3 2V, 2nVy (38)
(Wl2 —mq — 27])V2 - V3 21]V1 2V1

Using (35) and (38) and with respect to the basis {e;, €5, €3}, we have
(Ev o £v)(9)11 = 2 +22n — mp)(my — my — 20))V3 + (—4my + 8my — 8n)V, V3
+ (=2my(my — my) — 2)V3,
(Ev © £v)(@)22 = (4 = 41(2n = M)V + 2my (my — mp) V3 = 2my V, V3,
(Ev 0 £v)(9)33 = (4man — 4)VZ = 2my(ma — my — 20)V3 + 2m; Vo Vs, (39)
(Ev o £v)(9)12 = (=3 + (21 — mp)(—my + my + 4n))V1 Vo + (4n — 4my + m1)V1 V3,
(Ev 0 £1)(9)13 = (—4ma + my + 4n)V1Vy + (=20my + mymy — m3 + 3)V, V3,
(Ev 0 £v)(9)2s = (=41 + 4mp) V3 + (2my(my — my) — 2nmy) VoV — my Vi + my V3.
Therefore (4) gives following
o (2+2(2n — m)(my — my — 20))Va + (—4my + 8my — 8n)V2 V3 + (—2ma(my — my) — 2)V3

1
= u = 2n(my —2my) + Em% -4,

1
o (4 —4n(2n — m))VI + 2my(my — ma) V3 — 2m1 Vo Vs + 2AVy = p — 2n(mq — 2my) + Em% -4,

(40)
o (dmyn — H)VE = 2my(my — my — 2n)V3 + 2my VoV + 2AVy = —p + 2n(my — 2my) — %mf +4,

o (—3 + (21] - mz)(—mz +mqp + 417))V1 Vo + (47] —4m, + 77’11)V1 V3 — AV, + A(ml - mz)V3 =0,
o (—4]112 +mq + 4.7])V1V2 + (-21]1’}12 + mymy — m% + 3)V1V3 + A(le —mi — 2T])V2 —-AV3 =0,
o (=41 + 4my) V2 + (2my(my — my) — 2nmq) VoV — my Vi + my Vi + 2AnV;q = 0.

Using (40), we get the following

Theorem 3.4. Let (G, g) be a three dimensional Lorentzian Lie group and its unimodular Lorentzian Lie algebra g
expressed by (35) with respect to a pseudo orthonormal basis {e1, €3, €3}, with time like vector field e5. Then some non
trivial left invariant hyperbolic Yamabe solitons on g are

W ifm=L,m=0n=Lu=Ythen Vi =Vo,=V3=0forall A €R,
@ifm=0m=Ln=Lu=0;A=0then V1,V,, V3 €R,

@ ifm=0m=Ln=Lu=0;A#0then V1 =V, =V;=0.

4. Non uni-modular Hyperbolic Yamabe Solitons On Three Dimensional Left-Invariant Lorentzian
metric

In this section we consider a three dimensional non unimodular Lorentzian lie algebra with respect to
the pseudo orthonormal basis {ey, 5, e}, with e3 time like. Here we discuss following three distinct cases.
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4.1. Liealgebra g :
For the Lie algebra g, there is a pseudo orthonormal basis {ey, €5, e3} with e3 time like, such that that
a: [e,e] =0,
[e1, e3] = myer + mae, (41)
[62, 63] = mge) + Myer, My + My % 0, mimsz + Moty = 0.

The Ricci curvature tensor of Lie algebra g is

m? + tm% — Lm2 + mymy 0 0
Sij = 0 mymy — ym3 + m3 +m? 0 (42)
0 0 —m? — 3m3 — Im3 — m3 — myms
and the scalar curvature is
1 1
S = 2mymy — Emg - Emg - mi — Myms. (43)
Now choose a left invariant arbitrary vector field V = Vie; € g, then we get
2m1V3 (my +m3)Vz  —m Vi —m3V,
£vg=| (my+m3)V; 2my Vs —maV1 —my Vs (44)
—mq V1 - TH3V2 —H12V1 - H’I4V2 0

From (41) and (44), we have
(Ev o £v)(9)11 = (4m? + 2m3 + 2mam3) V3,
(Ev 0 £v)(9)22 = 2m3(my + m3) + 4m3) V3,

(£V ofy (g)33 = Z(I’I’l% + m%)Vf + 2(m§ + mi)V% + 4(7’1’117}’13 + m2m4)V1 V>, (45)
(Ev 0 £v)(@)12 = (my(my + m3) + 2mamy + 2myms + ma(my + m3)) V3,

)

)
(Ev o £v)(9)3 = (—Sm% - ng — mom3) V1 Vs + (=3myms — 2momy — msmy) Vo Vs,
(Ev 0 £v)(9)2s = (—2mam3 — mymy — 3mama) V1 V3 + (=2m3 — 3m; — mym3z)Va V.

Therefore using (43), (44) and (45) we get the following system of equations

1 1
° (4m% + 2m§ + 2m2m3)V§ +2Am V3 = u —2mymy + Emg + Emg + moms,
1 1
o (2ms(my + m3) + 4mi)V§ +2AmgVs = u —2mymy + Emi + Emé + moms,
o 2(m2 + m3) Vi + 2(m3 + m3) V3 + 4(myms + mymy) V1V,
1, 1, (46)
= —u+2mymy — Emz - §m3 — yms,

o (ml(mz + 77’[3) + 2momy + 2myms + 1114(1’}12 + 1713))V§ + A(le + Wl3)V3 =0,
° (—31’}1% — ng - THQTﬂg)Vl V3 + (—371’117113 - 211121’}14 - 11131114)V2V3 — Aml V1 - /\m3V2 = 0,
[ (—ZTH1H13 — nqymy — 371127114)V1V3 + (—2m§ - 3mi - m2m3)V2V3 - )\mZVl - /\I’H4V2 =0.

Solving equation (46), we have the following
Theorem 4.1. Let (G, g) be a three dimensional Lorentzian Lie group and g is its non uni-modular Lie algebra
followed by (41) with respect to a pseudo orthonormal basis {e1, ey, e3}, with time like es. Then a few non trivial left
invariant hyperbolic Yamabe solitons on g are

(D) if my = my; my = mg = 0; A = 0; u = 2m3 then V3 = =V3 and V3 = 0,

() if my =mg;my =my =0; u=-2m% A =0then Vi =V, =V3 =0,

(3)Ifn12 =mz =my =0; m ?50,'[.1 =0; then V1 = V3 = 0and V)R,

@) ifmy =my #0;my = —ms3; Y =2m%then Vi=Vy,=0and V3 = —54

2my *
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4.2. Liealgebra g :
In g there exists a pseudo orthonormal basis {1, e, e3} with e3 time like, so that
g: [e1,ea] = myex +maes,
[e1, e3] = mzey + myes, (47)
e, e3] =0, mp+my #0, mymz—moymy = 0.

With respect to the basis {e1, e, 3}, the Ricci tensor of Lie algebra g is given by [9]

Imd —m? + Im2 — m2 — myms 0 0
Sij= 0 Im2 —m? — tm? — mymy 0 (48)
0 0 mymy + ym3 — Ym? +m?

and the scalar curvature is

s = —Zm% + gmg - %mg — yms. (49)
For an arbitrary vector field V = Vie; € g, we get

0 miVy +msVs —mpVy —my Vs
Evg=| mVy+m3V3 =2m1 V1 (my — m3)Vy (50)
—-mpVy —myVs  (my —m3)Vq 2maVy

Using (47) and (50), we have

(Ev 0 £v)(9)11 = 2miV3 + 2m3V5 — 2m3 V3 — 2m5 V3 + (dmyms — 4mymy) Vo Vs,

(Ev 0 £v)(@)22 = (4m2 = 2ma(my — m3)) V3,

(Ev © £v)(9)3s = (—2mamg + 2m3 — 4m) V7, 51)

(Ev 0 £v)(9)12 = (-3m7 + 2m5 — mymz) V1V + (=3mymg + 2mymy — myma) V1V,

(Ev 0 £v)(9hs = (mimy + 3mymy — 2mymz) ViV + (=2m3 + 3mj + myms) V1 Vs,

(Ev 0 £v)(9)2s = (—mymy + 3myms — 3mamy + mamy) V3.
Therefore (4) gives following system of equations

e 2m3 V3 + 2m3V35 — 2mi V3 — 2m3 V5 + (dmyms — dmymy) Vo Vs

=u+ Zm% - %mé + %mé + moms,

° (4m% - 2my(my — WI3))V% —-2Am Vi =u+ me - gmg + %mg + moms,

o (=2mymy + 2m3 — Am)Vs + 2AmsVy = —pu — 2m3 + gmi - %mg — myms, (52)

o (—3711% + 2711% - mZTl’lg)V1V2 + (—37’7111713 + 2momy — m3m4)V1V3 + Ami1 Vo + AmzV3 =0,
o (m1m2 + 3momy — 211111’/13)V1 Vo + (—2m§ + 3mi + Wl2WI3)V1V3 —AmpVy — AmyV3 =0,

o (—m1m2 + 3myms — 3momy + TTZ3TTZ4)V% + /\(Tflz - Tl’l3)V1 =0.

Solving (52), we have the following

Theorem 4.2. Let (G, g) be a three dimensional Lorentzian Lie group and g is its non-unimodular Lie algebra defined
by (47) with respect to a pseudo orthonormal basis {e1, ey, e3}, with time like e3. Then a few non trivial left invariant
hyperbolic Yamabe solitons on g are

(1) ifmy =my #0;my =mz =0; u=-2m%* A =0then Vi =V2and V1 =0,

) ifmy=mz#0;m =my =0, u=0then V, =V3=0and V; € R,

@) if my =my #0;my =m3 =0; Va = V3 =0 then p = =2m3 and V1 = -,

4) if m :m2=m3=m4¢0;y=—2m%thenV1: ﬁandV2+V3:1.
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4.3. Liealgebra g :
There exists {e1, ez, €3}, a pseudo orthonormal basis with e3 time like, so that

g: [er,ex] = —myer — moer — myes,
[e1, e3] = myey + myey, +mzes (53)
[62, 63] = ms3e| + Myey + Mye3, My + My # 0, mims = 0.

With respect to the basis {e1, e, 3}, the Ricci curvature tensor of Lie algebra g is

b : :
Sij=| 0  mymy—m?+3mi—myms m2 — mymy + myms (54)
0 m2 — mymy + myms mymy —m? — 1m% — myms
and the scalar curvature is
2 1.5
s = -2mj — §m3 — 2moms + 2mmy. (55)

With respect to an arbitrary vector field V = Vie; € g, we get

(Evg)(e1, e1) = —2m1(Va = V3),
(Evg)er, e2) = mi Vi —mpVy + (my + m3) V3,
(Evg)(er, e3) = —m1Vq + (mo — m3)Vy — my V3,

(56)
(Evg)(ex, €2) = 2mp V1 + 2my V3,
(Evg)(ez, e3) = —2maVy —myVy —myVs,
(Evg)(es, e3) = 2maVy + 2ma V5.
Using (53) and (56), we obtain

(Ev o £v)(@1 = (4m% + 2m2m3)V§ + (—Sm% —4dmoms)V,o Vs + (4m% + 2m2m3)V§,
(Ev 0 Ev)(@)n2 = (=2mymy — 2mamy)V1 Vo + (2mymy + dmyms + 2momy) Vi V3

+ (—2mymy — 2mi)V2V3 + 2mg(my + m3) + Zmi)Vg + Zm%V%,
(Ev 0 £y)(9)33 = Zm%Vf + (=2mymy — 2momy + 4myms) V1 Vo + 2mimy + 2mymy) V1 V3

— 2m3(my — m3)V§ + (2moms + Zmi)V2V3,
(Ev o £v)(92 = (—3m% — mom3) V1V + (mpmy + m1m4)V§

+ (=2mymy — 3myms — 2momy — mzmy)Vo Vs + (3m% + momz)V1 V3 (57)

+ (my(my + m3) + my(mz + mz) + 2mymz)V3,
(Ev o £y)(9)3 = (3m% + moms) V1V + (—mymy + 3mymg — my(my — H’Z3))V§
+ (—mymy — m2m4)V§ + (2mymy — 3myms + 2mymy — mzmy)Vo Vs
+ (=3m} — myms)V1 Vs,
(Ev o £v)(9)23 = —2m%Vf + (moyms + mi)Vg + (—mpmgz — mi)Vg
+ (2mymy + 2momy — 2myms) V1V,

+ (—2m1m2 — 2momy — 21’7111’713)‘/1 Vi3 — 2m§V2V3
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From the equations (53), (56) and (57), we have the following system of equations
o (4m3 + 2mam3) V5 + (=8m3 — dmymz) Vo Vs + (dmd + 2myms)Va — 2Amy (Vo — V)
=u+ Zm% + %mg + 2moms — 2my My,

° (—2m1m2 — 211121’)14)V1 Vo + (27’}’[11’}’[2 + 4dmymsz + 211121114)V1V3 + (—27}’[21’1’[4 - Zmi)V2V3
+ (2ms(my + m3) + 2m5)V3 + 2miVi + 2Ama Vi + 2Am, Vs

1
=u+ Zm% + Emé + 2moms — 2my My,
o ZM%V% + (—2m1m2 — 2momy + 471’[1?113)V1 Vo + (2m1m2 + 2m2m4)V1 V3 - 27’?13(1112 - m3)V§

1
+ Qmomg + 2m3)VaVs + 2Ama Vi + 2AmyVy = —p — 2m3 — Emg — 2moms + 2mymy, (58)
o (—3111% — m2m3)V1 Vo + (11121714 + 11111’114)‘/% + (—211’[11112 — 3mymz — 2momy — m3m4)V2V3
+ (3771% + H12H13)V1V3 + (ml(mz + H’l3) + TYI4(7112 + m3) + ZM1H13)V§ + Am V4
—Amp Vs, + A(mz + mg)Vg, =0,
° (3771% + m2m3)V1 Vo + (—m1m2 + 3mims — 7114(7712 - mg))V§ + (—m1m2 - THQTTZ4)V§
+ (277’[171’[2 — 3mymsz + 2momy — m3m4)V2V3 + (—37‘}’[% - 771277’[3)‘/1 Vi — Ami1V;
+ /\(THZ - I’Yl3)V2 — Amp V3 =0,
° —Zm%Vf + (mymsz + mi)V% + (—mymz — mﬁ)Vﬁ + (2mymy + 2mymy — 2myms) V1V,
+ (—2m1m2 - 21’?127?14 - 2m1m3)V1 V3 - 2m§V2V3 - 2/\1’}12V1 - /\Ti’l4V2 - ATYZ4V3 =0.

After solving (58), we get the following

Theorem 4.3. Let (G, g) be a three dimensional Lorentzian Lie group and g is its non-unimodular Lie algebra defined
by (53) with respect to a pseudo orthonormal basis {e1, e, e3}, with time like e3. Then a few non trivial left invariant
hyperbolic Yamabe solitons on g are

Myifmy=mgy;m =m3=0;u=0;,A=0;then V, =V3=0and V; € R,

@) ifmy #0;,mg #0;,my =mz=0; u=0then Vo, =0; V3 =—mi4andV1 €eR,

B) ifmy # 0;my =mz = my = 0; u = —2m3 then Vi = 0 and V, = V3.

5. Hyperbolic Yamabe Solitons on Three dimensional Special Lie Groups
Assume a Lie algebra g (dim > 2) described by
[u, v] = (uw)v - l(v)u, Uu,v € g, (59)

where [ is a linear map,  : ¢ = R. The sectional curvature of that Lie algebra g followed by (59) is constant
[21], K = —|ll||>. Now we choose a basis {e;, ey, e3} for a three dimensional lie algebra g. Then from (59), we
have

g:  [er, ex] = moe; —myes,
[e1, e3] = mze; —myes, (60)

[e2, e3] = mzep — myes,

for three real constants my = I(ey), my = l(e2), m3 = l(e3)

When we assume left invariant Riemannian metric g on g, we choose an orthonormal basis {e1, e, e3}.
Then we have Ricci curvature tensor, £yg and (£y o £1)(g) with respect to the basis {1, e;,e3} and any left
invariant vector V = Vie,.
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Now equation (4) gives the following system of equations

o (4m3 + 2m3)V3 + (4m3 + 2m2)V3 + 8mams Vo Vs + 2mymy Vi Va + 2myms Vi Vs
+2AmyVy + 2Am3 Vs = p + 6m3 + 6ms + 6ms3,
o (4m3 + 2m3) V3 + (4m5 + 2m3) V3 + 8myms V1 Vs + 2mimy ViV + 2mams Vo Vs
+2Amy Vi + 2Amz V3 = p + 6m3 + 6m3 + 6m3,
o (4m3 + 2m3) V2 + (4m5 + 2m3) V5 + 8myma ViV + 2myimz Vi Vs + 2mams Vo Vs
+2Am Vi + 2Amy Vo = p + 6m3 + 6m3 + 6m3, D)
o (=3m?} — 3m3)V1Vy — 3mimzVa Vs — 3moms Vi Vs — myma V2 — mymy V
+2mymy Vi — AmpVy — Amy Vs =0,
o (=3m? — 3m3)V1 V3 — 3mama ViV — 3mymp Vo Vs — myms V2 — myms V3
+2mymz Vi — AmzVy — Amy Vs =0,
o (=3m3 — 3m3)V, V3 — 3myms ViV — 3mimy ViV — mams V3 — mams V3
+ 2mamz V2 — AmzVa — Amy Vs = 0.
and if we assume left invariant Lorentzian metric g on g is expressed by (60), we choose a pseudo
orthonormal basis {ej, €2, €3}, with e; time like, then for any left invariant vector V = Vie; € g, we get the
Ricci tensor, £yg and (Ey o £1)(g).
Now, equation (4) gives us the following
o (4m3 + 2m3)V3 + (4m3 — 2m2) V3 + 8mams Vo Vs + 2mymy Vi Vy + 2myms Vi Vs
+2AmyVy + 2Am3 Vs = u + Z(mf + mg - mg),
o (4m3 + 2m3) V2 + (4m3 — 2m3) V3 + 8myms Vi Vs + 2mimy ViV + 2mams Vo Vs
+2Amy Vi + 2Amz Vs = p + 2(m3 + m3 — m3),
o (—4m? +2m3)VI + (—4m3 + 2m3) V3 — 8myma V1 Va — 2myma Vi Vs — 2myms Vo Vs
= 2Am Vi = 2AmyVy = —p = 2(m + m3 — m3), )
o (=3m? — 3m3)V1Vy — 3mimsVo Vs — 3moms Vi Vs — myma V2 — mymy Vi
= 2mymy Vi — AmpVy — Ami Vs = 0,
o (3m? = 3m3)V1V3 = 3mymz ViV + 3mima Vo Vs — myma Ve + mymsVa
+2mymzVE — AmzVy + Amy Vs =0,
o —3mym3V1Vy + 3mimy Vi Vs + (3mj — 3m3)VaVs — myms V3 + mams V3
+ 2mamz V2 — AmzVa + Amy Vs = 0.
From the above, we see that there is a small change of sign between (61) and (62) due to the differences

of signature of the metrics and this slight change is accountable for difference of the solution. Solving (61)
and (62), we prove the following.

Theorem 5.1. Consider a three dimensional Lie algebra expressed by (60).

(1) If g is left invariant Riemannian metric with respect to a orthonormal basis {ey, ey, e3}. Then a few nontrivial
left invariant hyperbolic Yamabe soliton on g are as follows

(@) if my = my = m3 and p = =18m3 then V1 = Vo = V3 =0,

(i) if my = my = 0;mz # 0; u = —6m3; A = 0 then V3 = 0 and V2 = -V,

(iii) if my = m3 = 0; u = —6m3; A = 0 then Vi = Vo = 0and V3 € R.
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(2) If g is left invariant Lorentzian metric with respect to a pseudo orthonormal basis {e1,e;, e}, with e3 time
like. Then a few nontrivial left invariant hyperbolic Yamabe solitons on g are as follows

(@) if my =my =mzand y = —2m3 then Vi =V, = V3 =0,

(ii) if my = my = 0; mz # 0; u = 2m3; then Vy = 0 and V3 = V3.
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