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Abstract. The main objective of this paper is a study of some new discrete local fractional Hilbert-type

inequalities. We apply our general results to homogeneous kernels. Finally, the best possible constants are
also obtained.

1. Introduction

If f(x), g(x) > 0, such that 0 < j(;oo F2(x)dx < o0 and 0 < fooo g*(x)dx < oo, then we have (see [9]):

f fxltz(y}/)my< (f FA() dxf g(y)dy) ' v

where the constant 7 is the best possible. The inequality (1) is well known as Hilbert’s integral inequality,
which is important in mathematical analysis and its applications.

Over the past decade, fractional integral inequalities (FIIs) attracted widespread attention from an
increasing number of scholars at home and abroad since they play a significant role in discussions of
the quantitative and qualitative behavior of solutions to fractional differential equations. Currently, a large
number of FIIs have been obtained, the reader can refer to related references [1-3, 5, 10-13, 21]. For example,
by using one/two fractional parameters, Dahmani et al. [7] established some new generalisations of Griiss-
type inequality for Riemann-Liouville fractional integral operators (RLFIOs). Based on the multiplicative
fractional integral identity and multiplicative RLFIOs, some Hermite-Hadamard type inequalities for
multiplicatively convex functions were established [8]. By using the RLFIOs, Sahoo et al. [15] presented
the Ostrowski-Mercer inequalities and variants of Jensen’s inequality for differentiable convex functions.
By adopting the parametrized integral identity via Atangana—-Baleanu FIOs, certain Simpson-like integral
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inequalities were obtained for mappings with (s, P)-convex and (s, P)-concave second-order derivatives in
absolute value [24]. By employing two local fractional integral identities with the first- and second-order
derivatives, Sun [17] considered some new Hermite-Hadamard-type local FllIs with Mittag-Leffler function
(MLF) for generalized h-convex functions. Sarikaya and Budak [16] derived the generalized Ostrowski
inequality and related inequalities using the generalized convex function for local FIOs on fractal sets.
Based on the unified FIOs with an extended generalized MLF and Marichev-Saigo-Maeda FIOs, Yang
[19, 20] studied some weighted Young, Shisha-Mond, Diaz-Metcalf, and Pélya-Szego-type inequalities,
respectively.

In this paper, motivated by mentioned results above, a new Hilbert-type inequalities are built by using
local FIOs. First, we give basic definitions and results of the local fractional calculus (see [22, 23]). Let
R be real numbers. There exist responding real line numbers on a fractal set E with fractal dimension «
(0 < @ £ 1), denoted by R*. We define the addition and multiplication operations on R* by a* +b* := (a +b)*
and a® - b* = a%b* = (ab)*, a%, b* € R*. Obviously, with these two operations, R” is a field with an additive
identity 0% and a multiplicative identity 1*.

Furthermore, we introduce the local fractional derivative and integral.

Definition 1. A non-differentiable function f(x) is said to be local fractional continuous at x = xg if for each
€ > 0, there exists for 6 > 0 such that |f(x) — f(xo)| < &* holds for 0 < |x — xo| < 0. If a function f is local
continuous on the interval (a, b), we denote f € C,(a,b).

Definition 2. Let f(x) € Cy[a, b]. The local fractional derivative of the function f(x) at x = xo is given by

Fwe) = o Dif) = LD~ oy LA ),

x=xo Y% (X xO)a

where I'(1 + @) stands for the classic gamma function. Assume f@(x) = D%f(x). If there has f©@¥(x) =
@ times
——

Dg---Df f(x) for any f € I C R, then we say that f € Dgo(I), where® = 1,2, ...

Definition 3. Let f(x) € C,la,b] and P = {to,t1,...,tn}, N € IN, be a partition of interval [a, b] such that
a=ty <t <--- <ty <ty =b. Furthermore, for this partition P, let At; = tj;; —t;, j=0,...,N -1, and
At = max{Aty, Aty, ..., Aty_1}. Then the local FIO of f on the interval [4, b] of order o (denoted by aly f(x))is
defined by

allga)f(x) =

1 ! a a
r(l +0() ja\ f(t)(dt) = ﬁA Zf t )(At)

The above definition implies that ,[\”) f(x) = 0if a = b, and I\ f(x) = =" f(x) if a < b. If for any x € [a, ],
there exists ,I“) f(x), then we denote by f(x) € IV[a, b].

At the end of this summary, we give some usefull formulas:

doxke _ T(1+ka) k=1 .
@) FF = e 2 k> 0;

(a2) % = ¢“E,((cx)*), where E,(-) denotes the MLF by E,(x*) = Y2, %;

(@3) If y(x) = (f © 9)(x), then T = @ (g(x))(g/ (x));

(@) ey [ Ear)(d)* = Ea(b") — Eala®);

b 1+k
(a5) F(1+a) f ka(dx r(li(%(b(kﬂ)a _ a(k+1)a) k>0;
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(a6) B I w) fo (Nltl;w (dx)*, where B,(a, b) denotes local fractional Beta function.
Besides, we introduce the following notation and definition (see [6]).

Definition 4. Let f : I C R — R®. If the following inequality
fAx1 + (1= A)x2) < A% f(x1) + (1 = A)* f(x2) 2)
holds for any x1,x; € I and A € [0, 1], then f is said to be a generalized convex function on I.

In this paper, by using the way of weight functions and the technique of local fractional calculus, a new
Hilbert-type discrete inequality with homogeneous kernel and a best constant is bulilt. As applications, the
equivalent form and some particular cases are obtained.

2. Main results

The starting point in improvements to Hilbert-type inequalities is the well-known Holder’s inequality.
A fractal version of Holder’s inequality is given in the following lemma (see also [18]).

Lemma 1. Let 1 + 1=1,p>1,andlet h, F, G € Co(R%) be non-negative functions. If

0< i ih(m, n)FP(m,n) < oo, 0< i ih(m, n)G(m, n) < oo,

m=1 n=1 m=1 n=1

then the following inequality holds

i i h(m, n)E(m, n)G(m, n) < (i i h(m, n)FP (m, n))ﬁ( i i h(m, n)G(m, n));’. @3)
m=1 n=1 m=1 n=1 m=1 n=1

The preceding lemma will help us to prove our main result.

Theorem 1. Let 71—] + % =1,p > 1, and let (ay)men and (by)nen be non-negative real sequences. If @, P € C,(Ry)

and K € Co(Ry)? is non-negative decreasing function in both variables on R, then the following inequalities hold
and are equivalent

Y. Y Ko < (i<¢p)p<m)a;v)” (Y worom), @
m=1 n=1 m=1 n=1

1

woy oY Kommaz) ) < y (Fym))’, 5)
Z Z Y
m=1

m=1

where
FP(m) := Z K(m, n)yP(n) and GI(n) := Z K(m, n)p™(m). 6)
n=1 m=1
Proof. The left-hand side of inequality (4) can be written in the following form

'y : o P01 ()
X L Kom st - 3. Y konon St

m=1 n= m=1 n=1

Now, applying the fractal Holder’s inequality (3) to the above identity yields

Sh . apa Shy a ( ) Yy @ '7() %
2 ) Kommayp < (33 Ko §P<Z>)(MZZK i qfq(:;))'

m=1 n=1 m=1 n=1 n
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Finally, using the local fractional Fubini theorem and definitions of functions F and G we obtain (4).
Now, we are going to prove the equivalence of inequalities (4) and (5). For this sake, suppose that
inequality (4) holds. Define the following sequence (b,)nen by

t = G| Y Kom )

m=1

and from the inequality (4), we have

Y wor (Y Konmas) = Y3 Ko i
n=1 m=1 =1

m n=1
(i((pF)” m)a“”) (Z(abG)q(n)b“")

) . 1 o ) . p%
= (Lpronar) (Leo p(")(mzf(m’ ) )

that is, we get (5).
On the other hand, suppose that inequality (5) holds. In that case, another use of the fractal Holder’s
inequality (3) yields

(e8]

i iK(m )l b —Z ((zpc) (n)K(m, n)a“”)(lpc)(n)b“”

m=1 n=1

(e8]

( Lwore (ZK(m e ));(iwc})q(n)bzq);

n=1

o)

(;@F)P m)a“”) (Z(an)q(n)b“q)

which implies (4). Hence, inequalities (4) and (5) are equivalent. [

In what follows. we suppose that K € C,(IR?) is a non-negative homogeneous function of degree —as,
s > 0. Furthermore, we define the integral k(-) by

1 oo —a a
K= s | Kaoean, ?)

under assumption k(n) < oo.
Besides, we study below discrete weight functions involving real differentiable functions. More pre-
cisely, we are introducing the following notation and definition.

Definition 5. Let r > 0. We denote by H(r) the set of all non-negative differentiable functions # : R, — R
satisfying the following conditions:

(i) uisincreasing on R; and holds 0 < u(1) < oo;

(i) lim u(x) = oo, {Z(%}: is decreasing and generalized convex function on R,.
X—00

By applying local fractional calculus we can easily get the next lemma.
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Lemma 2. Let r > 0and K(x, y) be decreasing and generalized convex function in both variables on R,. Ifu,v € H(r),
then

[ (y)]* [w' ()]
[o(y)]*r [u(x)]e

are decreasing and generalized convex function on R, for any x € R, and y € R, respectively.

K(u(), vo(y) =5 and  K(u(x), v(y))

[l

Proof. For the sake of proof, we set V(y) := O

and suppose that x € R,. Then

1eg

d o a2¢
W[K(M(x), oV = oy [K(u(x), v(y))] - V(y) + K(u(x),v(y))W[V(y)] <0

and similarly

200 200

= [K(u(x), v(y)) V()] = EE

555 [K(u(x), v(y))] - 8y [K(u(x), U(]/))] [ )]

Pl 2

9
oy a[ (u(x), v(y))] 2y a[ (] + K(u(x), v(y))ayﬁ[V(y)l > 0.

[w@)]* 0

In the same way follows proof for the function K(u(x), v(y)) TEIGR

We need the next technical lemma. (see [18]).

Lemma 3. If f € I'(R,), f@(t) <0, fe(t) > 0 (¢t € (1/2, 00)), then we have

T(l +a) f fioen” < F(l +a) Zf r(l +a) f fBn®. (8)

Now, we will prove the result with a general homogeneous kernel that has some properties.

Theorem 2. Let (a1,)men, (bn)nen be non-negative real sequences and K € Ca(R?) be a non- negative homogeneous
function of degree —as, s > 0. If u € H(pAz), v € H(qA1) and K is decreasing and generalized convex function in
both variables on R, then the following inequalities hold and are equivalent

[eS) 1

Z i K(u(m), v(n))a® b < L(Z[u ()] Asrapi=A [y ()21 p)aar’)

m=1 n=1

x (Y[t et A - ), o)

n=1

==

(Y tetue-omsste aype Y Keutm, gt )
n=1 m=1

< L(Z[u(m)]a(l—s)+ap(A1—Az)[ur(m)]a(l—p)aip)}qI (10)

m=1

where A1 € (max{(1 —s)/q,0},1/9), Az € (max{(1 —s)/p,0},1/p) and

L=T( + a)k(pAs) k2 — s — gA;)1. 11)
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Proof. We put the functions (¢ o u)(m) = [u(m)]*[u’(m)]”" ¢, (Y o v)(n) = [v(n)]*42 [v’(n)]_% in inequality (4).
These substitutions are well defined, since u and v are 1n]ectlve functions. Thus, in this setting we have

;ZK(umv(m)am (mi [u(m) P [ )0 PE o u)(m)a“p)l
X (2[0(”)]M2 [’ ()]*0(G o v)(n)biq)ﬁ, (12)
where N
(F o u)(m) = il SR and (G o010 - ; KL Pl ol

Note that v € H(pA>) and K is decreasing and generalized convex function in both variables on R,. Hence,
applying Lemma 2 and Lemma 3, we obtain

K ,0

oY)

Furthermore, by using substitution ¢ = ;7

and homogeneity of function K, we have
1 00
4 < a—as—apA; —apA; a
(Fouym) < T+ Ol s [k, oy,
so we get by (7)

(F o u)P(m) < T(1 + a)[u(m)]*9~PA2(pA,). (14)

By the similar arguments as for function F o u, we get

Gonm < T+t [ KU gy

<T(1+ a)[v(n)]“‘“s_anlr—) f K(t, )% (dr)®

= T(1 + a)[v(n)]¥ w0

as+agA,—2a
s 1 3 f K(1, tpes+aaii=20(gpya
=T+ oc)[v(n)]““"s_‘“’Alk( -5 —gA1). (15)

Finally, relations (12), (14), and (15) yield the inequality (9).
On the other hand, if we rewrite inequality (5) with the same functions as in the proof of inequality (9),
after using estimates (14) and (15), we easily get (10). That completes the proof. [

The main idea in obtaining the best possible constant factor is a reduction of constant L defined by (11)
in the form without exponents. It is natural to install the next condition

pAy +qA1 =2-5s (16)
that the relation k(pA;) = k(2 — s — gA;) holds. On that way, the constant L from Theorem 2 becomes
L =T(1 + a)k(pAy). (17)

Further, under assumption (16), the inequalities (9) and (10) respectively can be rewritten as
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gk

Y Kt o) < L Y om0Vt |
m=1

1 n=1

3
I

(]

x (Y fetor e eort-n), - as)
n=1

(o)

(2[v(n> oD (ZK o) ) < Ym0y . )
m=1

Our main aim is to show that the constants involved in the right-hand sides of inequalities (18) and (19)
are the best possible. That is, we present the content of the following theorem.

Theorem 3. Lets, A1, Aa, u, vand K(x, y) be defined as in Theorem 2. If the parameters Ay and A, satisfy condition
(16), then the constant factor L* is the best possible in inequalities (18) and (19).

Proof. 1t is enough to show that the constant L* is the best possible in inequality (18), since (18) and (19) are
equivalent inequalities.

For this purpose, puta?, = [(m)] ¥~ [’ (m)]* and b“ = [o(n)] P47 s[v (m)]*, where 0 < eq < 1-pA,.
Let us suppose that the inequality (18) holds if we put the sequences (a,,) and (bn). By using Lemma 3 (see
also [18]), we have

(o]

: 5 LT

eMu(D)]T( + o)

r(1 T a) f ()] [ ()] (dx)* < T(l

m ey 2[u<m)] A )

S1”(1 +a) j; ()] [u’ (0)]* (dx)" + mfl (1) [ (x)]* (dx)“.

Hence, we obtain

Z[u(m)]—wm [/ ()0 = : +0q1), (20)

T(l +a) e u()]*T1 + a)

and similarly

1

W + O(l) (21)

r(l — ) Z[v(n) a+aqu2[v (1’[)]0( (1- q)baq —

Now, let us suppose that there exists a positive constant M < L* such that the inequality (18) is still
valid, if we replace L* with M. Without loss of generality, we suppose that u(1) < v(1). Hence, if we insert
relations (20) and (21) in inequality (18), with the constant M instead of L*, we obtain

o 1
mZ_l ; K(u(m), o(n)a@b* < W(M +o(1)). (22)

On the other hand, we estimate the left-hand side of inequality (18). If we insert the above defined
sequences (d,)men and (b,)nen in the left-hand side of (18), we get the inequality

Je:= r2(1+a)Z;nZK(”(m) o), b > ‘I’(l e f [()] 45 [ (x)]*
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ae

—1 " —apA2= T a a a
X(F(1+a)fl K(u(x), o) o)1~ 7 [0/ (n)]*dy)® | (dx)®, (23)

where we use Lemma 2 and Lemma 3. By using the substitution t = v(y)/u(x) we have

J= s )f e r (fu K<Lt)t‘“”‘*2“2‘(dt)“)(dx)“. (4)

u(x)

Furthermore, since the kernel K is strictly decreasing in both arguments, it follows that K(1,0) > K(1, ¢),
for t > 0, so we have

ae

1 0 ae
. — K(1, )42~ (dp)®
1"(1+a)fm (1, HE (i)

L (™ i g - KLO [
Zl‘(1+a)f0 KA TR - s | e
€ K(1,0) u(x)\*PAat e
= k( Ay + —) - ( ) ,
P )T TaF ) — pAs = £y \o(l)
and consequently
Kpaz+ ) K(1,0) 1

Je 2

. 25
euMTA+a)  T2(1 + a)[v(1)]P25 (1 pAz—-) (1 pAz + ) )

In other words, relations (23), (24) and (25) yield the estimate for the left-hand side of inequality (18):

. . Ut 1 ’('
mz:l Z; K(uOm), o0, > e (U + o(1). (26)
Finally, by comparing relations (22) and (26), and by letting ¢ — 0%, we conclude that L* < M, which
contradicts with the assumption that the constant M is smaller than L*. That means that L* is the best
possible constant in inequality (18).
The equivalence of the inequalities (18) and (19) means that the constant L* is the best possible in the
inequality (19). The proof is completed now. [

We proceed with some special homogeneous functions. First, we prove that the kernel Ki(x,y) =
(x* + y*)™°, s > 0, is decreasing and generalized convex function in both variables on RR,. By using local
fractional calculus, we have

ﬁ 1 _ T +sa) 1 <0 x>0

oxv (m+x)e T+ (s—Da) (m+x)as+D) 7 ’
2a _ra 1

d 1 1+ (+1a) 1 50, x>0,

X2 (m+ )%  T(1+ (s - )a) (m + x)+2)

Since the function K; is homogeneous of degree —as, by using Lemma 2 and Theorem 3 we obtain the
following result.

Corollary 1. Let s, A1, Az, u(x), v(y) and (a,)men, (bn)new be defined as in Theorem 2. Suppose that the parameters
A, Ay satsify condition (16). Then the following inequalities hold and are equivalent

i i <u<m;+b:<n»“ = M( i[wmﬂ‘“m“l [u'(m)]““-waﬁf)ﬁ
" m=1

n=
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x (Y teonr s t-ne) - @22)
n=1

(Yot 1o (Z o ) (Y o nonrvaz) @9
n=1 m=1

where the constant M = T(1 + a)B,(1 — pAa, 1 — gA1) is the best possible.
In what follows, we suppose that
2—-s 2—-s
A= ——, Ay=——. 2
155 ATy (29)
Moreover, setting u(x) = Ax¢, v(y) = Byd, A,B,c,d > 0 and the parameters defined by (29), we obtain the
following result.

Corollary 2. Let 0 <s<2,0<c,d<2/s,A,B> 0. Then the following inequalities hold and are equivalent

EE e (Lo ) (B )

m=1 n=
[e]

(5= AL e (S

where the constant
My = A $B %3 diT(1 + )B, (; ;)
is the best possible.

Remark 1. If we put u(x) = v(x) = x+ u, u > 0, A1 = A2 = 2 —-5)/(pg), 0 < s < 2,1in Corollary 1, then the
inequalities (27) and (28) become

o oo pe )
ZZ (m +Lifi+2y)“S - (Z(ery)a e (n

B I

where the constant

1

(1’1 + [u)a—asb‘:llq)q’

Mg

1l
—

1

(m+y)“ as 04’) ,

gk

1

3
Il

M2=F(1+(x)Ba(%+S_1 1+S_1)

99 p
is the best possible. Here we obtain a case with non-homogeneous kernel in Corollary 2. For s = 1, we get

non-weighted case with the best possible constant M, = I'(1 + a)B,(1/p,1/9).
If we put u(x) = xv(x) + y, x, u > 0 in Corollary 1, then the inequalities (27) and (28) become

») i 3
Z Z (kov(m) il o(n) + @)~ Ms(;[KU(m) + u] pgA [o (m)] (1 p)amp)

(Yot o).

n=1

o)

) p
(Z[v(n)]a(P—l)(l—Pqu)[v'(n)]a( mZ:l o +u;(n) . y)as) )

n=1

1

< My( )" ficotm) + I P o ()P )
m=1

where the constant M3 = I'(1 + a)K_%Ba(l —pAz, 1 - gA;) is the best possible.
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3. Conclusion

Based on the fractal Holder’s inequality, we have obtained some new discrete local fractional Hilbert-
type inequalities. As applications, some special homogeneous functions have been used as the kernel
functions. We have also proved that the constant factors in the desired inequalities are the best possible.
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