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Boundary value problems for a third order equation with multiple
characteristics in three-dimensional space in semi-bounded domains

Yu. P. Apakov®', A. A. Hamitov®

*Romanovskii Institute of Mathematics, Acadenty of Sciences of the Republic of Uzbekistan, Tashkent, 100174 Uzbekistan
YNamangan Engineering-Construction Institute, Namangan, 160103 Uzbekistan

Abstract. In this article, for a third-order equation with multiple characteristics, boundary value problems
in three-dimensional space in semi-bounded domains are formulated and studied. The uniqueness of the
solution is proven by the method of energy integrals. The existences of solutions is proved by the method
of separation of variables. The solutions are constructed explicitly in the form of an infinite series, and the
possibility of term-by-term differentiation of the series with respect to all variables is justified.

1. Introduction

Third-order partial differential equations are considered when solving problems in the theory of non-
linear acoustics and in the hydrodynamic theory of space plasma and fluid filtration in porous media
(1112].

In the work [3], taking into account the properties of viscosity and thermal conductivity of the gas, a

third-order equation with multiple characteristics was obtained from the Navier-Stokes system, containing
the second derivative with respect to time

v
Uy + Uyy — 1—/uy = Uy Uy, V = CONSt.

This equation when v = 1 describes an axisymmetric flow, and when v = 0 it describes a plane-parallel flow

[4].

The first results on a third-order equation with multiple characteristics were obtained in the works of
H. Block [5], E. Del Vecehio [6].
L. Catabriga in the work [7] for equation D?"*1u — D?u = 0 constructed a fundamental solution in the

form of a double improper integral and studied the properties of the potential and solved boundary value
problems.
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In the works [8],[9], fundamental solutions of a third-order equation with multiple characteristics were
constructed, containing second derivatives with respect to time, expressed through degenerate hypergeo-
metric functions, their properties were studied, and estimates were found for [t| — oo.

In works [10], [11], [12], [13], [14], [15], [16], boundary value problems for third-order equations were
studied.

2. Statement of the problem
In the domains D* = {(x,1,2) : 0 <x <400, 0<y<gq, 0<z<r}and D™ = {(x,y,2z) : —c0o <x <0, 0 <

y < g, 0 <z <}, consider the equation

L[M]ET——z———Or 1)
where g > 0, r > 0 - constant real numbers, and for it, we will study the following problems.

Problem 2.1. Find a solution to equation (1) in the domain D* from class C;’;jﬁ (DY)N Ci:}‘/’; (D* UT4), having a
limited second derivative with respect by x, as x — +oo and u,,u, € Ly (D*), satisfying the following boundary

conditions:

au (x,0,z) + puy, (x,0,z) =0,
yu(x,q,z) +o6uy, (x,q,z) =0, 0<x<+oo, (2)
u(x,y,0)=u(x,y,r) =0,

u(0,y,z) =y1 (y,2), liIP u(x,y,z)= HIP Uy (x,y,2) = 0, uniformly limited by 0 < y < q,0<z <, (3)

where Ty = JdD* - boundary of the domain D*, a, B, v, 6 € R\{0}, and 1 (y,z) - a given sufficiently smooth
function, moreover

a&jglq 0,2) . M1 (0,2) 0 Y1 (q,2) . 6&j+11,b1 (9,2)

P : =4UY ; : - 0/
O IV =02 @
Iy _di,0) o Py _ PP (y,0) ’
oy oy " oyto2 ytdz2 ’

Problem 2.2. Find a solution to equation (1) in the domain D~ from class Ci:ié (D7)n Ci;;’; (D™ UTy), having
bounded first and second derivatives with respect by x, as x — —oo and uy,u, € L, (D7), satisfying the boundary
conditions for —oco < x < 0(2) and

u0,y,2) =v2(y,2),ux (0,v,2) = Y3 (y,2), xl_i)rf‘ u(x,y,z)= 0, uniformly limitedby0 < y < q,0<z <r, (5)

where Ty, = dD~ - boundary of the domain D~, a, B, v, 6 € R\{0} and ; (y,z), i = 2,3 - given sufficiently smooth
functions, moreover

a8f¢i ©z) i (0,2) 0 I'Pi(q,2) +63f+1¢i (9,2) _

Ei dyit =S oyl Ay =0 j=02 (6)
P (1,0) _ i) _ FUi,0) _FVilyn) o,
oy EI ’ Iytoz? dy*dz? ’ o

We note that semi-bounded domains in the plane were studied in [17], [18], [19], [20], and in three-
dimensional space for a second-order equation in [21], [22] some well-posed boundary value problems
were studied. And also in works [23], [24] in finite domains, other boundary value problems in three-
dimensional space were studied, and in works [25], [26] boundary value problems for a fourth-order
equation in three-dimensional space were considered.
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3. Uniqueness of solution

Theorem 3.1. If the Problem 2.1 and Problem 2.2 have solutions, then if conditions af < 0, y0 > 0 are met, they
are unique.

Proof. Let us assume conversely, that is, let Problems 2.1 (2.2) has two solutions u (x, y,z) and u (x, y, z).
Then, the function u (x,y,z) = u1 (x,y,z) — uz (x, y,z) satisfies equation (1) with homogeneous boundary
conditions. Then, let us prove u (x, y,z) = 0is D* (D).

For this purpose, we multiply both sides of equation (1) by #, and then, we get

1 0 J
uL[u] = (u o = 5 uﬁ) 3 (u uy) + uf, -3 (uu,) +u*=0. (7)

Integrate equality (7) in the domain D; = {(x,y,z): 0<x<d, 0<y<g, 0<z<r}, whered >0,

and we have

O%Q

r q r
fu (d,y,2) us (d,y,z)dydz — ff u(0,y,2) uw (0,y,2)dydz—
0 00

q r qr dr
ffu§ d,y,z)dydz + 1ffu§ (O,y,z)dydz—ffu(x,q,z)uy (x,9,z) dxdz+
00

I\JIH

dr
+ffu(x 0,2z) uy (x,0, z)dxdz—ffu(x y, ") uz (x,y,r)dxdy+ (8)
00

dq
+ffu(x y,0)u; (x, y,O)dxdy+fffu (%, y,z) dxdydz+
00
+fffuz (x, y,z)dxdydz =
Dy

If d - +oo, then D; — D*. Moreover, taking into account the homogeneous boundary conditions of
Problem 2.1, for x — +c0 and uy, u, € L (D), from (8) we obtain

+0o 1 too 1

fr 2(0,y,2)dydz - b f fu (x,0, z)dxdz+ f fu (x, g, z)dxdz+
' +fffu2 (x, y,z)dxdydz+ fffu2 (x, y,z)dxdydz =

1
2

C—=

Taking into account conditions af < 0, y6 > 0, we obtain u, (x, y,z) = 0Oand u; (x,y,2z) = 0,i.e. u(x,y,z) =
f (x)in D*. Putting into equation (1), we have f” (x) = 0. Hence, f (x) = C1x*+ Cpx+Cs. From the conditions
(3), we get f(0) =0, xl_i)rpoo fx) = xl_i)r}lm f'(x) =0, then, C; =0, C; = 0and C3 = 0, hence we have that
f(x) = 0. Therefore, u (x, y,z) = 0 in D* UT;. As this result, and therefore, we attain 11 (x, y,z) = uz (x, y,2) .

Now, integrating the equality (7) in the domain D. = {(x,y,z): ¢ <x <0, 0<y <g, 0 <z <r}, where
¢ < 0, we have

C——=
o

q r
u(0,y,2z) uxw (0, y,2)dydz — ffu (¢, y,2) ury (¢, y, z) dydz—
00

NI>—‘
S o

r q r 0r
Ofu 0, y,2z)dydz + %Ofofuﬁ (c,y,z)dydz—cfofu(x,q,z)uy (x,q,z)dxdz+

+
°—o

r 09
fu(x, 0,2) uy (x,0,z) dxdz — ffu(x, y, 1) uy (x,y,r)dxdy+
0 c 0

09
+ f fu (x,v,0) 1, (x,y,0)dxdy + fff uf, (%, y,z) dxdydz+
c 0 D.
+ [ 42 (x,y,2) dxdydz = 0.
D,
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If c - —oco, then D. — D~. Moreover, taking into account the homogeneous boundary conditions of
Problem 2.2, for x — —co and uy, u, € L, (D), we obtain

% qu’ 3 (c, y,z)dydz— - f fu (x,0, Z)dxd2+ f fuz (x,q,z)dxdz+
<00

_000

+fffu (x, y,z)dxdydz+fffu (%, y,2z)dxdydz =

As above, it easily follows from here that u (x,y,z) = 0in D~ UT,.
The proof has been completed. [

4. Existence of the solution

IYi(y,2)
Theorem 4.1. UW

and (6) then the solutions to the Problem 2.1 and Problem 2.2 exists.

€eC[0<y<gq,0<z<r],i=1,2,3, and these functions satisfy the conditions (4)

Proof. In order to prove the existence of a solution to the Problem 2.1 (Problem 2.2), we look for it in the
form

u(x,y,z) =Xx)V(y,z2). )

Putting (9) into equation (1) and separating the variables, with respect to function X(x) we obtain the
equation:

X" +AX =0, (10)
and for function V (y, z) - the following boundary value problem:

Viy+ Vi +AV =0,
aV(0,z) +pV,(0,2) =0,
yV(q,2)+06Vy(q,2) =0,
V(y,0)=V(yr) =0,

where A is the separation parameter. Let us find the eigenvalues and eigenfunctions of problem (11). Let’s
put

(11)

V(2= Y(W)ZE). (12)

Substituting (12) into equation (11), separating the variables, we have the problems

Y’ +vY =0,
aY (0) + BY’ (0) = (13)
yY(q)+0Y (q) =
7" +uZ =0,

{ Z0)=Z(r) =0, (14)

where v > 0 and u > 0 are constants related by A = v + u.
It is known from [20] that the eigenvalues of problem (13) exist only for v, > 0 and v, = O (nz), and the
corresponding eigenfunctions have the form

V(1) = (asin VTR~ VT cos V) s,
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where A, are arbitrary constants, and for problem (14) we obtain
Zy (2) = Ap sin \limz,

. mr\?

where A, are arbitrary constants and y,, = (7) .

Taking into account (12), we define
. mmz
Vi (Y, 2) = A Yn(y) sin — (15)

where A, ,, are some constant factors. We choose them as in [20], so that the norm of function V,,,, (y,z) is
equal to one. Orthogonality {V,, ,} is easy to check

qa r

q r
ffVﬁ/m (y,z)dydz = Aﬁ/m f(a sin v,y — B /vy cos \/ﬂy)zdyfsinz (@z) dz=1,
0 0 0 0
”V,,,m“2 = fq<0z sin \v,y — B /v, cos \/ﬂy)zdyfysin2 (@z)dz =
0 0
R pan-ap)+ (X - 2 foina e
+ %ﬁ cos 2 \/v_nq] %

Then, as a solution to the spectral problem (13), (14), we take the functions

Yo(y) sin =, (16)
Vo ’

which correspond to the eigenvalues

Vn,m (]/, Z) =

2
m
Apm = Vy + (—) ,n,mé€ N.
r

The possibilities of expanding given functions according to (16) were proven in [20], [27]. The general
solution to equation (10) has the form:

3 3
Xom (x) = Cln,me_k""" X 4 pzkumx (CZn,m cos %knmx + C3p,m SIN %kn,mx) , (17)

where
kn,m = V3 /\n,m = {lvn + Um-

Further, from the statement of the Problem 2.1 it follows that
lim Xym(x)= lim X, (x)=0.
X—+00 X—+00 4
Therefore, in (17) it is necessary to consider that Cpy; = C3y.m = 0. Then, the function (17) takes the form
Xn,m (x) = Cln,me_k""”x' (18)

Now, by virtue of (9), we search for the solution to the Problem 2.1 in the form

+00
(6 y,2) = Y Came™ " Vy(y,2) (19)

n,m=1
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The function defined by the formal series (19) satisfies conditions (2).

Assuming temporarily that the series in (19) and its derivatives converge uniformly and requiring the
function u (x, y, z) defined by series (19), to satisfy the boundary conditions (3), we obtain

+00
(0,5,2) = ¥1(9,2) = Y CiunVun(¥,2),

m,n=1

where Cy,, ,, - the Fourier coefficients of the function 11(y, z), that is

q r
1 . mmnz
Cln,m = lljln,m =T 2 ffl,bl (yr Z) Yn(y) sm Tdydz (20)
Vol 5
Substituting Cy,,,, into (19), we get

+00
u(x,y,z) = Z Yrame " Vi (Y, 2). (21)

n,m=1

Now, we prove that the series (21) and its derivatives iy, ty, and u, converge uniformly in the domain
D* UT4, then function u (x, y, z), defined by the series (21), gives a solution to the Problem 2.1.
Let us prove the absolute and uniform convergence of the series (21). From (21) we have

@y, D <MY [ Yaly)| (22)

n,m=1
In what follows the maximum value of all found positive known numbers in estimates will be denoted
by M.
We estimate the expression |ll11n/m Yn(y)|:

q r
1
|¢1n,myn(]/)| < |¢1n,m’ )Yn (y)| = |Yn (]/)| Y )4’1 (v, Z)| |Yn (y)‘ dydz,
Vil of of

|Yn (y)| = |a sin VW, y — B /v, cos \/V_ny| < Ja2 Y

Then, we have
q

24 gy, .
)lnbln,myn(]/)| < a— )l,l)l (]/, Z)| dde
/]

Vol 5

a? + v, . .
as n,m — oo (that is as v,, — o) is bounded:

Let us prove that the expression 5
[Vl

a? + v, B a? + v,

2 2 2 :
“VH,MH %(cﬂq + B2qv, — ap) + (ﬁ Zv_n - 4it/v_)sinZ Vg + %‘BCOSZ\/V_V,Q %

For n,m — oo holds
a+pv, 4P 4

li = =—.
e ||Vn,m“2 prqr  qr
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Hence, we conclude that for any v, the inequality

|11l)1n m¥n (y)| <= ffhbl (]/rz)‘d]/dz

is true. Let, taking into account condition (4) and integrating by parts (20), we obtain

1n,m

)
|ll/1nm y)| <M| 4 3 . (23)

Taking these estimates into account, from (22) we have

)
llbln m

Am3

|u(x y,z)( <M Z |

n,m=1

It follows that the series (21) converges absolutely and uniformly.
Now, we prove that the derivatives of the series (21) included in equation (1) also converge absolutely

and uniformly in the domain D* UT;. To do this, from (21), we calculate the derivatives by y and z, and we
attain

aZu +o0
a_yz - Z‘ anpln,me_k”’mxvn,m(yfZ)’
n,m=1
&21/[ I 2 400 B
ﬁ - _(?) Z mzlpln,me k"'men,m(y/Z)‘
n,m=1

Let us estimate the resulting equalities and, taking into account (23), for x > 0, we have

7u
ay?

+00 '11[}(7)
1n,m
<M Z g < o0,
n,m=1
. @)
< ’llbln,m
<My pries

n,m=1

Pu
0z2

Using the Cauchy-Bunyakovsky and Bessel inequality, we obtain

2 1 \? Y1y, 2)
(7) ’
22 = JMZA ‘lplnm J (n4m) = Y4923 ’
where
Z 'lp +00 1 ~ n2
1n,m 0T

|[Fvwa)
|| dytdzd

=1 Ly (0<y<q,0<z<r) ' m=1 m? 6
Pu J*u
PR’ 92
The absolute and uniform convergence of the partial derivative with respect to the variable x up to the third
Pu| _|Pu| |*u
+
dP2| " |0z2

Consequently, the series of the corresponding functions — converges absolutely and uniformly.

order of the series (21) follows from

and what was proved above.

<
o3|~
If the domain D~ is considered, that is, the Problem 2.2, then lim X, (x) = 0. Therefore, in (17), there
X——00
must be Cyy,,, = 0. Then, the function (17) has the form

Ko (x) = e2knnx (sz,, cos ?kn,mx + Cap,m SIn ?knrmx) . (24)
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By virtue of (9), we search for the solution to the Problem 2.2 in the form

+00
3 3
u(x,y,z)= Z ezknm [szm cos %knmx + Czy,m SIn %knmx] V(Y 2). (25)
n,m=1

Requiring the series (25) to satisfy the boundary conditions (5), we obtain

+00
u (O/ Y, Z) = lPZ (]// Z) = Z CZn,mVn,m(]// Z)/

mmn=1
+00 1
Uy (0/ Y, Z) = l,bS (y/ Z) = Z Ekn,m [C2n,m + \/§C3n,m] V‘rz,m(y/ z),
mun=1

2 1
Canm = \/g—knml,%n,m - ?l,bzn,m,

qr (26)

Vinm = ff (y,2) Yn(y) sin —dydz i=2,3,

HWNOO
Yonm and Y3, - the Fourier coefficients of the functions 1, (y, z) and ¢3 (v, z).
Putting the values Cy,,,, and Cs, , in the series (25), we get
oo 2 V3 2 V3

u(x,vy,z)= L P P —— cos( — kX + ) mm——=— Sin —ky, ;X |V (Y, 2). 27
(wya)= T [wl,@ : Voo sin ks |Van(2). @)

Now, we prove that the series (27) and its derivatives ti,y,, ty, and u,, converge uniformly in the domain
D~ UTy, then function u (x, y, z), defined by the series (27), gives a solution to the Problem 2.2.
Let us prove the absolute and uniform convergence of the series (27). From (27) we have

Ju (x, 3, 2)|

oo | 2 V3 n 2 V3
= eakumx nm—cos(—knmx+ —) + ,,m—sin(—k,, mx) Vaum(y,2)| <
n§:1 |:1P2 % \/5 2 % 6 17[)3 / ngnm 2 / , (]/ ) (28)
< M Z |:|¢2an (y)| |1,Z)3an (y)']
2
Integrating (26) by parts, taking into account condition (6) and kym = /Aum = YV + fm = o zqir S,

we obtain

¥ v,
| 2m Yo y)|<M| s [ Y )‘<M|133m130' (29)

Taking these estimates into account, from (28) we have

(7)

an 3nm
[u(x,y,2)] =M MW e

n,m=1 n,m= 1

It follows that the series (27) converges absolutely and uniformly.
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Now, we prove that the derivatives of the series (27) included in equation (1) also converge absolutely
and uniformly in the domain D* UT;. To do this, from (27), we calculate the derivatives by y and z, and we
attain

82u 2 V3 e 2 V3
ko —kpmx + =+ ——sin —k VY, 2),
a]/ n% 1V ez [H[/lnm \/§ ( 2 n,mX 6) Uonm \/§kn,m sin 2 n,mX n,m(y z)
R i ELa A b
m-e2 1), cos knmx + = |+ Y3y m—— sin| —kymx || Vum(y, 2).
W; ) \/_ 2 6 V3K 2
Let us estimate the resulting equalities and, taking into account (29), for x < 0, we have
+00 (7) +00 |¢(7)
Z 2n,m Z 3n,m < o0
= 2ms3 — % m 120 ’
(7) +00 |¢(7)
2n m 3n,m
3.2 B 4|
(92 n;l ;1 nsms:

Using the Cauchy-Bunyakovsky and Bessel inequality, we obtain

> +oo +o0 +00 (7) ) . +00
Zefsml | S0 3 () + 3 o) o e ) <o
mn=1 n,m=1 n =1 1 3 m3 Yy Lz(0<y<q,0<2<r) nm=1 1 3ms
where )
m ||a7¢2(y, 2) v 1
2nm 493 ’ w6
nm= 1 &y 0z Ly(0<y<q,0<z<r) m=1 m 6
2 9Pu
Consequently, the series of the corresponding functions — S727 92 converges absolutely and uniformly.
Y
The absolute and uniform convergence of the partial derivative with respect to the variable x up to the third
Pu Bzu 2
order of the series (27) follows from — | + |==| and what was proved above.
o3 8y2 972

The proof of Theorem 4.1 is complete. [J
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