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Power graphs of full transformation semigroups

Lingli Zeng?, YanLiang Cheng?, Boxing Yang?, Yong Shao®"

#School of Mathematics, Northwest University, Xi'an, Shaanxi, 710127, P.R. China

Abstract. In this paper we characterize completely the connected components of the power graph of the
full transformation semigroup 7x on a finite set X and provide the necessary and sufficient conditions for

which the connected component is a semigroup. We also demonstrate that the power graph of 7 is planar
if and only if |X] < 4.

1. Introduction

There are a number of constructions of graphs from groups or semigroups in the literature, including
the intersection graphs [5],[40], commuting graphs [4], Cayley graphs[32], power graphs [29],[33],[35] and
so on.

The most natural source of problems in semigroup theory is the study of full transformation semigroups
(see[13], [15], [16], [22], [11], [14]). With the continuous development of research on full transformation
semigroups, the investigations of graphs associated to full transformation semigroups have attracted at-
tention of many researchers. Based on the results from [27], transitivity of Cayley graphs of symmetric
inverse semigroups which are subsemigroups of full transformation semigroups are studied in [12], and
this is generalized to the case of homogeneous (graded) inverse semigroups in [19]. In 2015, Aratjo et al.
[2] calculated the clique numbers and the diameters of the commuting graphs of symmetric inverse semi-
groups. In 2019, Riyas and Geetha [37] studied Cayley graphs of symmetric inverse semigroups relative
to Green’s R-classes. In 2021, Tisklang and Panma [38] characterized Cayley graphs of the finite transfor-
mation semigroups with restricted range and determined its conditions to be undirected. Moreover, they
described the induced subgraphs which can be embedded into Cayley graphs. In the same year, Riyas et al.
[36] concentrated on Cayley graphs of full transformation semigroups relative to Green’s L-classes. They
characterized the connectivity, strong connectivity and Hamiltonian connectivity of the induced subgraphs
of Cayley graphs.

The notion of the directed power graph of a group first appeared in [28], and the directed power graphs
of a semigroup are first defined and studied in [29-31]. In all of these papers, directed power graphs
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are simply called power graphs. Given a semigroup S, the directed power graph of S, denoted by é(S) is
defined as the directed graph with vertex set S, in which there is an arc from x to y if and only if x # y
and y = x™, for some m € IN* (IN* is the set of positive integers). The notion of the directed power graph
of a semigroup covers that of the undirected power graph as the underlying undirected graph. Hence, the
undirected power graph of a semigroup S, denoted by G(5), is the graph with vertex set S, in which distinct
vertices x and y are adjacent, denoted by x ~ y, if either x = ¥ or y = x™, for some m € IN*. Undirected
power graphs of semigroups, simply called power graphs of semigroups, are studied in [8] by Chakrabarty
et al., where they, among other things, described the connected components of G(S) and characterized the
class of semigroups for which their power graphs are connected or complete. Based on these, Cameron
and Ghosh [7] explored power graphs of finite groups, obtained many profound results and promoted
the research of related problems of power graphs of finite groups. Cameron [6] showed that two finite
groups which have isomorphic power graphs are conformal. In 2020, Jain and Kumar [23] showed that the
converse of Cameron’s result holds for two classes of groups: finite nilpotent groups of odd order with class
two, and finite p-groups of class less than p. We refer the reader to comprehensive surveys [1, 33] for more
results on the power graphs of groups. However, although interesting problems are raised in [1], since [8],
it seems there was no research on the power graphs of semigroups up until recently, with two directions of
investigation standing out: the one related to isomorphism problem which started in [7] for finite groups,
and the one related to Problems 11 and 12 in [1] on the power graphs of semigroups of homogeneous
elements of graded rings. As for the isomorphism problem, in 2022, Ashegh Bonabi and Khosravi [3]
characterized the structure of the power graph of a completely simple semigroup and described the order
of the automorphism group of its power graph. In 2024, Cheng et al. [9] determined the structure of the
power graph of a completely 0-simple semigroup and gave a characterization that G’-normal completely
0-simple orthodox semigroups with abelian group H-classes are isomorphic, based on their power graphs.
As for the Problems 11 and 12 from [1], Ili¢-Georgijevié [18, 20, 21] studied the question of connectedness
of the power graphs of semigroups of homogeneous elements of general A-graded rings inducing A [24-26],
depending on the properties of the rings in question.

We also refer the reader to the survey [34] for the results on the related enhanced power graphs of groups.

Motivated by the above works, we shall study power graphs of full transformation semigroups in this
paper. In Section 2 we introduce some preliminaries and notations about full transformation semigroups. In
Section 3 we characterize the connectivity of power graphs of full transformation semigroups and provide
the necessary and sufficient conditions for the connected component to be a semigroup. In Section 4 we
prove that the power graph of full transformation semigroup 7 is planar if and only if |X| < 4.

2. Preliminaries

In this section we review some of the necessary terminology and notations on full transformation
semigroups (see [10]). Let X = {i1, 1y, ..., i} be a finite set of n elements. A transformation of X is an array of
the following form:

a:(il iy e iy ), 2.1)

al az oo an

where all g; € X and 1 < < n. The value of the transformation « at the element x is denoted by a(x).
The map of the form a : A — X, where A = {ji, j2, ..., jk} is a subset of X, is called a partial transformation
of X. Note that the set A could be empty. Again, a is written in the following form:

_( & 2k
a_(a(jl) a(ja) -+ a(jk))' (2.2)

Let ¢ be the identity transformation.
For a (partial) transformation a we associate the following standard notions:

e The domain of @ : dom(a) = A;



L. Zeng et al. / Filomat 39:8 (2025), 2725-2735 2727

e The image of o : im(a) = {a(x) | x € A};
o The kernel of a : ker(a) = {(x,y) € AX A | a(x) = a(y)};
o The fixed point of a : fix(a) = {x € A | a(x) = x}.

If dom(a) = X, then «a is called full or total. The set of all full transformations of X is denoted by 7x, and
the set of all partial transformations of X is denoted by 7 x. Obviously, Tx € P7 x.

Let a € PT x and B C X. The restriction a|g of a to B is defined as follows: a|p is a partial transformation
on B such that dom(a|z) = B N dom(a) and «a|p(x) = a(x) for x € dom(a|p).

Leta: X = Yand f:Y — Z be two partial transformations. We define their product or composition -
as partial transformations by 8 - a(x) = f(a(x)), x € X. We abbreviate f - a to a.

We know that both 7x and P7 x are semigroups with respect to the composition of (partial) transfor-
mations (see [10, Proposition 2.1.3]). The semigroup 7 is called the full transformation semigroup on X or
the symmetric semigroup of X. The semigroup P7 x is called the semigroup of all partial transformations on X.
Let Sx denote the symmetric group on X. It is easy to see that both 7x and Sx are subsemigroups of P7 x.

3. Power graphs of full transformation semigroups
In this section we shall characterize the connectivity and the connected components of the power graph
G(Tx) with |X| = n. For each a € T let

i iy e
a=| " B no| (3.1)
a; ap -+ a4y

Suppose that ima = {by, by, ..., b,,}. We claim that there exists a subset B C ima such that a|p is a cycle in Sx.
We set a%(x) = x for all x € X. Since {a*(b1)}i=0 C X and X is finite, it follows that the set

{my € N | (3mz € N)a™ (b1) = ™ (b1), m1 # ma}
is non-empty and so has a least element. Let us denote this least element by r. Then the set
{my € N | (b)) = a™ (b))}

is non-empty and has the least element I. Thus (a’(b;) a’*'(b1) --- a'"!(by)) forms a cycle in Sx. Let
B = {a’(by),a™*(by), ..., a1 (by)}. Then

alp = (@'(b1) a™'(by) -+ ' 7Y(by)

is a cycle in Sx.

Following the above method, which resembles that of investigating monogenic semigroups from [17],
we can find all disjoint subsets B;j(1 < i < s) of ima such that a|p, are cycles in Sx. Without loss of generality,
suppose that

(1) (1 .(1 . | .
B = {](1 ),](2),...,]51)},...,35 = {](ls),](zs),...,]g)}.

Lett =t +---+t;.. Thus |X\ U}, Bil = n—t. Assume that X\ U, Bi = {k1,k2,...,ku—¢}. Then a can be
decomposed by the following factorization formula:

_G Ly e e ey ke ke e K
a=(; Jj, in )Gy T, ]ts)( alk)) alky) - alkyy) 62
=0,
where @ = (]'51) ]él) jg))"’(]‘f) j(25) jif)) € Sx are the products of disjoint cycles and o’ =

ke ky o Ky
alky) atka) - alkp-t)

Let Xz = ima = {j{", /..., 0,9, ..., P and [n - 1] := {1,2,..,n - t}.

) € PT x is a partial transformation that has no cycles.
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Lemma 3.1. Let a € Tx. In the Factorization formula (3.2) of a, for each ki(i € [n —t]) there exists | € IN* such that
al(k) € X5.

Proof. Suppose by way of contradiction that there exists i € [n — t] such that a/(k;) ¢ X5 for all ] € N*. Then
(&l (k)}is1 C {ki, ko, ..., ku_s). Since {k1, ko, . .., ku—s) is a finite set, it follows that there exist I1, I, € N* such that
I; # 1, and a1 (k) = al (k;). Hence there exists a cycle in «’, a contradiction, as required. [

For each k;(i € [n — t]) let
d(k;) = min{l | &'(k;) € X5,1 € N*},
and
d(a’) = max{d(k;) | i € [n — t]}.

It is a matter of routine to verify that im((a’)#*)) C X.
It is easy to check that @ and a’ in the factorization formula (3.2) are commutative as elements in 7 x.
By Lemma 3.1, we have

N = [k ko - ki =
') _ = 1 2 n—t |\ _ = _»n
o =a (h1 Hy - hn_t)—a a”, (3.3)

where € Sy, and o” = ( b e

It is well known that idempotent elements and Green’s relations play important roles in the study of
algebraic structures of semigroup. Let S be a semigroup. An element ¢ € S is called an idempotent if ¢ = e.
We denote the set of all idempotents of S by E(S).

with h; € X5 for all i € [n —¢].

Lemma 3.2. [10, Theorem 2.7.2] o € E(PT x) if and only if im(a) € dom(a) and &lim() = €lim(a)-
The Green’s relations L and R on S are defined by
alb & S'a=S'band aRb & aS' = bS',

where 4,b € S and S! is the monoid obtained from S by adjoining an identity if necessary. Note that

H=RN L (see[17]).
Lemma 3.3. [10, Theorem 4.5.1] Let o, f € Tx. Then
(i) aLpifand only if im(a) = im(B);
(ii) aRp if and only if ker(a) = ker(B);
(i) aHB if and only if im(x) = im(B) and ker(a) = ker(B).
Now we shall characterize the connectivity of G(7x).
Lemma 3.4. Let a, p € Tx and a™ = B for some m € IN*. Then the following statements hold:
(i) im(B) € im(a);
(ii) ker(a) C ker(B);
(iif) fix(ar) C fix(pB).

Proof. (i) For any y € im(p) there exists x € X such that f(x) = y. That is to say, y = f(x) = a"(x) = a - "™ }(x)
and so y € im(a). It follows that im(B) C im(«).

(ii) If (x,y) € ker(a), then a(x) = a(y). This implies that a™(x) = a™(y) and so B(x) = B(y). Thus
(x, ) € ker(B) and so ker(a) C ker(p).

(iii) If x € fix(a), then a(x) = x. It follows that f(x) = a™(x) = x and so x € fix(f). This shows that
fix(a) C fix(B). O
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Lemma 3.5. Let a € Tx. Then a ~ ¢ in G(Tx) if and only if im(a) = X.

Proof. Suppose that im(a) = X. Then «a is a permutation on X, i.e., @ € Sx. Since Sx is finite, it follows that
a™ = ¢ for some m € N* and so a ~ €. Conversely, if & ~ ¢, then @™ = ¢ for some m € IN*. By Lemma 3.4,
X =im(e) € im(a) and so im(a) = X. O

Proposition 3.6. Let ¢ € E(Tx) and a € Tx. Then the following statements are equivalent:
(i) a ~einG(Tx);
(i) im(a?®)) = im(e) and ker(a?®)) = ker(e);
(iii) a¥@)He.

Proof. By Lemma 3.3, it is easy to see that (ii) and (iii) are equivalent. We need only to prove that (i) and (ii)
are equivalent. Suppose that a ~ e. Then a™ = e for some m € IN* and so (a?(®))" = e. Therefore

Xz = im((@”®))™) = im(e) C im(a’®)) = X.

Thus im(e) = Xz = im(a¥®)). Since (a¥®))" = ¢, it follows by Lemma 3.4 that ker(a?®)) C ker(e). If
(x,y) € ker(e), then e(x) = e(y) and so a™(x) = a"(y). This implies that a®®) - a"(x) = a®@) - a™(y). Thus
a™ - a%@(x) = a™ - a™@)(y). Since a”@)(x),a’@)(y) € Xz and alx_ is a permutation on Xg, it follows that
a?@)(x) = a?@)(y) and so ker(e) C ker(a?@)). This shows ker(e) = ker(a?®)).

Conversely, suppose that im(a?®)) = im(e) and ker(a?®)) = ker(e). Then im(e) = im(a?®)) = X5 and so
by Lemma 3.2, e|x. = ¢|x,. Now we consider the factorization formula (3.3)

day _ = = (ki ke - ki

=
=a-a"=a-
hi hy - hyy )’

—~ — ~
where o € Sx_, h; € X5 for each i € [n — t]. Since o € Sx_, it follows that @ = ¢|x. for some | € N*. Thus
EY\ = SIXT, = ele,/ i.e.,
(@7 @ (x) = e(x) = x for all x € X. (3.4)

For each kj(j € [n — t]) we have a®@)(kj) = hj € X5. Then there exists i € X such that a@)(i) = h; and so
(kj, i) € ker(a?®)) = ker(e). Therefore

(ad(a’))l(kj) — (ad(a/))l—l . ad(a')(kj)
— (ad(a’))l—l . ad(a')(l’) — (ad(o/))l(i) =i
Since (kj, i) € ker(e), it follows that e(k;) = e(i) = i and so
(@) (kj) = e(k;) for all j € [n — t]. (3.5)
Then by (3.4) and (3.5) we have that (a¥®))! = e. This implies that a ~e. O

Let S be a finite semigroup. We review the structure of connected components of power graph G(S)
from [8]. Define an equivalence relation p on S by

apb & a" =b" for some m € N,
and denote the equivalence class of ¢ € E(S) under p by C,, i.e.,

C.=1{aeS|ape} ={aeS|a" = e} for some m € N.
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Lemma 3.7. [8, Theorem 2.3] Let S be a finite semigroup and a,b € S such that a # b. Then a and b are connected
by a path in G(S) if and only if apb.

Lemma 3.8. [8, Corollary 2.4] Let S be a finite semigroup. Then the connected components of G(S) are precisely
{C. | e € E(S)}. Each connected component C, contains the unique idempotent e.

By the above lemmas we have the following result.
Proposition 3.9. Let a, f € Tx. Then a and p are connected by a path in G(Tx) if and only if o @) HpBIE),

Proof. Suppose that a € C, for some e € E(7x) by Lemma 3.8. Then a and § are connected by a path in G(7x)
if and only if @ ~ e and p ~ e. By Proposition 3.6, we can show that

im(a?@)) = im(e) = im(8™®")

and
ker(a’@)) = ker(e) = ker(g?#)).

This implies by Lemma 3.3 that a/@)HpIE).
Next we shall characterize the structures of the connected components of G(7x).

Lemma 3.10. Let e € E(Tx). If [im(e)| = n, then e = e and C, = S,,.

Proof. Suppose that |im(e)] = n. Thene = ¢. If a € C,, then there exists m € IN* such that a™ = e. Thus
im(e) € im(a) and so [im(«)| = n. Hence « is a permutation over X, i.e., a € Sx. Conversely, if @ € Sx, then
there exists m € N* such that ™ = ¢ = eand so a € C,. This implies C, = Sx = S,. O

Lemma 3.11. Let e € E(T). If [im(e)| =n — 1, then C, = 5,_1.

Proof. Suppose that [im(e)| = n — 1. Without loss of generality, assume that

e= (i) () (inl)( z: ) for some k € [n —1].

Let

= (i = [P 7 T M) . .
A={aeTxla=a-| " |, wherea = 2 " € Sy is a permutation
3 ap dax o Odp

over X = {iy,iz,...,iu_1}}

We claim that C, = A. Leta € A and ;’I’( = o'. Itis easy to see that im(a) = im(e), ker(a) = ker(e),

d(a’) = 1and a®@) = a. This shows that im(a?(®)) = im(e) and ker(a)) = ker(e) and so by Proposition 3.6,
a ~ e. It follows that « € C,. Thus A C C,.

Conversely, suppose @ € C,. Then a ~ e. Thus there exists m € IN* such that a™ = ¢ and so
{i,i2,...,in-1} = im(e) € im(@) # X. This implies im(@) = im(e). By Proposition 3.6, im(a®®)) = im(e)
and ker(a®®)) = ker(e). It follows that

i@y _ I R N 0 .
o ( 0 @y o g a |’ where {a1,...,a,1) = {i1,...,1,21).
This shows that

R R
(o n S )
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where {by,..., b1} = {i1,..., i1}, b € {ir, ..., 001} Let( ll’; ) =a'. Thend(a’) = 1 and so a = a¥®). Hence

ker(a) = ker(e). Since (i, 1,) € ker(e), it follows that b = a(i,) = a(ix) = by and so a € A. Thus C, C A.
Therefore C, = A.
Now we shall show that A is a group. Firstly, for a, § € A, suppose that

-

a:a-( ;k ),ﬁ:ﬁ-( ;k ) where @, B € Sg, a = a(iy), by = Bli).

Then aly = ?ﬁg € Sy and
(Ba)(in) = Bla(in)) = Bla(iy)) = (Be)(ir)-
This implies that

== iy
pa=p “( (B i) ) €4

. =( i = i .. . .
Next, ifa =« ( a’; ) €A e :?( Z.Z ), it is a matter of routine to verify that

=] in = in = in _ _::A i” _
ea=e( i )-a( o ):ea(( o ))—a,ae—aa( o ))—a

This shows that e is an identity element in A.

Finally, let a = a ( ;’Z ) € A Sincea e Sg, it follows that there exists E € Sy such that E§ = ¢l

Suppose that f = 8 - ( ZZ;:( ),where br = B(ix). Then g € A and

= JT (o)

—
—

palz=pa=clz=ex

Thus

and
pain) = paliy) = i = e(in)-
Hence fa =e.
This shows that C, = A is a group.
Let ¢ : A — Sy be a map such that p(«) = o for all a € A. It is easy to check that ¢ is an isomorphism.
Hence C, = A=5y=5,1. [
Lemma 3.12. Let e € E(Tx). If [im(e)| < n — 2, then C, is not a semigroup.

Proof. Suppose that
e:(il)(i2)"'(ik_1)( I Ike1 - p )’

ax k1 = Ap
where a; € {i1,1,...,i_1} forall [, k <1 < n. Thenim(e) = {i1,1,...,i_1}. Since [im(e)| < n — 2, it follows that
there are at least two elements in the set {ix, i1, ..., i,}. Without loss of generality, take i; and ix,1. Assume
that e(ix) = ir, e(ix+1) = is for some 7,s € [k — 1]. Let

) .. ) Iy g1 Sy
o=em—an(§ T )
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and

B = (i) (iris) - -~ (ik—l)( i:il lkijl yzlil)
e(il)/ e(iy) # ir,is;
where y(i)) = {1, e(i)) =i,; forallle N*suchthatk+2<I[<n.
iy, eli) =1is,
Then
i

a2=(i1)(i2)"‘(i’<—1)(z iki:l e(i)

and so a € C,. Similarly, we have that 2 = e and so B € C..

V(i)

)

in _
e(in) | =€

2732

It is easy to check that fa(ik+1) = k1. But e(ixs1) # ix+1, s0 ker(Ba) & ker(e). It follows by Lemma 3.4 that

pa ¢ C.. Hence, C, is not a semigroup. [J

Lemmas 3.10, 3.11 and 3.12 together imply the main theorem of this section:

Theorem 3.13. Let |X| =n > 2,e € E(Tx). Then the following statements are equivalent:

(i) C.isasemigroup;
(ii) C,isa group;

(iii) |im(e)| =norn—1.

Since every connected component contains a unique idempotent, we give a characterization of the
unique idempotent for each connected component in the following proposition.

Proposition 3.14. Let a € Tx. Suppose that a’®) has the Factorization formula (3.4),

ki ky oo ke
hi hy el

) =g = (

where§ € Sx_, hj € X forall i € [n — t]. Let the order of”o} be l. Then o € C,, where

ki ky - ks

e=¢lx; -
a gl gz e gn—t

—~-1
)withgi =a (h),1<i<n-t

Proof. By the preconditions we have that

—

ad(a’)-l — (ad(a’))l — (0(\ CYN)Z =?’“:l o

— ngg o

, where im(a’”’) C X5.

Then by Lemma 3.2, we deduce that a#)"

’ ’ ’ ::l_l
a” (ki) = (@ (k) = (@) ¥ k) =a ().

Ao’y

This implies that a is adjacent to a/@) and o) =¢. [

is idempotent. It can be checked for each i € [ — t] that

(3.6)
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Ay Ay Ay As
Figure 1: Power graph G(7x) with |X| = 2.
4. The planarity of the power graph of 7x

In this section we shall consider the planarity of the power graph G(7x). If [X| = 1, then the power
graph G(Tx) is trivial. Consider the following three cases.
Case 1. |X| = 2. Then |Tx| =4, |[E(Tx)| = 3. Let

Ar=(1)(2),A2 = (1)( % ),As = (2)( ; ),A4 = (12).

Thus Tx = {A1, Az, A3, Ag}, E(Tx) = {A1, A, As}. The power graph G(7x) is depicted in Figure 1.
Case 2. |X| = 3. Then |Tx| = 27, |[E(Tx)| = 10. Let

A1 = (DQ)B), Az = (1)(23), A3 = (2)(13), Ag = (3)(12), A5 = (123), As = (132);

Bl=<1><z>(§’),32=<1><2>(§),Bs=(§ i 2)'B4=(§ % ?)

&=am%§)m=@@

&=am%§)£w=m6%
313=(1)( % ; )1314:(1)( g
1
2

By = (3)(

Thus
Tx ={A1,...,A6,B1,...,B13,C1,Co, C3},

E(Tx) = {A1,B1, B, Be, B7, By, B1g, C1, C2, Cs}.
The power graph G(7x) is depicted in Figure 2.

Ay A3 Ay By B2
T o
Aq
B, By /\ /\ /\
As As By Biz  Bss Bis By Big

Figure 2: Power graph G(7x) with |X| = 3.
Case 3. |X| = 4. Then |Tx| = 256, |[E(Tx)| = 41. Let

A =1{A;i | Ai € Tx, im(A;)| = 4}.
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Thus A = S4, |A| = 24. Let

B ={B;|Bi € Tx,im(B;) = {1,2,3}};

E ={E;| Ei € Tx,im(E;) = {1,2,4}};
F={F;| Fi € Tx,im(F;) = {1,3,4}};

G =1{Gi| Gi € Tx,im(G)) = {2,3,4}};
C={
D ={

Ci| Ci € Tx, im(Cy)| = 2};
D; | D; € Tx, lim(D;)| = 1}.

Hence |B| = |E| = |F| = |G| = 36,|C| = 84,|D| = 4.
The power graph G(7x) is depicted in Figure 3.

A e o
D Dz
1 11

11T 1112 Vi IVi2 Vi Viz

Figure 3: Power graph G(7x) with |X| = 4.

Lemma 4.1. [8, Theorem 2.12] Let G be a finite group. Then G(G) is complete if and only if G is a cyclic group of
order 1 or p™, for some prime number p and for some m € IN.

Lemma 4.2. [39, Theorem 4.3] A graph is planar if and only if it contains no subgraph contractible to Ks or K 3.
Based on the above characterization of the power graphs of full transformation semigroups, we have
Theorem 4.3. The power graph G(Tx) on X is planar if and only if |X| < 4.

Proof. We can observe by Figures 1, 2 and 3 that G(7x) is planar if |X| < 4. Suppose that |X| > 5. Consider
the cycle a = (12345) € Tx. Since (a) is the cyclic group of order 5, it follows by Lemma 4.1 that G({a)) is a
complete graph with 5 vertices. Then G(7x) has the subgraph G({«)) that is isomorphic to Ks. Hence G(7x)
is not planar by Lemma 4.2. We conclude that G(7x) is planar if and only if |X| < 4. O
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