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On Lupas-Kantorovich operators with Riemann-Liouville fractional
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Abstract. In this note, we deal with Riemann-Liouville type Fractional Lupag-Kantorovich operators of
order a, which introduces a new sequence of positive linear operators with fractional integration. Rate of
convergence using modulus of continuity and approximate the Lipschitz class function using these new
sequences of positive linear operators are obtained. We also discussed that error estimation in Riemann-
Liouville fractional integral type Lupas-Kantorovich operators (5) is better than Lupas-Kantorovich op-
erators (3). It's weighted approximation properties and Voronovskaja’s type approximation theorems
are also discussed. Approximation properties of the bivariate Riemann-Liouville fractional integral type
Lupas-Kantorovich operators are introduced and discussed at the end.

1. Introduction

In the year 1995, Lupas [23] constructed the following operators for the function f € C([0, 0))

e _ \nxk k
Lty = ), T (8], 0
k=0

n

where (nx)y = 1 and for k > 1, (nx); = nx(nx + 1)(nx + 2) - - - (nx + k — 1). Here C ([0, 0)) is the set of all real
valued continuous functions defined on [0, o).

Agratini [4], takes a = } and introduces the following operators as

L= Y o) ®
=0

In order to obtain approximation process in spaces of integrable functions, Agratini [4, 5] introduced
the following Kantorovich type operators as

k+1

K0 =Y huto [ st
k=0 n
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which can be rewritten as

o 1
Ka(f52) = ) lux(®) f f('%t)dt, 3)
k=0 0

where

27 (nx)

ln,k(x) = k|2k

()

Since 1995, the Lupas operators (2) have been discussed by many researchers [1, 6,7, 13, 14, 16-18, 26, 33—
35, 37]. The generalized Jain operators as variant of the Lupas operators defined by (2) was introduced by
Patel & Mishra [28] and further modification was introduced in [9, 27, 29].

Fractional calculus inspires various researchers due to its vast application in real world problem. One
of the most important concepts in fractional calculus, the Riemann-Liouville fractional integral generalizes
classical notions of integration. Fractional differential equations refer to the equations that contain a deriva-
tive or integral of fractional order. The Riemann-Liouville fractional integral plays a key role in solving
these equations. Equations of this type arise in a wide range of applications, including electromagnetism,
wave propagation, heat conduction and diffusion processes. The Riemann-Liouville fractional integral
describes a generalization of the theory of integrals and derivatives. It helps formulate fractional versions
of classical theorems and generalizes the idea of differentiation and integration. In the field of economics
and finance, the Riemann-Liouville fractional integral has been applied to model complex financial systems
and price motion with long-range dependencies or non-local dynamics. The Riemann Liouville fractional
integrals were discussed in [11, 20, 21, 32, 36] and studies some inequality using Riemann-Liouville frac-
tional integrals.

Rashid et al. [30] introduced an approximate analytical view of physical and biological models in the
setting of Caputo operator via the Elzaki transform decomposition method. In 2024, Juraev et al. [19] stud-
ied the approximate solution of the Cauchy problem for the Helmholtz equation on the plane. Agarwal et
al. discussed recent trends in fractional calculus and it’s applications [3] and fractional differential equa-
tions [2]. Later, application of general Lagrange scaling functions for evaluating the approximate solution
time-fractional diffusion-wave equations is discussed in [31].

Depending on the context and requirements of the problem under consideration, various defini-
tions of fractional integrals, such as Riemann-Liouville, Caputo, Griinwald-Letnikov, Fourier-based, and
Convolution-based, allow for diverse viewpoints and applications. The Riemann-Liouville fractional in-
tegral uses the Gamma function to directly expand the classical integral. The Caputo fractional integral
is similar to the Riemann-Liouville fractional integral, but it is frequently used in fractional differential
equations because it is more convenient with beginning conditions. The Griinwald-Letnikov fractional
integral is a discrete approximation used in numerical methods and simulations. The Fourier-based frac-
tional integral is defined by the Fourier transform; this form is very useful in signal processing and spectral
approaches. Convolution-based fractional integrals are defined using convolution, and they are impor-
tant for memory systems and solving fractional diffusion problems. Other fractional integrals like Caputo,
Griinwald-Letnikov, Fourier-based, and Convolution-based have not been explored to study approximation
properties of positive linear operators like Bernstein-Kantorovich, Baskakov-Kantorovich, Szasz-Mirakjan-
Kantorovich, and Lupas-Kantorovich.

In [24], Mahhmudov and Kara introduced the Riemann-Liouville fractional integral type Szasz-Mirakyan-
Kantorovich operators and discussed the order of convergence, weighted approximation properties, and
Voronovskaja type results. They also constructed the bivariate Riemann-Liouville fractional integral type
Szasz-Mirakyan-Kantorovich operators and discussed their approximation properties. The Riemann Liou-
ville type fractional Bernstein-Kantorovich operators was introduced in [10] and they discussed approxi-
mation properties and rate of convergence. Erdem et al. [10], discussed affine functions from the Riemann-
Liouville type fractional Bernstein-Kantorovich operators and the bivariate case of Riemann-Liouville type
fractional Bernstein-Kantorovich operators. Also, Parmar and Patel [25] discussed On Riemann-Liouville
Type Modified Fractional Baskakov-Kantorovich Operators.
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We need the following definition of the Riemann-Liouville fractional integral of order a > 0 for further
discussion

L) = ﬁ f (x =) f(dt,  (Re(a) > 0,x > a).

Motivated by [10, 24, 25], we introduce the Riemann-Liouville type fractional Lupas-Kantorovich (RLLK)
operators of order a > 0 as

agr. _F(O(+1) . ! a— k+t
Li(fi%) = —ros kZ:(‘;ln,km fo 1-1 1f(7)dt, ©)

where [, x(x) defined in (4).
We note that, in particular if @ = 1, then operators (5) become Lupas-Kantorovich operators (3).
In this note, we established approximation properties of the Riemann-Liouville fractional integral type
Lupas-Kantorovich operators (5). First, we obtain the moments and central moment of the operators (5). In
Section 2, we obtain the rate of convergence using the modulus of continuity and approximate the Lipschitz
class function using a sequence of positive linear operators (5). We also argued that error estimation
in Riemann-Liouville fractional integral type Lupas-Kantorovich operators (5) is superior to the Lupas-
Kantorovich operators (3). i.e., the rate of convergence improves. It's weighted approximation properties
are obtained in the next section. In Section 4, we established Voronovskaja’s type approximation theorems.
In Section 5, we introduced and discussed the approximation properties of the bivariate Riemann-Liouville
fractional integral type Lupas-Kantorovich operators.

It is clear that the Riemann-Liouville fractional integral type Lupas-Kantorovich operators (5) is positive
and linear. To get the approximation properties of (5), we need the following lemmas:

Lemma 1.1. ([4]) Letej(t) = ¥/, j = 1,2,3,4, then for given x € [0, ), moments of the Lupas operators (2) are given

by
L. Lu(eo;x) = 1;
2. Lyle;x) =x;
3. Ly(e;x) = x> + 277(;
4. Ly(es;x) = x° + 6%2 + &
5. Ly(ea;x) = x* + 122 4 362 4 26x

Lemma 1.2. Let a € (0,00), n € N, ej(t) = t, j=0,1,2, then for given x € [0, o), we have

1. L%(ep;x) =1;
2. L%e;x) = x + ——

n(a+1);
. _ w2, 2a+2)x 2
3. Li(ex; %) = X + S5y + eri@y

T(m)T'(n)
T'(m+n)

Proof. Using beta-gamma relation B(m, n) = , we get

o Ta+1) ¢ 1 NI B
Lieo ) = —pr kZ:O‘ln’k(X) fo 1 - 1 1dt—akZ:0‘ln,k(x)B(a,1)—1.
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For e;, we obtain

Litern) =~ ”Zznk(x)fa he 1("”)
oo 1
\ 1-kdt+ £ Y 1, 1-1td
-2 o [[a-n f+nZ ) [ =y

=a) @ “Bla,1+ —Zlnk(xw(a 2)

k=0

L1
nla+1)

Furthermore,
Ly )—r(“”)il (x) 1(1—t>“—1 £ty
n 621x - I—. (X n,k X n

:%Z’"“‘)f(l “1"2df+—zlnk(xf<1 £ 1ktdt+—Zlnk(x)f(1 Dot
k=0

= ozZlnk( 0 B, 1) + —Zl,,k(x (@,2) + %Zlnlk(x)B(oc,?))
k=0 k=0

= (x2 + 2_x) P S 2
B n (a+Dn  n2(a+1)(a+2)
_ o, at2x 2

na+1)  n2(a+1Da+2)

This concludes the proof of the Lemma 1.2. [J

The following Lemma gives relations between the Riemann-Liouville fractional integral type Lupas-
Kantorovich operators (5) and the Lupas operators (2).

Lemma 1.3. Let a € (0, ), n € IN, then, for given x € [0, o), we have the following:

L8(e;:) F(a + 1) Z ( ) I(G-—c+1) L),

IMNa+j-c+1)
where ej(t) = t/,¥j € N U {0} and L, is the Lupas operators, defined in (2).

Proof.

wr o T+ ¢ ! e [k tY
O ;Ozn,koo fo (-1 (7) dt
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F(a+1) a cyic
o Zznk(xfu £ 1 ()kt] dt

_Ta+1) v L (i a-1yj-c+1-1
= T () ;() f (1 - fyr e -lgy

k=0

_ F(a+1) (%) Z( )kcB((l,j—C+1)

r(af)n] — —
_Ta+1) v (\T@T(j-c+1) .
G ()r<a+]_c+1) le(x)( )

r J' N\ T(i—c+1
_ (aTH) Z(])&n%n(&;x»

IMa+j—c+1)
which completes the proof of the Lemma 1.3. [

Corollary 1.4. Let ej(t) = t/, j = 3,4, then for given x € [0, o), we get

Al o o3, (6a+99x? | (6a2+24a+30)x 6 .
L Li(es;x) = ¥ + Sy + moinaey T paadad)’
(12a+16)x° (36a2+132a+132)x2 (2603 +180a% +430a+396)x 24

) —
2. Li(es; ) = x* + PGES) PatD@2) T pa)@@sd) T i@ @) ard)

Proof. Using Lemma 1.1 and 1.3, one can obtain. [J

Lemma 1.5. Let a € (0, ), n € IN, then for given x € [0, 00), we have

L (f; 01 < IfIl.
Proof. Using integral inequality, we get

a(g. F(a+1) a— k+t
L) < ink(x> f (1-pt ( )

< IR Zln @ f (1 - Hla

=111
Thus, this completes the proof of lemma 1.5. O

dt

In the following Lemma, we have calculated first four central moment of the operators (5).

Lemma 1.6. Let a € (0,00), n € N, (e1 — x)/(t) = (t— x)/, j = 1,2,3,4, then for given x € [0, o), we get

1. Li(er —x;x) = n(a+1 = Cua(X);

2. Ly((er = )% = 2 + e = Pral®);
3.y _ (6a2+24a+24)x 6 i
3. Li((er = %), %) = oy T meihee)’
1o 4.y _ (1202+36a+24)x* | (26a°+180a%+430a+372)x 24
((er —x)%x) = (@) (at2) BarD)(@r2)ard) D@2 a3) @l

Proof. Using lemma 1.2, we get

1

Li(er —x;x) = Lyj(er;x) —xLy(eo; x) = x + na+ 1)

—x(1) =

n(a+1)
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For (e; — x)?, we obtain

Li((er = 1% %)

L3(#%; %) — 2xLE(t; x) + X*LE(1; x)

= x2+2(a+2)x+ 2 - 2x|x+ ! + 2
- (a+Dn  n2(a+1)(a+2) (a+1)n
2x 2

=
n o (a+1)(a+2)n?
Using lemma 1.2 and corollary 1.4, we achieve
Li((er —x)%x) = La(;x) = 3xLa(t%x) + 3x°Li(t;x) — ¥°Li(1; x)
(6a? + 24a + 24)x N 6
n2a+1D(a+2)  nda+1)(a+2)(a+3)

Similarly for (e; — x)*, we have
Li((e1 —x)%x) = LO(t%x) — 4xLo(t%; x) + 6x2LE(t%; x) — 4x°LE(t; x) + x*LE(1; x)
(1202 + 36 +24)x>  (26a° +180a? +430a +372)x 24
n2(a+1)(a +2) m3(a+ 1)(a + 2)(a + 3) nta + 1) (a + 2)(a + 3) (o + 4)

This completes the proof of Lemma 1.6. [
Corollary 1.7. Let f € C([0, o)) and B > 0, then sequence of operators L (f) converges to f uniformly on [0, B].
Proof. Using Lemma 1.2, we get

r}i_{xgoLﬁ(eo;x) =1

For e;, we have

0

1 —
narn) "

lim Lj(e1;x) = lim (x +
n—oo n—

Similarly for e, we obtain

2(a+2 2
lim L7 (ep; x) = lim (x2 + (a+2)x ) = x?
n—oo n—oo

na+1)  n2(a+1)(a+2)
Hence, by the Korovkin theorem the sequence of operators L;(f) converges to f uniformly on [0,B]. O

Lemma 1.8. Let a € (0,00), n € N, (e1 — x)/(t) = (t — x)/, j = 1,2,3,4, then for given x € [0, ), we have

1 .
a+1’

1. l}i_l}l;nLﬁ(q —x;x) =

2. 21_%10 nLe((e; — x)% x) = 2x;
3. 31_1}010 nL%((er — x)%;x) = 0;
4.

lim nL%((e; — x)*;x) = 0.
n—oo

Proof. Using Lemma 1.6, we get

1 1
. a e = 1i =
JI—I};IOHLH(E] x,X) 1}1_{?2101’1((0[_’_1)”) a+1
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For (e; — x)?, we obtain

2x 2
. Al o) — T —t =
’}1_{1;10 nLy((exr — %)% x) 1}1_{{}0 L s (@ +1)(a +2)n? 2

Similarly,
lim nL%((e; — x)%;x) = lim nL%((e; — x)*; x) = 0.
n—o00 n—oo
Thus, the proof of the Lemma 1.8 is concluded. [
2. Approximation properties of the Riemann-Liouville fractional integral type Lupas- Kantorovich op-
erators

To get approximation properties of the Riemann-Liouville fractional integral type Lupas- Kantorovich
operators, we need the following definitions.

Let Cg ([0, 00)) be the space of all real valued continuous and bounded functions f on [0, ), then for
f € Cg[0, 00), the modulus of continuity is defined as

w(f;6) = sup sup |f(x+1)— fQ).

0<h< x€[0,00)
Let C% ([0, 00)) = {g € Cp([0, )) : g’, g”" € Cg ([0, 0))}, then Peetre’s K-functional Ky(f; 0) is defined as

Ka(f;0)=inf  {llf —gll +0llg”ll}, 6> 0.
geC([0,00))

The second order modulus of smoothness for f € Cg ([0, 00)) is given by

wy(f;0) = sup sup |f(x+2h) —2f(x+h)+ f(x)l.

0<h<d x€[0,00)

Lemma 2.1. Let a € (0, ), f € Cp([0,0)) and g € CZB ([0, 00)), then for given x € [0, o0), we get
|LA%(£7/ x) — g(x)| < (ﬁn,a(x) + (Cn,a(x))z)”gH”/

where Cy,4(x), Bu,a(x) are defined in Lemma 1.6 and f‘,’,‘(f; x) = Li(f;x) + f(x) = f(LE(E x)).

Proof. Let g € C3 ([0, o)), then by Taylor’s expansion, we have

t
90 = g + (£ — 1) () + f (t - 0)g” (0)do.

Applying L% on both sides, we get
t
Li(g:%) = Li(g(x); x) + Li((t = x)g’ (x); %) + L ( f (t = v)g" (v)do; x) : (6)

Clearly L% is linear operators, so
Li(g(x); %) = g)Li(1;x) = g()-
Again, by using linearity of L%, we get
Li((t = 0" (x); %) = ¢ OIL5 (5 x) = Ly (2] = g/ 0IL; (%) + x = Ly (5 x) — x(1)] = 0.
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Furthermore,

¢ t Ly (£)
I (f (t- v)g"(v)dv;x) = L& (f (t—v)g" (v)dv; x) —f (Lt x) —v)g” (v)dv.
So (6) becomes
¢ L (£x)
Li(g:0) = g() + L; ( f (t = 0)g" (v)dv; x) - f (LAt x) — 0)g” (v)dw.
Using triangle and integral inequality, we get

t Lo (tx)
f (t—v)g" (v)dv ;x) + f [(La(E; x) — v)g"” (v)|dv. (7)

IL2(g;x) — g(0)| < Lﬁ(

Now,

t f
f (¢ - 0)g” ()do < llg” f (- v)do < (£ — x)2llg" .

Hence,

i

L (t:x)
f (L2(5) - 0)g” (o < (L2 ) — 2l
X

t
f (t - 0)g" (0)do

;x) < Ly((t = 0% 2)llg"ll,

and

Finally, using (7), we get
ILi(g;x) = 9@ < (L((t = x)%x) + Lot = 509”1l = Bra®) + (Caal)))llg” Il
Thus, the proof is complete. []

Theorem 2.2. Let o € (0,00), n € IN, then for any f € Cp ([0, o)) and x > 0 there exists a real number E > 0 such
that

2
L (%) = f(x)] < Ew, | f; VBra®) ; Cra@))

+ w(f; Cua(X)),

where Cy; 4(x), Bu,a(x) are defined in the lemma 1.6.
Proof. Using triangle inequality, we get

L (fF5 201 < AL (f 201 + [f QO + I F L35 0)] = B

Hence

IL2(f — g; ) < 3IIf — gll.

By Lemma 2.1, we have

(95 %) = 901 < Bra®) + Cna )Pl

Using the property of modulus of continuity, we obtain

[F(L5(E ) = f(O) < w(f; Ly (E = x; x)).
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Now

L5 (f5 %) = f(x)]

L3 (f; %) = f(x) + FL5(E X)) = fl
L% (f; ) = L(g; 01 + 1L (g5 %) — g0 + | (x) — g(0)| + [ Ly (%)) — £
4||f - !7|| + (,Bn,a(x) + (Cn,a(x))z)”g”” + w(f/ Cn,a(x))~

Taking the infimum over all g € C5([0, ©)), we get

INIA

2
i - sl < 4 int i gt e s, o
g€C3[0,00)
2
= 4K, (f/ (ﬁn,a(x) +4(Cn,a(x)) )) + w(f, Cn,a(x))-
Using [12, theorem 2.4], there exists a constant E > 0 such that Kx(f; 6) < Ew(f; \/5), we have
2
Li(f;0) = f@)] < Ew ( gy Abna®) . o) ] + w(f; Cralx).

Thus, we obtain the desired result. [

Remark 1: For @« = 1, Theorem 2.2 becomes

Kalf33) = f) < Ewy (f;% JE (%)2] vw(fia), ®

where K, is Lupas-Kantorovich operators [4, 5].
Remark 2: We claim that Theorem 2.2 outperforms (8) in terms of error estimation for the larger a. To get

2. 1, (1 VB + CaP
Stttz

a more accurate approximation, show that § /2

. We accomplish

1 /2x 1 1 ﬁn,a(x) + (Cn,a(x))z
o et )

_ 1[2_X+L+(i)2_[2_x+ 2 ( 1 )]]
4\ n  3n?2 \2n n (a+1Da@+2n? \(a+1)n
B L( a’+3a -4 +a2+2a—3)
4n2 \3(a + 1)(a + 2) 4(a + 1)?
7a% +28a% —a — 34
48n2(a + 1)2(a +2)

Hence, for a larger value of ¢, i.e., for & > 1, we get

1/2x 1 15\ Bual®) + [Cualx)?
R Rl =0

Thus, we have

1 fax 1 ( % P VBa(x) ; (Cn,a(x))Z_

2N a2

Lipschitz class for all x1, x; € [0, o) is defined as
Lipr(A) = {f € Cp[0,00) : |f(x1) — f(x2)| < Tlxy — x2|*},

where 0 < A <1and T > 01is constant.
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Theorem 2.3. For every f € Lipr(A), we have
L (520 = FOI < T((Bra))? + 20, X)),
where T is constant, d(x, X) = inf{|t — x| : t € X} and By, 4(x) is defined in Lemma 1.6.
Proof. Let X be the closure of X, then by property of infimum there is atleast one point t; € X such that

d(x/ X) = |x - t1|
Using definition of Lipschitz class, we obtain

IL3(f32) = Q)] = ILS(F®);3) = LAF(t); %) + Lo(F(E);x) — F0)
< LG (f(8) = f(E); )l + 1 f(t1) = f(x)]
< TILy (It = bl 20) + v = 0]
< TILG (I = ' + v = B %) + [ = 1]
= TIL (I = 1" 2) + Li(lx = 61l 2) + | = #]']
= TIL; (1t = 21 %) + 2lx = 1]
Applying the Holder’s inequality by choosing p = % and g = 5%, we get
L3(f3) = F@I < TUL((E = 2%500) (L) + 2= i]']
= T((ra(x))* +2(d(x, X)),
Thus, we achieve the desired result. O
Theorem 2.4. For every f € Lipr(A), we have
L5 (f32) = FQO) < T(Bra(x))*,
where T is constant and B, o (x) is defined in Lemma 1.6.

Proof. Using definition of Lipschitz class, we get

L5 (f5 ) = f)l < Ly (£ () = f(0); %)

T+ v ! wtl [ k+t
= kZJ (%) fo R AL
o) 1 A
k+t
< _pna-1 &2t
< TaZl,,,k(x)fo R e B
k=0
Applying the Holder s inequality by choosing p = 2 and q = 52;, we get

IN

ILa(f5x) = f(x)]

e 1 wr [kt 2 V(@ ! a_ %
T{a;;ln,k(x) fo a-+1 1(m—x) dt] [a};‘ln,k(x) fo 1-1) 1dt]

TIL3 (¢ = x50]% = T(Bra(x)*
This concludes the proof of Theorem 2.4. [

B. Lenze [22] introduced Lipschitz-type maximal function of order A as

If(H) — f(x)l

x,t€[0,00),t#x |t - XIA

T/(,J\)\(f,x) = ’ /\E(O/l]
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Theorem 2.5. Let o € (0, 00), f € Cp[0, 00) and A € (0, 1], then for all x > 0, we have

L5(F52) = F < 025 0) Bra0))?,
where By, o(x) is defined in Lemma 1.6.

Proof. Using definition of Lipschitz type maximal function, we get

L (f32) = OO < Ly(f () = FO0l0) < L@ (f; 0l = 21 %) = @6 (f; 0L (1 = 6l ).

>IN

Applying Hélder’s inequality by choosing p = £ and g = ﬁ, we get

LE(f32) = FOI < (5 0LE(E — 2% 20)P (LI 00)7] = (5 0) (Ba (),

we obtain the required result. [J

3. Weighted approximation

To prove the weighted approximation properties of the operators (5), we need the following set of
functions:

@l

T+am

Let B, ([0, 00)) be the set of all functions satisfying condition
Mg is constant depending on f,

< My, for any given x € [0, o0), where

Cn ([0,00)) = {f € B ([0, 00)) N C ([0, 0))},

and

Gy (10,00) = 1f € Gy (10,000 : im L

The norm ||f||, on C;, ([0, 0)) is defined as

I fIl = sup 1|f( )

x>0

Theorem 3.1. Let a € (0, ), f € C; ([0, o)), then we obtain
Lim IL5 (£ ) = fOll2 =

Proof. Using Lemma 1.2, we get
lim [IL7 (eo; ) = eo()ll2 = 0.

Similarly for e;, we have

IL7; (e1;-) — e1()ll2 = sup

ILZ‘(el;x)—XI_S ( 1 ) 1 1
x>0 1+x2 b (

< .
1+x2/n(a+1) ~ n(a+1)
Taking limit on both sides, we get

Tim [IL(e1;-) = e1()ll2 = 0.
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Furthermore,

) L% (e2; x) — X7
IIL7; (e2;-) — e2()ll2 = SxUZl(})D T

B ( 1 ) 2a+2)x 2
P2/ e+ T e D@ +2)
_2a+2) 2

Taa+1) n2(a+D(a+2)

Taking limit on both sides, we obtain

Lim [IL(e2; ) = e2()ll2 = 0.

So for j =0,1,2, we have
lim [IL3(ej;) = ¢,k = 0.

Hence, by the Korovkin theorem [15] on weighted approximation, we get
lim L (f3) ~ fOllz = 0.

This completes the proof of Theorem 3.1 [

4. Voronovskaja type results

Theorem 4.1. Let o € (0, ), then for any f € C; ([0, o)), f*, f € C; ([0, 0)), we have

tim (L0~ F0] = T O0 4 xf ),

Proof. Using the Taylor’s formula, we have

’ t —x) 7
fB)=fx)+(E—x)f(x)+ %f (x) + r(t, x)(t — %)%,
where r(,-) € C; ([0, )) is a peano form of remainder and ltim r(t,x) = 0.
Applying L% operators on both sides, we get

[ )
2

La(f;x) = f(0) + f/()Ly(t = x;x) +
Taking limit on both sides, we obtain

f//(x)
2 n

lim n[L3(f;x) — f(x)] = f(x) im nL;(t — x;x) +
Using Lemma 1.8, we have

f// (X)

tim L) = F)] = £/0) () + 2520 + Tim nE0(e, (e = 27 0).

Using Cauchy-Schwarz’s inequality, we get
Li(r(t, x)(t = %)% %) < (L2, 2 01 L (¢ - 05 212
Since lim Lé(r%(t, x); x) = r*(x,x) = 0, So lim nL%(r(t, x)(t — x)*; x) = 0.
Hence, by (9), we obtain
: f'(x)
ag. _ -
lim nlL3(F5) - f@)] = ==

Thus the proof is completed. [

+ xf" (x).

Lo((t - x)%x) + Lo (r(t, x)(t — x)%; x).

lim nL8((t — x)%; x) + lim nL%(r(t, x)(t — x)%; x).

3182

©)
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5. Bivariate Riemann-Liouville fractional integral type Lupas-Kantorovich operators

Let ay, ap € (0, 00) and 111,115 € IN, then (x1, x2) € [0, 00) X [0, 00), the bivariate Riemann-Liouville fractional
integral type Lupas-Kantorovich operators is defined as follows:

Li(fim ) = S r(;“z”)Zlm h(xl)Zlnzkz(xz)

1 1
x f f (1—tml—l(l—t2>a2-1f(k1—+“,"2—”2)dt1dtz,
0 0 ni nyp

2771 (X1 )y 27272 (2x2)k,
where [, 1, (x1) = e and I, 1, (x2) = e

(mx1)o =1, forky > 1, (n1x1), = mx1(mxy + )(mxg +2)...(mxy +ky — 1),
(1’12362)0 = 1, for k2 > 1, (anZ)kz = 112X2(712X2 + 1)(1’12362 + 2)...(7’12X2 + k2 - 1)

(10)

If we take @y = ap = 1, then the operators (10) turn into the bivariate Lupas-Kantorovich operators.
The following Lemma gives relations between the bivariate Riemann-Liouville fractional integral type
Lupas-Kantorovich operators (10) and the Riemann-Liouville fractional integral type Lupas-Kantorovich
operators (5).
Lemma 5.1. Let aq, ap € (0, 00) and ny, ny € IN, then for (x1, x2) € [0, 00) X [0, 00), we get
Lyl

11,12 (6]11 X1,X2) = Lg; (ej; X1)Li:(€i; X2),

where €ji(f1,t2) = titlz, Ej(tl) = ti, ei(tz) = fé, Vi, ] e N U {0}.

Proof. we note that,

T(a; +1) Z“’ f Skt
a1,a = 1 _ a1
Lm 13 (e]l’ X1, xZ) F(a1) - l”]rkl (xl) 0 ( tl) n dtl

r ap +1 ko + ¢
( 2 )Zankz(xz)f(l_t)az 1( 2 2) dt
=Ly (ej; 11 )an (ei;x2),
which completes the proof of the Lemma 5.1. O

Lemma 5.2. Let ay,ap € (0, 00) and ny,ny € IN, then for (x1,x2) € [0, 00) X [0, 00), we obtain

2(a2+2)xp 2 .
s (€02 X1, X2) = X5 + (@t Dm " i+ 1)a+2)

1. L(rfll gf(eoo}xhxz) =1

2. Ly (ero; X1, X2) = X1 + m,

3. Lyim2(eor; x1,%2) = xp + W’

4. L) (e20; 1, x2) = x7 + Z(Ex[?:lz))f nf(a1+12)(a1+2);
5. L

where eji(t1, t2) = i

JH,0<j+i<2.



H. B. Parmar, P. Patel / Filomat 39:9 (2025), 3171-3189

Proof. Using Lemma 5.1 and 1.2, we get
Loy (eoo; X1, x2) = Ly} (eo; x1)Ly3 (e0; x2) = 1.

For e1p, we have

L(rﬁfgzz(elo}xllxz) = Lfﬁ (el;xl)Lﬁf(eO}xz) =x1+ m-

Similarly,

Lyt (eor; X1, %2) = Xp + ———.
m o (€015 X1, X2) = X2 @+ )

For 59, we obtain

2 2(0{1 + 2)X1

2

2% la . — 2% . [2% . j—
Ly /s (€205 X1, X2) = Ly (€2; x1) L33 (eo; x2) = X7 + @+

Similarly,

2(ap + 2)x7 2
(@ +Dn2 (e +1)(az +2)

a1, . — 2
Ln},nzz (602/ X1, xZ) =X+

Hence, the proof of Lemma 5.2 is now complete. [

Lemma 5.3. Let ay,an € (0, 00) and ny,ny € IN, then for (x1, x2) € [0, 00) X [0, 00), we get

1. Lyn2((ewo — xl)fl;x1,x2) =Ly ((er — xl)f;x1);
2. Ly ((eor = x2)'5 x1,%2) = Ly2((e1 — x2)'5 x2);

n3(ay +1)(ay +2)

where (e1g — x1)/(t1, 1) = (h — x1)/, (e — %2)'(t1, 12) = (t2 — x2)', Vi, j € N U {0}

Proof. we note that

o0 1 ]
- [k +t
Ly ((ero — x1)/; x1, %2) ay Z Luw(a) | @=t)@ 22 —x) dhy
ki=0 0 m

0 1
Xty )y () f (1 - ) \dt,
k2=0 0

Ly ((e1 — x1));x1).

Similarly for (ep; — x2)", we obtain

L2 ((eor — x2)'5x1, %2) = Ly ((e1 — x2); x2),

which completes the proof of the Lemma 5.3. O

Corollary 5.4. Let a1, az € (0, 00), 1,12 € N and eji(ty, t2) = t{té,
we have

L Lyi(eo = X1;X1,%2) = gy = G (¥1);

2. Lyvi(eor = X2;%1,%2) = oy = G (02);
, . — 2 2 — .
3 L (6w = x1)%21,32) = 54+ iy = Py (1),
, . — 2 2 —
4. Ly ((eor = x2)%5x1,%0) = 52 + ey = P (02):

3184

0 < j+1i <2, then for (x1,x2) € [0, 00) X [0, 00),
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Proof. Using Lemma 5.3 and Lemma 1.6, we get

L322 (e10 — x1; 1, X2) = L& (1 — x1;%1) = m.
Similarly,

Ly (eo1 — Xo; X1, X2) = 1

na(ap + 1)

For (e19 — x1)*, we obtain

Ly ((er0 = x1)% X1, %) = Ly ((er — x1)%x1) = Zn_xll + n%(m + 12)(6141 +2)
Similarly,

2%, 2

L3 ((eo1 — X2)%; X1, X2) = — + ’
1,12 ((eon 2)%521,%2) no Tl%(az +1)(a2 +2)

This concludes the proof of Corollary 5.4. [J

The modulus of continuity for f € Cp([0, o) X [0, 0)) is defined as

w(f;01,02) = sup{l|f(ti, tz) — f(x1, x2)| : (t1,t2), (x1,%2) € [0,00) X [0, 00), [t — x1] < 01, |2 — x2| < 62}
w(f; 01, 0,) satisfies the following properties:

L If(t, b) = flr, xa)| S w(f; 61, 8) (1 + B52l) (14 L2l
2. W(f;él,éz) — 0as 61,(32 — 0.

Theorem 5.5. Let a1, a; € (0, 00), n1, 1, € Nand f € Cg([0, 00) X [0, 00)), then for all (x1,x2) € [0, c0) X [0, c0), we
get

L2 (F(t1, t2) = £r1, 22550, 32)] < 40 (£ VB (1), VB (22)),
where By, 4, (X1), Puy,a, (X2) are defined in Lemma 5.4.
Proof. Using property of modulus of continuity, we get

Lo (f (b, £2) = fx1, x2);x1,2)] < Lyl (1f(f1, 82) = fxn, x2)|; 21, Xx2)
14 Ly (1t — x1l; x1, x2) 14 L2 (It = x2l; x1, x2)
o1 02

w(f; 01, 02).

Using the Cauchy-Schwarz’s inequality, we obtain

Loz (it = xal;x1, x2) < (Lylp2((F1 — x1)% %1, X2))? Ly Zzz(l;xl/xZ))% = VBuy,m (X1)-
Similarly,

Ly (It2 = X21; %1, X2) < /By, (X2)-

Hence

Loz (f(t1, £2) = f(x1,%2); %1, 22)| < (1 +

Taking 61 = +/Bu,a (x1) and 62 = /B, 0, (x2), we have
Loz (f (b, £2) = f(x1, X2); X1, X2)| < 4w (f VB (¥1), VB, az(xz))
Thus the proof is completed. [

\/ﬁnl,al (xl) ] (1 + \/,an,az (xZ)

5 5 ]w(f;él,éz)-
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Lipschitz class Lipr(A1, A2) for f € Cp([0, 00) X [0, 0)) is defined as
Lipr(A1,A2) = {f(x1,x2) € Cp([0,00) X [0,00)) : |f(t1, t2) — f(x1,x2)| < Tt = 1IN Itz — x2]™),
where (t1, 1), (x1,x3) € [0, 00) X [0, 00) and T > 0 is constant.

Theorem 5.6. Let a1, arp € (0, 00), n1,np € Nand f € Lipr(A1, Ay), then for all (x1,x7) € [0, 00) X [0, 00), we get

N i
|in:g22 (f(tlltz) - f(xllxz); x11x2)| S T(ﬁnl,al (xl)) 2 (ﬁnz,az(XZ)) 2.
Proof. Using definition of Lipschitz class, we obtain
|Lﬁ;§22 (f(t1,t2) - f(xl,xz);xl,xz)| < Lun2(If(ty, t2) = flxr, x2)l; X1, X2)
Lyve2(Tt — x1Mt2 — %0l 31, x2)

TLy 2 (It — x1 1™ 31, x2) Loz (It — X012 %1, x2). (11)

IN

Using the Holder’s inequality with p; = % and gq; = 2_2/\1 , we get

1 1 M
Ly (It — 211531, x2) < (L ((t — x1)%5 %1, %2)) 7 (L0 (121, 22)) 1 = By (X1)) 2

Similarly using the Holder’s inequality with p, = /%2 and g, = ﬁ, we have

X
L2 (It — 221" %1, %2) < By (X2)) 2

Hence by inequality (11), we obtain

/\1 /\72
Ltz (f (b1, t2) = o1, 22); %1, X2)] < T (B0 (%1)) 2 (Brgyan (X2)) 2
Hence, the proof of Theorem 5.6 is now complete. [

Theorem 5.7. Let f € C([0,0) X [0, 0)), then sequence of operators Ly!",2(f) converges to f uniformly on I X ],
where I, | are compact intervals, subset of [0, 00).

Proof. Using Lemma 5.2, we get

. a . _
lim L;1,2(eoo; X1, X2) = €go-

n1,Np—00
For e1p, we have

1
Lim L3%2(eq0;x1,%2) = lim |xg + ———| = 3.
m s (€10 X1, X2) IR 1

11,13 —>00 ny,np—00
Similarly,

lim Ly n2(eo1; X1, %2) = equ(x1, X2).
1,12

For 59, we obtain

. . 2(aq + 2)x1 2
lim L%%(ep0;x1,%0) = lim |2 + = 12,
m,nz( 207 A1 2) ( 1 (al + 1)7”11 Tl%(al + 1)(0(1 + 2) 1

11,13 —>00 hy,ny—00

Similarly,

lim L2 (eon; X1, X2) = eoa(X1, X2)-
1,12

Using Linearity of L;;2, we get

: a,Q; . —
lim Ln;,nzz (620 + e, xl,xz) = ey t+ €p2.
ni,NMpy—00

Hence, by [8, theorem 2.1], L;!7;2(f) converges to f uniformly. [
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Lemma 5.8. Let ay,as € (0, 00) and n € IN, then for all (x1,x7) € [0, 00) X [0, 00), we obtain

1
: a,az _ . e —
1‘ ’}1_1:130 nLn,n (610 xllelxz) (a1 + 1)/
: a,az _ . = —
2' ’}1_1:130 nLn,n (601 x2/ xl/ xZ) ((X2 + 1) 7

3. lim nL3L*((e10 — x1)% X1, X2) = 2x1;
n—o0o

4. lim nL3y* ((eon — x2)% X1, %2) = 220,.
n—oo
Proof. Using Corollary 5.4 and Lemma 1.8, one can obtain. [

Theorem 5.9. Let a1, a; € (0,00), f € C3([0, 00) X [0, 00)) and n € IN, then for all (x1,x,) € [0, c0) X [0, 00), we get

. (x1,22) (x1,x2)
I}I_T& n[Ly 2 (f; x1, x2) = f(xy, x2)] = fx;l% + X1 fry (X1, X2) + fx;zT + X2 frox, (X1, X2).
Proof. Using the Taylor’s theorem on f, we have
flt,t) = f(rr, %) + fu, (1, x2) (b = %1) + fuor (X1, X2)(F2 = X2) + p(t1, £2; 21, %2) V(1 — x1)* + (F2 — x2)*

+% [frlxl(xlfxz)(tl —x1)% 4 2, (x1, 02) (1 — X1) (b2 — X2) + frp, (1, X2)(t2 — Xz)z] ,

where p(t, tz; x1,x2) € C([0,00) X [0,00)),  Lm  p(ty, t2;x1,x2) = 0.

(t1,t2) > (x1,%2)

Applying L;;'/** and multiplying by #, we obtain

nLyy 2 (fx1,x2) = nf(xy,x2) + nfe (01, x2)Lyk " (b — X1; X1, %2) + 1 f, (1, X2) L' (b2 — X2; X1, X2)
n n
+§fxm (x1, )Lk (1 — x1)% X1, x2) + Efxzxz (x1, 2) Lk ((t2 — x2)% X1, X2)
1 fr 2, (Y1, X2) L2 (0 — x1) (B2 = x2); 201, X2)

+nLS (p(t, b X1, %2) V(b = x1)* + (t2 — x2)%; 1, X2).

(12)

Using the Cauchy-Schwarz’s inequality, we get

Ly (p(t, t; 1, x2) Vit = x1)d + (t — x2)% 31, %2)

1 1
< (L2 (p2(t, by 1, x2); 1, X2) [Z[Ly ™ (1 — x1)* + (t2 — x2)% 21, 20) 2.

Since L3 (p?(ty, t2; X1, X2); X1, X2) — 0 as n — oo uniformly on [0, c0) X [0, ), we get
n P y &

lim nLy' " (p(ty, t2; X1, X2) V(t = x1)* + (t2 — x2)% 1, X2) = 0. (13)
Taking limit on (12) and using corollary 5.4, lemma 5.8 and equation (13), we have

fxl (Xl, x2)

fro (1, X2)
a+1 %)

+ X1 fayzy (X1, X2) + ————— + X2 fu,x, (X1, X2).

Lim n[Ly=(f;1,%) = fx, x2)] - = 11

Thus the proof is completed. [
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Conclusion and Future direction

The Lupas-Kantorovich operators are the integral modification of the Lupas operators. In this paper,
we expanded the classical integral modification to the Riemann-Liouville type integral dependent on the
parameter o € [0, ) for Lupas operators. This generalization produces better error estimates than the
classical case. We provided theoretical evidence for the approximation of these operators. We obtain the
weighted approximation properties and Voronovskaja’s theorem. In addition, we investigated the bivariate
approximation properties of Riemann-Liouville type Lupas-Kantorovich operators. It is possible to create
Riemann-Liouville integral modifications for various positive linear operators like Jain operators, Meyer-
Konig-Zeller operators, Post-Widder operators, modified Szasz—Kantorovich operators, and many more.
Other fractional integral like Caputo, Griinwald-Letnikov, Fourier-based, and convolution-based can be
introduced to study the approximation properties of Bernstein-Kantorovich, Baskakov-Kantorovich, Szasz-
Mirakjan-Kantorovich, Lupas-Kantorovich and many more operators defined in approximation theory.
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