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On 2-absorbing ideals of MV-algebras

Asiyeh Hassani Movahed?, Mahta Bedrood?®, Arsham Borumand Saeid®*

?Department of Pure Mathematics, Faculty of Mathematics and Computer, Shahid Bahonar University of Kerman, Kerman, Iran

Abstract. The concept of 2-absorbing ideals in MV-algebras, which generalizes the notion of prime ideals,
is introduced in this paper. We present several results related to 2-absorbing ideals, provide examples,
and explore some of properties. One notable result is that the intersection of two prime ideals, which is
not necessarily a prime ideal, is shown to be a 2-absorbing ideal. The number of minimal prime ideals
contained in a 2-absorbing ideal under different conditions are computed. Furthermore, we demonstrate
that if every 2-absorbing ideal is maximal, then the MV-algebra can have at most one prime ideal. Finally,
these new ideals are used to classify the ideals of MV-algebra.

1. Introduction

MYV-algebras were introduced and studied by Chang in 1958 as an algebraic counterpart of the Luka-
siewicz infinite valued propositional logic [3, 4]. For further results on MV-algebras see [3, 5, 7, 13], and for
a deeper understanding of ideals, we refer to [6, 10, 11]. Chang also introduced the concept of prime ideals
in MV-algebras, which play a crucial role since every proper ideal can be expressed as an intersection of
prime ideals, including itself [13]. Studying ideals is important for a better understanding of MV-algebras,
and for this purpose, various ideals have been introduced in this structure. This motivated us to introduce
a new ideal, study it, and obtain a classification for these ideals. Various generalizations of prime ideals
have since been studied, and in this paper, we introduce the concept of 2-absorbing ideals. The aim of
this article is to define 2-absorbing ideals and demonstrate their distinctiveness through examples. It is
known that the intersection of two prime ideals is not necessarily prime. In this paper, it is proved that
their intersection is 2-absorbing. Moreover, it is shown that this result does not hold for the intersection
of three prime ideals. We examine the connection of these ideals with other ideals, and we also represent
this connection in the form of a diagram. By utilizing these ideals, the number of minimal prime ideals
contained within a 2-absorbing ideal is investigated. It is established that for every 2-absorbing ideal, the
maximum number of associated minimal prime ideals is two. Additionally, if a 2-absorbing ideal is not a
prime ideal, it will also be found to have exactly two minimal prime ideals. Furthermore, we demonstrate
that if the collection of 2-absorbing ideals coincides with the collection of maximal ideals in an MV-algebra,
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then that algebra can have at most one prime ideal. When considering the case where A/I is locally finite,
it is confirmed that I is a 2-absorbing ideal, while an example is illustrated to show that the converse does
not generally hold. Additionally, we show that every proper ideal can be expressed as an intersection of
2-absorbing ideals that contain it. 2-absorbing ideals in MV-chains are also examined, and it is proved that
every proper ideal in this context is indeed a 2-absorbing ideal. Finally, the conditions under which I/S is
a 2-absorbing ideal in A/S are studied.

2. Preliminaries

We recollect some definitions and results which will be used in the sequel:

Definition 2.1. ([4]) An MV-algebra is a structure (A, &, *,0) of type (2,1,0) such that the following axioms hold,
foreacha,b € A:

(MV1) (A, ®,0) is an abelian monoid;

(MV2) (@) =a;

(MV3)0*®a =07

(MV4) (@ @by ®b= (" ®a) ®a.

Define 1 = 0" and the auxiliary operation ® which are as follows:
a0b=@aeb).
Two operations V and A are defined on A :
avVb=a®@ob)=b®@ob’) and aAb=a0@&b)=b0o (" ®a).

Also, for any two elementsa,b € A,a < biffa*®b = 1iffa©b" = 0. Obviously, < is a partial order on A which
is called the natural order on A. We say that an MV-algebra A is an MV-chain if it is linearly ordered relative
to natural order. Boolean algebras are just the MV-algebras obeying the additional equation a @ a = g, for
alla € A.

The element a € M is said to have order n and is written as ord(a) = n if n is the smallest natural number for
which na = 1. We say that the element a has a finite order and write ord(a) < co. An MV-algebra A is locally
finite if every nonzero element of A has finite order.

Throughout this paper, A is an MV-algebra.

Remark 2.2. ([13]) If A is locally finite, then A is a chain.

Theorem 2.3. ([13]) If a,a1,az, ..., a, are elements of A, then the following hold:
Dan(m@a®..®a,)<@rNa)®@ADR)D...0 (A Aay).
@an(@mVaVv..Va)=@Aa)V..V@aAa,).

Definition 2.4. ([5, 7, 11, 13]) An ideal of A is a nonempty subset I of A which is closed under ® and such that if
bel,acAanda <b,thena €l

We denote the set of all ideals of A by Id(A).

A proper ideal I of A is called:

o A prime ideal, ifa A'b € I implies that a € I or b € I, for each a,b € A.

We denote the set of all prime ideals of A by Spec(A).

o A primary ideal, if a © b € I, then there exists n € IN such that a" € I or b" € I, for each a, b € A.

o An obstinate ideal, if a,b ¢ I implya© b* € land b©Oa* €1, forall a,b € A.

o A quasi implicative ideal, if for any a € A such that a" € I for somen > 1, thena € L.

o An implicative ideal, if for any a,b,c € A such that cO (b*©a*) € landboa* €1, thencOa* € L.

o A Boolean ideal, ifa Aa* € 1, foralla € A.

o A maximal ideal if and only if whenever | is an ideal such that I C ] C A, then either | = [ or | = A.
o A prime ideal P of A is called a minimal prime ideal of I whenever:

HIcp;

(ii) If there exists Q € Spec(A) such that 1 € Q C P, then P = Q.

We denote the set of all minimal prime ideals of I by Min(I).
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Theorem 2.5. ([7]) (i) Let I be an obstinate ideal of A. Then I is a maximal ideal of A.
(i1) If I is an implicative and maximal ideal, then I is an obstinate ideal.

Remark 2.6. ([13]) If I is an ideal of A, thena®beliffavbel

Lemma 2.7. ([13]) (i) Let X C A. Denote by (X] the ideal generated by X. Then we have
X]={a€eAla<x19x2®..®xy,, forsomen € Nand x1,...,x, € X}.

In particular, (a] = {x € A | x < na, forsomen € IN}.

(ii) For 1, ] € 1d(A), we put

INJ=IN] Iv]=(U]]={xeAl|lx<a®b, forsomeaclandb e J}.

(iii) If a,b € A, then (a] N (b] = (@ A D] and (a] V (b] = (a & b].
ForI € Id(A) and a € A\ I we denote by I(a) =1V (a] = (I U {a}].
For I(a) we have the next characterization:

I(a) = {x € Al x < y ®na, for some y € I and integer n > 0}.

Theorem 2.8. ([13]) For any A, the following are equivalent:
(1) A is an MV -chain;

(i) Any proper ideal of A is prime;

(iif) {0} is a prime ideal;

(iv) Spec(A) is linearly ordered.

Theorem 2.9. ([13]) Every proper ideal of A is contained in a maximal ideal of A.
Theorem 2.10. ([13]) Let I € Id(A). Then I = N{P € Spec(A) | I € P}.

Definition 2.11. ([13]) Let A and B be MV-algebras. A function f : A — B is a morphism of MV-algebras if and
only if it satisfies the following conditions, for every a,b € A:

(i) f(0) = 0;

(ii) fa®b) = f(a)® F(b);

(iii) f(a") = (f(@)".

Definition 2.12. ([9]) Let X be a nonempty subset of A. Anna(X) is the annihilator of X defined by: Anna(X) =
facAlanx=0,Vxe X}

Definition 2.13. ([2]) Let X be a nonempty subset of A. For an ideal I of A, the set
(I:X)={acAlaAnxel forallx e X}.
o (I : X) is clearly an ideal of A and if I = 0, then (0 : X) = Ann(X).

Theorem 2.14. ([2]) Let I be a proper ideal of A and P € Spec(A) such that I C P. Then there exists P* € Min(I)
such that P* C P.

Definition 2.15. ([13]) A nonempty subset S of A is called NA-closed system in Aif 1 € Sand a,b € S imply that
anbes.

We denote by S(A) the set of all A-closed systems of A (clearly 1, A € S(A)). For S € 5(A) in A, we
consider the relation 05 defined by:

(a,b) € Os if and only if there exists e € S N B(A) such thata Ae =D Ae.
Lemma 2.16. ([13]) Os is a congruence on A.

For a € A, we denote by a/S the equivalence class of a relative to 85 and A/S = A/Os.
By Ps : A — A/S, we denote the canonical map defined by Ps(a) = a/S, for every a € A. Clearly, 0 = 0/5,1 =
1/Sin A/S and for every a,b € A,
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a/S®b/S=(a®b)/Sand (a/S) =a"/S.
So, Ps is an onto morphism of MV-algebras ([13]).
Theorem 2.17. ([13]) For a proper ideal P € Id(A), A/P is a chain if and only if P € Spec(A).

Definition 2.18. ([1]) Let C(X) be the set of all continuous functions on topological space X to the real interval [0, 1].
For every f, g € C(X), define

(fe () = f(x) ® g(x) = min{l, f(x) + g(x)}, forall x € X;
fx) = (f(x) =1- f(x), forall x € X;
0(x) =0, forall x € X.

The structure (C(X), ®, *,0) is called the MV -algebra of continuous functions.
Let f, g € C(X). Define
Z(f) = lx e X: f(x) = 0)
Itis clear Z(f A g) = Z(f) U Z(g) and (f A g)(x) = min{f(x), g(x)}, for every x € X.

Theorem 2.19. ([1]) Let X be a topological space with x € X. Then M, = {f € C(X) : f(x) = 0} is a maximal ideal
of C(X).

3. A generalization of prime ideals in MV-algebras

In this section, we introduce the concept of a 2-absorbing ideal and explore its relationship with prime
ideals. Several properties of these ideals are stated and proved, and an equivalent definition is provided.

Definition 3.1. A proper ideal I of A is called a 2-absorbing ideal if a,b,c € A suchthata AbAc€l, thenaAbel
orancelorbAcel

Example 3.2. (i) Let A =1{0,a,b,c,d,1}. Where0 <a,b <c <1,0 <b <d <1, with the diagram below (see Figure
1):

AN
/

</

Figure 1: A nonlinearly ordered

Define ®, © and * as follows:

&0 a b ¢ d 1 |0 a b ¢ d 1
00 a b ¢ d 1 Oo(0 0 O O 0 O
ala a ¢ ¢ 1 1 a |0 a 0 a 0 a
b|b ¢ d 1 d 1 b|0 0O O O b b
clc ¢ 1 1 1 1 c |0 a 0 a b ¢
d|ld 1 d 1 d 1 d|l0 0 b b d d
11 1 1 1 1 1 110 a b ¢ d 1
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Then (A, ®,*,0) is an MV-algebra ([12]). Iy = {0}, I = {0,a}, I, = {0,b,d}, and Iy = A are ideals. Iy, I and I, are
2-absorbing ideals. Since 14 is not proper, so it is not a 2-absorbing ideal.
(ii) Let X = R. Obviously, I = {k € C(X) : (1,5) € Z(k)} is an ideal of C(X). Put

—x+1 x€(0/1)

_ x—3 x€(3,4)
fx) = 1 x € (—00,0] U [4, 00)

0 x €[1,3]

x—5 x€(5,6)

(x)— -x+4 x€(3/4)
g\x) = 1 X € (—00,3] U [6, 00)

0 x € [4,5]

x—4 x€(4/5)

_]-x+3 xe(23)
h(x) = 1 X € (—00,2] U [5, 00)

0 x €[3,4]

Now, we have Z(f Ag Ah) =[1,5]. Thus f AgAh el

On the other hand, Z(f A g) = [1,3]1U [4,5], Z(f A h) =[1,4] and Z(g A h) = [3, 5].
Itisclearthat fAg &L, f ANh&1and g Ah & 1. Hence I is not a 2-absorbing ideal of C(X).
(iii) Let X = R. Put

0 xe€(—o0,0]
fx)={x x€(0,1)

1 x€[l,00)

1 X € (—00,0]
gm=1{0  xe[lw)

-x+1 x€(0,1)
1 X € (_001_1] U [2/ OO)

B x€10,1]
hx) = —x x € (-1,0)
x—1 x€e(1,2)

Obviously, f AgAh =0but f Ag,g Ahand f A h do not belong to the zero ideal of C(X). The zero ideal is not a
2-absorbing ideal.

Proposition 3.3. (i) If P is a prime ideal of A, then P is a 2-absorbing ideal.

(ii) Let I be a primary ideal and a quasi implicative ideal of A. Then I is a 2-absorbing ideal.
(iii) Let I be a proper ideal of A. Then I = (\{P | P is a 2-absorbing ideal and I C P}.

(iv) If A/l is locally finite, then 1 is a 2-absorbing ideal.

(v) If A\ {1} is an ideal of A, then A\ {1} is a 2-absorbing ideal.

Proof. (i) Suppose a,b,c € AwithaAbAcePandaAc,bAc ¢ P Then (a Ab)Ac € P.Since P is a prime
ideal,soa Abe Porce P.Ifa Ab € P, then we are done. If c € P,sincea Ac,b Ac < cand P is an ideal, so
aAc, bAce P, whichis a contradiction.

(i1) Suppose a Ab A c € I, for some a, b, c € A. Obviously, (a A b) © c € I and since [ is primary, so there exists
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n € Nsuchthat(@Ab)" €lorc" €l. If (aAb)" ¢1,foralln € N, thenaAb ¢ I. Now, we show thataAc € I or
bAcel Asc" eland!is a quasi implicative ideal, hence c € I. By ideal property, we deduce thata Ac €]
and b A ¢ € I. Thus I is a 2-absorbing ideal.

(iif) Always, I € ({P | P is a 2-absorbing ideal and I C P}. By (i), we have

{P|P € Spec(A) and I C P} C {P | P is a 2-absorbing ideal and I C P}.
Then
(WP | P is a 2-absorbing ideal and I € P} € ({P | P € Spec(A) and I C P}.
It follows from Theorem 2.10 that (\{P | P is a 2-absorbing ideal and I C P} C I. Therefore
I={P|Pis a?2-absorbing ideal and I C P}.

(iv) By Remark 2.2 and Theorem 2.17, it is clear.

(v) Supposea Ab Ac € A\ {1} for somea, b,c € A. By contrary, assume thataAb=1,aAc=1andbAc=1.
SinceaAb<aVb,soaVvb=1 Byhypothesisl # (@aAb)Ac=1Ac=(@Vb)Ac=(anc)V(brc)=1Vv1=1,
which is a contradiction. [

Corollary 3.4. (i) Every maximal ideal of A is a 2-absorbing ideal.

(ii) If I is an obstinate ideal of A, then I is a 2-absorbing ideal.

(iii) Let A be an MV -chain. Then every proper ideal of A is a 2-absorbing ideal.
(iv) Let I be an implicative and maximal ideal. Then I is a 2-absorbing ideal.

Remark 3.5. (i) In general, the converse of Proposition 3.3 (i), is not true. In Example 3.2 (i), Iy is a 2-absorbing
ideal, but is not a prime ideal.

(ii) In Example 3.2 (i), Iy is a 2-absorbing ideal but is not a maximal ideal.

(iif) It is easy to verify that Iy in Example 3.2 (i), is a 2-absorbing ideal; however, it is not an obstinate ideal.

(iv) In Example 3.2 (i), Iy is a 2-absorbing ideal, but is not a primary ideal. Becausea ®©d = 0 € Iy, but a",d" ¢ I,
foreach n € IN.

(v) If every proper ideal of A is a 2-absorbing ideal, then A is not necessarily a chain. This is illustrated by Example
3.2 (i).

(vi) In general, the converse of Proposition 3.3 (iv), is not true. In Example 3.2, Iy is a 2-absorbing ideal, but A/, is
not a chain. Hence A/ly is not locally finite.

(vii) The zero ideal is generally not a 2-absorbing ideal, as shown in Example 3.2 (iii). However, by Corollary 3.4, we
can conclude that if A is an MV-chain, then the zero ideal is a 2-absorbing ideal.

(viii) In Example 3.2 (i), Iy is a 2-absorbing ideal, but is not an implicative ideal. Because 10 (b* @ c*) =0 € Iy and
boc=0€ly,butloc ¢l

We recall that intersection two prime ideals is not necessarily a prime ideal. In the following proposition,
we show that intersection two prime ideals is always a 2-absorbing ideal.

Proposition 3.6. If P and Q are prime ideals of A, then P N Q is a 2-absorbing ideal.

Proof. Assume thata,b,c € AwheneveraAbAcePNQandaAc,bAcéPNQ.Wehave(@aAb)AcePNQ
hence (@ Ab) Ace Pand (a Ab) Ac € Q. Since P and Q are prime ideal, soa Abe Porce PandaAb e Q or
¢ € Q. We have four cases:

Casel: IfaAnbePandaAbeQ,thenaAnbePNQ.

Case 2: LetaAnb e Pandc € Q. Thena € Porb € P. Suppose thata € P, hencea A c € P. Since ¢ € Q, so
a A c € Q. Thereforea A c € PN Q, which is a contradiction. If be Pand c€ Q,thenbAce PandbAce Q.
Hence b A ¢ € PN Q, which is a contradiction.

Case 3: This case is similar to case 2.

Case4: If ce Pand c € Q, then ¢ € PN Q. Furthermore, a A ¢, b A c € PN Q, which is a contradiction. O
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Remark 3.7. (i) The converse of the previous proposition is not generally true. For instance, in Example 3.2 (i),
Io N 1y is a 2-absorbing ideal, while Iy is not prime.

(ii) Both Iy and I, in Example 3.2 (i), are prime ideals, and I, N I, = {0}. However, the intersection is 2-absorbing but
not prime.

(iif) The intersection of three prime ideals is not necessarily 2-absorbing. This can be demonstrated in the example
below.

Example 3.8. Let X = R. By Theorem 2.19, we have My, M, and M3 are maximal ideals of C(X). It follows from
Propositions 3.3 and 3.6 that My N M, and M3 are 2-absorbing ideals of C(X). We want to show that (M1 NMz) N M3 is
not a 2-absorbing ideal. So it can be conclude that the intersection of 2-absorbing ideals is not necessarily a 2-absorbing
ideal.

Obviously, (M1 N Mp) N M3 = {k € C(X) : {1,2,3} C Z(k)}. Put

1 X € (—00,0] U [2,00)
fx)=3-x+1 x€(0,1]
x—-1 x€(,2)

1 X € (=00, 1] U [3, c0)
gx)=<-x+2 xe€(1,2]
x—-2 x€(2,3)

1 X € (—00,2] U [4, )
h(x)=¢-x+3 x€(2,3)
x—-3 x€[3,4)

Obviously, Z(f A g Ah) ={1,2,3} then f A g Ah € (My N M) N Ms. But Z(f A g) = {1,2}, Z(g A h) = {2,3} and
Z(f Ah) =1{1,3),50 f Ag,g ANhand f A h do not belong to (My N Mp) N Ms. Therefore (M1 N My) N M3 is not a
2-absorbing ideal.

Remark 3.9. Intersection (meet) and join of any family of 2-absorbing ideals are not necessarily 2-absorbing ideals.
We can see in Example 3.8. Also, in Example 3.2 (i), 1 V I, = A is not a 2-absorbing ideal.

Theorem 3.10. If all 2-absorbing ideals of A are maximal, then A has at most one prime ideal and this ideal is a
maximal ideal.

Proof. Assume that P; and P, are prime ideals of A. It follows from Proposition 3.6, that Py N P, is a
2-absorbing ideal. Also, P; N P; is a maximal ideal and is contained in both, therefore P; = P,. O

Proposition 3.11. Let I be a proper ideal of A and let P be a prime ideal of A such that I C P. Then P € Min(l) if and
only if for each a € P there exists b € A\ P such thata Ab € 1.

Proof. Assume that for each a € P, there exists b € A \ P such that a A b € I. We show that P € Min(I). By
contrary, suppose there exists Q € Min(I) such that Q & P. Thus, there exista € P\ Qand b € A\ P such
thataAb el C Q. Hencea Ab € Q, since Q is prime and a ¢ Q, it follows that b € Q. Consequently, b € P,
which leads to a contradiction.

Conversely, assume that there exists a € P such that foreachb € A\ P,aAb ¢ I. Definetheset S ={aAb|b €
A\ P} U {1}. This set S is a A-closed system in A. So there exists K € Spec(A) such that KNS =0. f KC P,
since P is minimal over I, so K = P and a € K. However, sincea Al =a € S, hencea € KN S, which is a
contradiction. Now, if K € P, then there exists x € K\ P. We know thata A x < x, hence a A x € K. Clearly,
a A x € S, therefore KN S # 0, which again results in a contradiction. [

Theorem 3.12. Let I be a 2-absorbing ideal of A. Then |Min(I)| < 2.
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Proof. We denote T = {P; | P; € Min(l)}. By Theorems 2.9 and 2.14, it follows that T is nonempty. We
proceed by contradiction, suppose T has at least three elements. Assume that P;, P, € T are two distinct
prime ideals. So there exists a; € P; \ P, and there exists a, € P, \ P;. We show that a; A a, € I. It follows
from Theorem 3.11, that there exists r, ¢ Py and there is an r; ¢ P, such thatay A € Ianda, A1 € 1.
Obviously, a1,a, ¢ Py N P,. Since a; A1y, a; Ay €1 € Py NPy and Py, P, are prime ideals, we conclude that
r1 € P1\ Py and r, € P, \ P1. Thus 11,1, ¢ P; N P, and we obtain that 1 V 7, ¢ P1 N P,. (Because 71,7, <1 V1o
and if 71 V r, € P; N P,, then 71,7, € P; N P, which is a contradiction). Observe that r; V 7, ¢ P; and
r1 V1o & Pr.Sincea; Arp, € land ay A1y € I, so by Remark 2.6, we get (a2 A11) V (a1 A1) € I. By Theorem 2.3,
(@ Aa) A(r1 Vi) = (a1 Aap Ary)V(ag Aap Arp) < (ap Arp) V(a1 Arp) and we conclude that (a1 Aap) A(rp Vi) € 1.
Since (r1 V1) Aay ¢ Py and (r V 1) A ap ¢ Py, it follows that neither (r; V 72) Aa; € Inor (r1 Vo) Aay € 1.
Given that I is a 2-absorbing ideal, we conclude that a; A a, € I. Now suppose there exists P3 € T such that
P3 is neither P; nor P,. We can choose x1 € P1 \ (P, UP3), x, € P> \ (P1 UP3) and x3 € P3 \ (P U P;). By the
previous argument, we get x; A x, € I. Also, since I C P; NP, NP3, 50 x1 Axp € Py NP, N P3. We deduce that
either x; € P3 or x, € P3, leading to a contradiction. Therefore T can contain at most two elements. [J

Proposition 3.13. If I is a 2-absorbing ideal of A such that I is not a prime ideal, then |Min(I)| = 2.

Proof. As I is 2-absorbing, hence by Theorem 3.12, |Min(I)| < 2. Assume for contradiction, [Min(l)| # 2, that
is, [Min(I)| = 1. On the other hand Min(I) = P, it follows from Proposition 3.11, that for each a € P there exists
b€ A\ Psuchthata A b € I. Since I is not prime, so a,b ¢ I. We have a ¢ I, hence there exists Q € Spec(A)
such that] C Qand a ¢ Q. By Theorem 2.14, we deduce that there exists P* € Min(I) such that P* C Q. Since
obviously, P # P, which contradicts the hypothesis that [Min(I)| = 1. O

Remark 3.14. In Example 3.2 (i), Iy is a 2-absorbing ideal, but is not prime ideal, and |Min(lp)| = 2. In the same
example, for the ideal I, we have |Min(l)| = 1.

Lemma 3.15. Let I be a 2-absorbing ideal of A. Suppose that (a] N (b] N ] C I for some a,b € A and an ideal | of A. If
anb¢l, theneither @lN] Clor(b]NJCIL

Proof. Assume that (@] N ] € I and (b] N ] & I. Hence, there are some x, y € J such thataAx ¢ landbAy ¢ I.
SinccaAbAxelandaAbg¢landaAx ¢, sobAxel. Also,aAbAyelandaAnbé¢landbAy €],
thusaAyel. WehaveaAbAyelandaAbAxel,so(@aAbAy)®(@aAbAx)el Sincelis an ideal and
by Theorem 2.3, we conclude that (a2 A b) A (x ® y) € 1. By hypothesis a A b ¢ I and [ is a 2-absorbing ideal,
soaAN(x®y)elorbA(xoy) ellfan(x®y) €, thenaAx el (becausea Ax < a A (x® y)), which is
a contradiction. Similarly, if b A (x @ y) € I, thenb Ay € I (because b Ay < b A (x @ y)), which is again a
contradiction. [J

Next, we present an equivalent definition of a 2-absorbing ideal.

Theorem 3.16. Let I be a proper ideal of A. Then 1 is a 2-absorbing ideal of A if and only if whenever 1 NI, N I3 C 1
for some ideals I, I, I3 of A, then either 1 NI, ClorLh NIz Clor1 N3 C L

Proof. First we show that [ is a 2-absorbing ideal. Suppose Iy NI, N I3 C I for some ideals I, I, I3 of A, then
LhnlhbClorLbNIzClorlijNI3 CI. Leta,b,ce AandaAbAcel AssumealsothataAbg¢landbAc¢l.
Leth =@, b =0land I3 =(c]. Then 1 NL NIz =@ N®GIN(]=@AbAc] CISincel; NI ¢ I and
LNz g, solhNlz=(aAc]CI thatis,aAcel

Conversely, assume that [ is a 2-absorbing ideal of A and I; NI, N I3 C I for some ideals [1, I, I3 of A, such
that [ NI, € I. We show that [, NIz C I orI; NIz C I By contrary, if L, NIz £ [ and [ N I3 € I. So there
exista; € I and a, € I such that (a;] NIz € Iand (@] N 13 € I. Also, (m] N (@] NIz CTand (] NIz £ Iand
(a2] N I3 ¢ I, it follows from Lemma 3.15, thata; Aay € I. Since 1 NI, € I, so there are a € [1, b € I, such that
aANbél. As@Nn@®Nlz SlandaAb ¢ 1, by Lemma 3.15, we have (a] NIz € [ or (b] N I3 C I. Here three
cases arise.

Case 1: Suppose (alNIz C I, but )]NIl3 £ 1. As(m]N@INIz Cland (b]NI3 € I and ] NIz € I,
hence (a1] N (b] € I. On the other hand, a; A b € I. Also, since a1,a € I, so a; ®a € I and we deduce
that (a1] vV (@] = (a1 ®a] € 1. Since @] NIz € I and m] NIz € I, so ((a1] V (a]) NIz € I. Now, we have
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(@m]v@h)n@nlz Cland (b]NIz € Iand ((a1] V (a]) NIz € I, again by Lemma 3.15, we conclude that
((a1] v (a]) N (b] € 1. On the other hand, (a1 ®a) Ab e I, weknow a Ab < (a; ®a) A b, thereforea A b € I, which
is a contradiction.

Case 2: Suppose (b] N I3 C I, but (a] NIz € I. Since a,b € I, s0 a, ® b € I and by Theorem 2.7, (a2] Vv (b] € L.
Also, (] NIz CIand (a] NIz € I, we deduce that ((b] V (a2]) NIz € I. We have (a] N ((b] V (a2]) NIz € I and
((b]V (@) NIs € Iand (a] N3 € I, it follows from Lemma 3.15, that (a] N ((a2] V (b]) € . We geta A (a2 ®b) € 1
and soa A b € I, which is a contradiction.

Case 3: Suppose (b]NI3 C Iand (a]NI3 € I. We know that (a;] NIz € Iand (b]N13 € I, hence ((b] V (a]) NIz € L.
Also, (a]N I3 € Iand (a1]N I3 £ I, thus we deduce that ((a1] v (a]) NIz € I. Since ((a] V (a1])) N ((b] V (@2]) NIz C 1
and ((@a] V (m]) NIz € Iand ((b] V (a2]) N I3 € I by Lemma 3.15 we conclude that, ((a] V (a1]) N ((b] V (a2]) € L.
Thus we get (@®a;) A (b®ay) € [. Itisclear thata Ab < (a®a;) Ab < (a®a1) A (bDay). Thereforea Ab €],
which is a contradiction. [J

Example 3.17. Let "R be a non-standard model of real numbers with natural order and ¢ be a positive infinitesimal
element of IR. Let e? =& &, = &(n — times), where - is the usual product in the field *R; then &' > 0
foranyie Nand e < &, fori> j.

The unit interval *[0,1] C* R is an semilocal MV -algebra with the operations: x ® y = min{l,x + y},x* =1 —x. Let
IN be the ordered set of positive natural numbers. For every n € IN, let E,, be the subalgebra of *[0, 1] generated by
{e, €2, ..., "} and E be the subalgebra U E, generated by {¢, €2, ..., ", ...} ([8]). The ideals of E are {0}, (¢], ..., (¢']...,

nelN

where i € N and (¢'] C (], for any i > j. I = (%] is a 2-absorbing ideal. Consider: I = (¢?], I, = (¢] and I = (¢°].
Itisclear that L NL NIz Cland b, NIz Cland NIz C I

Remark 3.18. Let I1, I, and I be ideals of Aand let 1 C Iy Ul,. Then I C Iy or I C I.

Proposition 3.19. If [ is a 2-absorbing ideal of A, then for all a,b € A such thataANb ¢ I, (I:aAb) C (I :a)or
(I:anb)c(:0).

Proof. Suppose thata Ab ¢ I wherea,b € Aandt € (I : a ADb). Hence t Aa Ab € I. By hypothesis [ is a
2-absorbing idealand aAb ¢ I, thus either t Aa € Jort Ab € I. We deduce thatt € (I : a)ort € (I : b). Therefore,
(I:anb)yc(:a)u(:b). By Remark 3.18, we conclude that (I :a Ab) S (I:a)or (I:aAb)C(I:b). O

Proposition 3.20. If I is a 2-absorbing ideal of A, then (I : x) is a 2-absorbing ideal of A for all x € A\ I.

Proof. Leta,b,cbe elements of A suchthata AbAce ([:x). ThenaAbAcAx=aA(bAc)Axel Sincelis
a 2-absorbing ideal of A, soa AxelorbAcAxeloraAbAcel.lfbAcAx el wearedone. IfaAxel,
sincca AbAx<aAx,thenxAaAnbellfanbAcel, thenaAbelorancelorbAcel, whichimplies
xAaAbelorxAaAcelorxAbAacel. O

The converse of the previous proposition is true when (I : x) is a prime ideal, forallx € A\ L.
Proposition 3.21. Let (I : x) be a prime ideal of A, for all x € A\ I. Then I is a 2-absorbing ideal of A.

Proof. SupposeaAbAcel, wherea,b,ce AandaAnb ¢l,anc ¢l Thisimpliesa,b,c ¢ 1. By the hypothesis,
(I:a),(I:b)and (I : c) are prime ideals. Sincea A b A c € I, so we know thata A b € (I : ¢). Therefore, either
ae(l:c)orbe(:c). ThisleadstobAcel. O

Remark 3.22. By Proposition 3.20 and the fact that (0 : x) = Ann(x), we conclude that if the zero ideal is a 2-
absorbing ideal, then Ann(x) must also be 2-absorbing, for all x # 0. However, Ann(x) is not necessarily a 2-absorbing
ideal. In Example 3.2 (i), it can be easily verified that Ann(0) = A, which is not a 2-absorbing ideals.

Proposition 3.23. Let I be a proper ideal of A such that if there exist proper ideals H and K whenever H N K = I,
implies that H = I or K = I. Then I is a 2-absorbing ideal of A.
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Proof. SupposethataAbAcelandaAb ¢ I. We show thata Ac € IorbAc € I. On contrary, we assume that
ancglandbAc ¢ . ThenK = (IU{aAc}]land H = (IU{bAc}] are the ideals of A properly contain I. It is clear
that K # I and H # I, hence by hypothesis KNH # I. On the other hand, there exists p € HNK such thatp ¢ I.
By Lemma 2.7, p < (a1 @ n(a A c)) A (a2 @ m(b A ¢)), for some ay,a, € I and positive integers n,m. If b = a; @ a,
andr=m+n,thenp < (@ ®n@Ac) Alme®mbAac) <Gor@Ac) AberlbAc) =bdr((anc)A b Ac)).
Since b@r(a Ab Ac) €1, so we conclude that p € I, which is a contradiction. [J

The converse of the above proposition is generally not true. In Example 3.2 (i), we observe that Iy is a
2-absorbing ideal and Iy N I, = Iy, but Iy # I; and Iy # L.

Proposition 3.24. Let f : A —> B be an MV-homomorphism and let | be a 2-absorbing ideal of B. Then f~'(]) is a
2-absorbing ideal of A.

Proposition 3.25. If I is a 2-absorbing ideal of A and S is a A-closed system of A such that INS = 0, then 1/S is also
a 2-absorbing ideal of A/S.

Proof. Suppose that (a/S) A (b/S) A (c/S) €1/S,s0 (aAbAc)/S €1/S. By Theorem 2.16, we geta AbAc el If
(a/S)YA(®/S) ¢1/Sand (b/S) A (c/S) ¢ 1/S, then (a AD)/S, (b Ac)/S ¢1/S. Since I is a 2-absorbing ideal, so we
deduce that a A c € I. Therefore (a A c)/S €1/S. O

The relationships between 2-absorbing ideals and other ideals is shown in the diagram below.

Maximal ideal

Obstinate ideal & Prime ideal

Implicative

2-absorbing ideal Primary ideal

*3

Figure 2

*1:=Max, *;:=Booleanideal, *j3:=Quasiimplicative.

Conclusion and future research

The concept of a prime ideal plays a fundamental role in the study of MV-algebras, and the notion
of 2-absorbing ideal is a generalization of it. We demonstrated that every prime ideal is a 2-absorbing
ideal, and by providing an example, showed that every 2-absorbing ideal is not necessarily a prime ideal.
Additionally, an example was presented illustrating that the zero ideal is not always 2-absorbing, although
it can be in chains. We also proved that the intersection of two prime ideals is a 2-absorbing ideal. The
number of minimal prime ideals over a 2-absorbing ideal was also examined, and it was concluded that
if I is not a prime ideal, then |[Min(I)| = 2. It was shown that every proper ideal I can be expressed as an
intersection of 2-absorbing ideals, including I. For future research, we want to study the topology resulting
from these ideals and obtain its properties.
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