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Abstract. In this paper, we introduce bipolar soft sets, defined over a complete atomic Boolean lattice
(E), and discuss some basic properties of bipolar soft sets (BSs) on E. We introduce bipolar soft rough
approximations (BSRA) based on a complete atomic Boolean lattice to generalize bipolar soft rough ap-
proximations. We study some of their properties and characterization of bipolar soft sets and support
them with illustrative examples. Finally, an application of a bipolar soft rough set on E in decision-making
problems is discussed.

1. Introduction

In our daily existence, we frequently encounter issues characterized by uncertain and imprecise data.
These issues are notably prevalent in numerous fields such as economics, engineering, environmental sci-
ences, and medical diagnosis, where traditional mathematical approaches often fail to capture the inherent
vagueness and granularity of real-world information.

Molodtsov [12] pioneered an innovative concept of soft sets as a flexible mathematical framework for
handling uncertainty without the limitations of parameterization required in fuzzy set theory. Since then,
soft set theory has attracted considerable attention and has been successfully applied in various disciplines,
including function smoothness, game theory, operations research, Riemann integration, Perron integration,
probability theory, and measurement theory [12, 13]. More recently, practical applications have expanded
significantly, particularly in decision-making problems, such as multi-person decision-making strategies
based on ranked soft sets [24].

Maji et al. [11] investigated decision-making problems using soft sets. Subsequently, Yang et al. [26]
combined interval-valued fuzzy sets with soft sets, introducing interval-valued fuzzy soft sets.

Rough set theory, originally proposed by Pawlak [21], was developed to address vagueness and infor-
mation granularity through lower and upper approximations. Rough sets have been widely applied in
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machine learning, pattern recognition, knowledge discovery, image processing, signal analysis, and deci-
sion analysis [22]. In recent years, rough-set-based models have shown remarkable effectiveness in medical
diagnosis and decision-making, including, for instance, heart failure diagnosis and COVID-19-related
medical data analysis [3, 4].

Feng et al. [5] introduced the notion of soft rough approximations and demonstrated their applicability
in multi-criteria group decision-making problems. Recently, improved soft rough approximation models
based on soft neighborhoods have been proposed to enhance the flexibility and descriptive power of
approximation operators [20].

The bipolar nature of information was incorporated into soft sets by Shabir and Naz [25], who defined
bipolar soft sets and studied their fundamental operations and applications in decision-making. Further
developments led to generalized bipolar-soft set frameworks and their associated topological structures,
particularly in decision-making contexts [17].

Several paradigms of rough sets have also been investigated via containment neighborhoods and ideal-
based approaches, providing alternative mechanisms for rough approximations [19]. In addition, metric-
based approaches to attribute reduction in rough set theory have been explored using soft metrics [16].
Some bipolar soft ideal rough set models have further been applied to real-life problems, including medical
decision-making scenarios [18].

To summarize the main differences between existing bipolar soft rough set models defined on classical
universes and the proposed lattice-based framework, a comparative analysis is presented in Table 1.

As illustrated in Table 1, classical bipolar soft rough set models can be regarded as particular cases

of the proposed approach when the underlying lattice reduces to a power set. This observation clearly
highlights the structural limitations of classical universe-based models and motivates the adoption of a
lattice-theoretic framework.
Motivation for lattice-based formulation. Given that many categories of information granules are naturally
governed by lattice ordering [23], there has been a renewed interest in lattice-theoretic approaches [1].
Lattice-based models provide enhanced structural generality and finer granularity compared to classical
universe-based frameworks.

In particular, complete atomic Boolean lattices offer a powerful algebraic structure in which elements can
be decomposed into atomic components, enabling more expressive approximation mechanisms. Jarvinen
demonstrated that rough approximation operators can be effectively modeled within such lattices. Building
upon this direction, H.I. Mustafa [14] introduced soft sets over complete atomic Boolean lattices and defined
corresponding soft rough approximations.

The main purpose of this paper is to introduce bipolar soft sets defined over a complete atomic Boolean
lattice. We investigate their fundamental properties and operations, including complement, extended and
restricted unions and intersections. Furthermore, we propose bipolar soft rough approximations on a
complete atomic Boolean lattice as a generalization of existing bipolar soft rough models and study their
properties. Finally, we present an application of the proposed framework to decision-making problems,
supported by illustrative examples.

2. Preliminaries

In this section, we recall the basic notions, notations, and results that will be used throughout the paper.
The preliminaries mainly concern soft sets defined on complete atomic Boolean lattices and bipolar soft
sets. Standard lattice-theoretic terminology and notation are assumed, as in [2, 6], and the presentation
follows [10, 14].

Throughout this paper, & = (E, <) denotes a complete atomic Boolean lattice with least and greatest
elements 0 and 1, respectively, and C denotes a nonempty set of parameters.

Definition 2.1. ([14]) Let ¢ € C be a nonempty set of parameters. A soft set over & with support ¢ is a

mapping
Y. : ¢ — E, where Y (g) represents the g-approximate element of .
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Table 1: Comparison between classical bipolar soft rough set models and the proposed lattice-based bipolar soft rough model

Aspect

Classical Bipolar Soft Rough Set
Models

Proposed Bipolar Soft Rough Model
on a Complete Atomic Boolean Lat-
tice

Underlying universe

A classical crisp universe U

A complete atomic Boolean lattice =

Mathematical frame-

work

Set-theoretic framework

Algebraic lattice-theoretic framework

Information granularity

Fixed and relatively coarse

Multi-level and finer granularity

Basis of rough approxi-
mation

Equivalence relations or binary rela-
tions

Lattice order and atomic decomposi-
tion

Representation of bipo-
larity

Positive and negative parameter sets
treated separately

Positive and negative information
embedded within lattice elements

Expressive power

Limited to binary membership repre-
sentation

Capable of representing hierarchical
and graded information

Structural flexibility Restricted by classical set structures | High flexibility due to lattice general-
ity
Algebraic properties Weak or implicit algebraic structure | Rich algebraic structure (complete-

ness, atomicity, Boolean operations)

Stability of approxima-
tions

Highly sensitive to the choice of rela-
tions

More stable due to lattice complete-
ness

Applicability

Mainly suitable for simple decision-
making problems

Applicable to complex uncertainty
modeling and multi-criteria decision
making

Theoretical generality

A particular case of the proposed
framework

A general framework encompassing
classical models

Main limitation

Inability to model hierarchical uncer-
tainty

Higher mathematical complexity
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Definition 2.2. ([14])Let ¢1,¢2 € Cand let Y, and Q., be two soft sets over E.

i. Y, is called a soft subset of Q.,, denoted by Y, € Q.,, if ¢1 € ¢, and Y(g) < Q(p) forall p € ¢;.
ii. Y, and Q., are said to be soft equal if Y, € Q., and Q., € Y,.

Definition 2.3. ([14])Let ¢ € C and Y. be a soft set over Z.

i. Y. is called the null soft set, denoted by O, if Y(0) = 0 for all p € c.
ii. Y is called the absolute soft set, denoted by 1., if Y(g) =1 forall p € c.

Definition 2.4. ([14])Let ¢ € C and Y be a soft set over E. The complement of Y. is defined by

Y.(0F = (Y(0)
Definition 2.5. ([14])Let ¢1,¢» € Cand let Y, and Q., be two soft sets over E.
i. The intersection of Y, and Q,, is the soft set Y, 1 Q., defined on ¢; N ¢, by

(Y Q)(o) =Y(0) A Qo)
ii. The union of Y, and Q., is the soft set Y, LI Q., defined on ¢; U ¢, by

\
7

Yoec.

Y(o), oeci\c,
(YuQ)o) =:0(0), o€ca\c,
Y(o) vV Q(), 0€ciNca.

Proposition 2.6. ([14]) Let ¢1,¢2,¢3 C Cwith soft sets Y,, Qc,, and R, over Z. Then the following properties hold:
LY, uY, =Y.

il. Yo UQ, =Q,UY,.

iii. (Yo, UQg,)UR, =Y, U(Qg, LURL,).

Definition 2.7. ([10])Let ¢ = {01, 02, .- ., 0} be a set of parameters. The NOT set of ¢ is defined as

=G ={=p1,702, ..., 70}

Definition 2.8. ([10])Let U be a universal set and ¢ C C. Let (Y, ¢) and (Q, —=¢) be two soft sets over U such
that

Y()NQ(-o) =0 Yoec.
Then the triple (Y, Q, ¢)y is called a bipolar soft set over U.

Proposition 2.9. ([14]) Let Y. be a soft set over a complete atomic Boolean lattice E. If Y induces a partition of E,
then

(EY,2) = @E",<).

Proposition 2.10. ([14]) Let Y be a soft set over a complete atomic Boolean lattice E. Then the following assertions
hold:
L If Y is full, then:
izV"<z<z\ forallzeE;
i 1V =1V =1.
IL. If Y. is supremum-preserving, then:
i. for every z € B, there exists g € ¢ such that V' = Y(o);
ii. for every z € E, there exists g € ¢ such that z" = Y(g).
ML If Y. is both full and supremum-preserving, then z\" = 1 for every z € & \ {0}.

For the convenience of the reader, Table 2 summarizes the main symbols and notations used throughout
the paper.
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Symbol | Description
E=(§,2) | Acomplete atomic Boolean lattice
C Universal set of parameters
G,G1,62,¢3 | Parameter subsets of C
(Y, Q). A bipolar soft set over E with parameter set ¢
Y(o) Positive approximation function of a bipolar soft set
Q(-p) Negative approximation function of a bipolar soft set
(Y, Q)¢ Complement of a bipolar soft set
vV, A Join and meet operations in the Boolean lattice &
Up Extended union of bipolar soft sets
Mg Extended intersection of bipolar soft sets
I_Ig‘ Restricted union of bipolar soft sets
I‘Ig‘ Restricted intersection of bipolar soft sets
(0,1), Null bipolar soft set over ¢
(1,0). Absolute bipolar soft set over ¢
H(p), K(—p) | Resulting positive and negative mappings after bipolar soft op-
erations

Table 2: List of symbols and notations used in the paper

3. Bipolar soft sets on a complete atomic Boolean lattice

In this section, we introduce the concept of a bipolar soft set over a complete atomic Boolean lattice (BSs)
and provide definitions of complement, extended and restricted unions and intersections, as well as some
fundamental properties.

Definition 3.1. Let & = (E, <) be a complete atomic Boolean lattice, and let ¢ = {1, 02, ..., i} be a set of
parameters. A triple (Y, Q, ¢), denoted by (Y, Q)., is called a bipolar soft set over E, where

Y:ic—E& Q:-¢c—E
are maps such that
Y(o) AQ(-p) =0, Vpec.

Remark 3.2. If & = P(U), then the above definition coincides with the classical bipolar soft set introduced
in [10].

Definition 3.3. Let (Y1, ()., and (Y3, ()., be two bipolar soft sets over Z. We say that (Y1, €1)., is a bipolar
soft subset of (Y,(),),, denoted by

(Yll Ql);l Ca (Y2r Q2)C2/
if:

1. c1Ccy
2. Y1(0) < Y2(p) and Qs (—g) < Q1(—p) for every g € ¢;.

Similarly, (Y1, 1), is a bipolar soft super-set of (Y2, )., if (Y2,)c, Sp (Y1, 1),
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Definition 3.4. Two bipolar soft sets (Y1,€21)., and (Y2, €),)., over E are said to be equal if
(Y1, 1), Sp (Y2,();, and (Y2, ), Sp (Y1, ()., -

Definition 3.5. Let (Y, Q). be a bipolar soft set over E.
i. (Y, Q). is called null, denoted by (0, 1), if

Y()=0 and Q(-p)=1, Voec.
ii. (Y, Q). is called absolute, denoted by (1, 0)., if
Y(0)=1 and Q(—-p)=0, Vopec.
Definition 3.6. The complement of a bipolar soft set (Y, (2). over E, denoted by (Y, Q)¢, is defined as
(1, Q) = (Y, X),,
where
(o) = Q(=0), Q(=0)"=Y(0), VYoec.

Definition 3.7. Let (Y1, Q). and (Y3, Q,)., be two bipolar soft sets over E. The bipolar soft set “and” operation
is denoted by

(Y1, Qh)e, A (Y2, (D),
and is defined as
(Y1, 1), A (Y2, ), = (ML, c1 X c2),
where, for all (01, 02) € ¢1 X 2,
M(or, 02) = Y1(01) A Y2(02),  L(=01,702) = Q1 (=01) V Qa(—02).

Definition 3.8. Let (Y,Q1),, and (Y3, ()., be two bipolar soft sets over E. The bipolar soft set “or” operation
is denoted by

(Y1, ), V (Yo, (),
and is defined as

(Y1, Q)e, V (Y2, )., = (M,L,c1 X G),
where, for all (01, 02) € ¢1 X ¢,

M(o1, 02) = Y1(01) V Y2(02), L(=01,702) = Q1(=01) A Qa(=02).

Proposition 3.9. Let (Y1,Q1), and (Y2,(y)., be two bipolar soft sets over E. Then the following properties hold:

[0, Q1) v (12, o), | = (01, Q0% A (X2, 00)

c .
(14

[(TLQl)q A (Y, QZ)Cz]C = (Y1, ), vV (Y2, ),

Proof. Straightforward. [
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Definition 3.10. Let ¢1, ¢, € Cand let (Y1,€),, and (Y3, ()., be two bipolar soft sets over E. The extended
union of (Y1,€1), and (Y3, ();),,, denoted by

(Y1, Q1) Up(Y2, Do)y,

is defined as (H, K)., where ¢ = ¢y Ucy and forall p € ¢,

Y1(0), o€ci\cy,
H(p) = {Y2(0), o€ \c1,
Yi(o) VY2(0), 0€ciNcy,
and
Q1(-p), -0 € =¢1 \ TGy,
K(=0) = {Qs(—0), -0 € =¢p \ —¢y,

Q1(=0) A Qr(—p), -0 € ¢t NG

Definition 3.11. Let ¢1, ¢, € Cand let (Y1,€),, and (Y3, ()., be two bipolar soft sets over E. The extended
intersection of (Y1,€Q1)., and (Y2, £),).,, denoted by

(Y1, 1), M52, o).,

is defined as (H, K)., where ¢ = ¢; U¢y and forall p € ¢,

Y1(0), ifop€eci\c
H(p) = < Y2(0), ifpecy\cy,
Yi(0) A Y2(0), ifo€cinNg,
and
Q1(—0), if 7p € ~¢1 \ ¢,
K(=p) = {Qa(—0), if ~p € =co \ ~¢y,

Q1(=0) V Qa(=p), if =g € =1 N =co.

Definition 3.12. Let ¢1, ¢, € Cand let (Y1, Q1),, and (Y3, ()., be two bipolar soft sets over E.The restricted
union of (Y1,€),, and (Y3, ();).,, denoted by

(Y1, i), Uy (Y2, D),
is defined as (H,K)., where ¢ = ¢c; N ¢y and for all p € ¢,
H(o) =Y1(0) vV Y2(0), K(=0) = Qi (=0) A Qa(=0).

Definition 3.13. Let ¢y, ¢y € Cand let (Y1, 1), and (Y5, (),, be two bipolar soft sets over E. The restricted
intersection of (Y1,(1), and (Y, )).,, denoted by

(Y1, Q) My (Y2, Q)
is defined as (H, K)., where ¢ = ¢1 N¢y and forall p € ¢,

H(g) = Y1(0) A Y2(0), K(=0) = Qi1(=0) V Q2(=-0).

Remark 3.14. [Extended vs. Restricted Operations] We clarify the difference between the extended and
restricted operations: extended operations include all parameters from both bipolar soft sets, preserving all
available information, while restricted operations consider only common parameters, focusing on shared
characteristics. Semantically, extended operations retain all contributions, whereas restricted operations
emphasize agreement or conflict on shared parameters.
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Proposition 3.15. Lef ¢1,¢2,¢3 € Cand (Y1, 1), (Y2, Qo)e,, (Y3,CQ3)., be three bipolar soft sets over E. Then:

i (er Ql)ﬁ UB(Yl/ Ql)m (er Ql)m -
ii. (Y1,Q1)¢, '—'B(Yz/ Do), = (Y2, D)o, Up(Y1, )ey- .
iii. [(Tl,Ql)ggB(Yz, D)o, 105(Y3, Q3)e, = (Y1, Q1)e, Up[(Y2, Qo)e, Up(Y3, Q3), ]
iv. (Y1, Q1) Up(Y2, Do), = (Y1, Qi) L (Y2, Qo)
(er Ql)g %(Or 1)51 = (Tll Ql)cr
vi. (er Ql)gll—'B(er)Cl = (]-/ O)Cl'

<

Proof. Parts (i), (ii), (v), and (vi) follow directly from the definition of the extended union. We prove (iii).
Let [(Y1, 1), Up(Y2, Q)c, 1Up(Y3, Qs), = (S, Do, (Y1,{1), Up[(Y2, Q)c,Up(Y3,Q3),] = (L, Z)..

(Y1, D1)e, Us(Y2, D), = (I, O)cyueys (Y2, Qz)cZUB(Y& Q3)e; = (O, Neyucs

For any g € ¢ where ¢ = ¢; U ¢ U ¢3 it follows that p € ¢1, or p € ¢, or p € cs.

Case(1) (¢ € c3)

(a) If % € ¢ and 4 €co then (Sr T)C = (Y3/ Q3)C3 = (O/ IlggU53 = (L/ Z)C

(b) If 0 ¢ c1 and ¢ € ¢ then (5,T). = (Y2, ), Us(Y3,(3);, = (L, Z);, where S(0) = Y2(0) V Y3(0) ,
T(=0) = Qa(=0) A Q3(—0).

(c)If p € ¢1 and p ¢ ¢y then (5, T). = (Y1,Q1), Up(Y3, Q3)e, = (Y1,Q1), Up(O, Neue, = (L, Z)., where
5(0) = T1(0) vV Y3(9) , T(=0) = (=) A Q3(-0), and (Y2, D), Up(Y3,Qs), = (Y3,Q3), = (O, eyue,, then
(L, 2) = (Y1, 1), Up(Y3, ), = (S, T).. ~

(d) If 0 EC1 and 0EC then (S T)C = (I, C)g1Ug2|—]B(Y3/ Q3)g3 = (L,Z)g, where S(Q) = I(QL\// Y3=Y1VYVTYs;
T(=0) = C(=0) A Q3(=0) = Q1 (=0) A Qa(=0) A Q3(=0), 0 € c1 N ca N ez, and (Y1, O1)c, UB(O, J),ue, = (L, Z)c
Where L(g) = Y1(0) V O(0) = Y1(0) V Y2(0) V Y3(0), Z(=0) = Q1(=0) A J(=0) = Q1(~0) A Qa(-0) A Qs(=0)
Case(2) (0 ¢ ¢3)

(a) IfQ ¢ c1 and PEC then (S, T)g = (Yl,Ql)g1UB(Y2, Qz);z = (TQ, QQ)gz,and (L, Z)g = (YZ, QQ)QZLIB(’Y\B,, Q3)€3 =
(Y2,Q),, then (5, 7). = (L, Z).. . .

(b)If o € ¢y and g & ¢ then (S, T)c = (Y1, 1), Up(Y2, o), = (Y1, 1)y, and (L, Z)c = (Y1, 1), Up(0, Deyue, =
(Yl,Ql)Cl. Where ¢ ¢ ¢, U cs, then (Yo, Qz)CZUBQ?,,Qg)Cs =(0, 1)‘;2U,;3, (S, T),; = (L, Z)C'

() Ifp€ciand g € ¢y, then (S5, T). = (Y1,Q1),Up(Y2,()c, = (I, C)QU;;; _

1(0) = Y1(0) V Ya(0) and C(=0) = Qu(~0) A Q(~0), (L, 2). = (Y1, 1), U5(O, Neses = (T1, Q) T5(Y2, Qo).
Then L(g) = Y1(9) V Y2(9) , Z(=0) = Qi(=0) A Qu(=0), (S, T). = (L, Z)...

Thus [(Y1, Q1) Us(Y2, Q) 1Up(Y3, Q3)e, = (Y1, Q1)e, Up[(Y2, Q2)c,Up(Y3, Q3)c,]

4 Ifpeciand o € Co.

LHS = (Tll Ql)gluB(YZI QQ)Cz = (S, T)ClUCZ’ where S(Q) =T (Q) N YZ(Q) ’ T(_'@) = Ql(_'Q) A QZ(_'Q)'

RH.S = (Y1, ), UF (Y2, D)., = (L, Z)c,ne,, where L(0) = Y1(0) V Y2(0), Z(=0) = Qi(=0) A Qa(—) for all
0 € ¢1 N ca. Then (Y1, Q1) Up(Y2, Do), = (Y1, Q)e, LR (Yo, D)o, O

Proposition 3.16. Let ¢1,¢2,¢3 € Cand (Y1, 1), (Y2, Qo)e,, (Y3, Q3),, be three bipolar soft sets over B. Then the
following properties hold:

1. (Tlrgl)gll_lB(ergl) (erQl)cl;v
ii. (er Ql)gl I—IB(YZr Q2)cz (Y2r QZ)cz HB(Yll Q1)€1 .
i, [(01, Qe MR (Y2, Q2)e, ] Ty (Y3, Qa)ey = (Y1, i)y MR [(Y2, Qa)e, TR (Y3, Q3)c, .
iv. orl,Ql)gﬁé(Yz, D)e, = (Y1, Q)e; M (Y2, )
V. (Y1/Q1)€1@(01 1)51 = (Or 1)@1 .
vi. (Y1, Q1),MB(1,0);, = (Y1,Q1)c,-

Proof. Parts (i), (ii), (v), and (vi) follow directly from the definition of the extended intersection. We prove
(ifi). Let [(Y1, ), M3 (Y2, Q)] M3 (Y3, D), = (5, T)e, (Y1, Qu)e, My [(Y2, Do), T (Y3, ), ] = (L, D).
(ergl)gl ﬂ? (YZI QZ)CZ = (II C)glﬂgzr (YZI QQ)CZ ﬂ? (TC’)/ Q3)Q3 = (OI ])Czﬂgg-
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For any g € ¢, where ¢ = ¢1 N ¢a N¢3, it follows that p € ¢1, p € ¢, 0 € ¢3.

Then I(g) = Y1 A Yy, C(=p) = Qi1(—0) V Q(—g) and (I,C)cne, I‘I? (Y3,Q3),, = (5, T)., where S(o) =
Y1(0) A Y2(0) AY3(0), T(=0) = Qu(=0) V a(=0) V Q3(=0), and O(g) = Y2(0) AY3(0), J(=0) = a(=0) V Qs(—0),
where (Y1, Q1);, M3 (O, Neynes = (L, Z)e, L(0) = Y1(0) A Y2(0) A Y3(0), Z(=0) = Qu(=0) V Qa(=0) V Q3(=0).
Then (S, T). = (L, Z)..

(4) Let (Y1, Q1)e,M3(Y2, D), = (5, T)e,ue,, where S(0) = Y1(0) A Ya(9), T(=c) = Qi(=0) V Qy(-p), and put
(TlrQl)Q ﬂ? (Tz, Qz)cz = (O/ ])Clﬂczf where O(Q) =T (0) A Y~2(Q)/ ](_'Q) = Ql(_'g) N Q2(_'Q)

Then (S, T)§1U§2 =(0, ])Qlﬁcz' u

Proposition 3.17. Let ¢1,¢2,¢3 € Cand (Y1, 1), (Y2, Qo)e,, (Y3, Q3)., be three bipolar soft sets over E. Then the
following properties hold:
i [(Y1, Q1) Up(Y2, Do), 1 M2 (Y3, Q3)e, = [(Y1, Q1) MR (Y3, Q3), 1Up[(Y2, Qo)e, M (Y3, Q)1
ii. [(Y1, Q1)e, M (Y2, Qo)e, 1Up(Y3, Q3)e, = [(Y1, Q)e, Up(Y3, Q3)c, ] M2 [(Y2, Qo) Up(Y3, Q3)c, 1.
iii. [(Y1, Q1)e, M2 (Y2, Q2)e, 1 MR (Y3, Q3)c, = [(Y1, Q)e, M3 (Y3, Q3)e, 1 1R [(V2, Q2)e, M3 (Y3, Q). 1.
iv. [(Y1, Q)¢ UX (Y2, ), 1 MR (Y3, Q3), = [(Y1, Q1)e, MF (Y3, Q3)e, 1 U [(Y2, Q2)e, ME (Y3, Qs),, 1
v [(Y1, )¢, Up(Y2, ), 1 LR (Y3, Qa)e, = [(Y1, Q1) LR (Y3, Q3)c, IUB[(Y2, Q2)e, LF (Y3, Q5), 1
Vi [(Y1, Q1)e, M2 (Y2, Q)e, 1UR (Y3, Q3)c, = [(Y1, ), LR (3, Q3)c, ] MR [(Y2, Do), LR (Y3, Q)1
vl [(Y1, Q1) M5(Y2, Q2)e, U (Y3, Q3)c, = [(Y1, Q1) U (Y3, Q3), IM6[(Y2, Q2)c, LR (Y3, Q3)c, 1.
viti. [(Y1, Q1)e, UF (Y2, Q2)o, IA6(Y3, Qa)e, = [(Y1, Q1)e, A5(Y3, Q3)e, ] LE [(Y2, Q2),M5(Y5, Qs)c, ]

PTOOf. (1) Let [(Ylf Ql)q DVE(‘YL QZ)QZ] H? (Y3/ Q3)€3 = (O/ ])(ClUCz)ﬂCy
[(Y1, Q1)e, M (Y3, Q3), 1UE[(Y2, D), MR (Y3, Q)] = (L, Z)cyney)uicancs)

Obviously, (¢1 U ¢2) N ¢z = (c1N ¢3) U (ca N ¢3) for every o € (c1 U c2) N .
We have the following three disjoint cases:

(a) If 0 igl N ¢z and Q€ N3, then 0¢c1, QECQ,EH’ld 0 € C3.

So ((Y1UpY2) My Y3)(0) = Ya2(0) A Y3(0), (Q1UpQ) M3 Q3)(=0) = Qa(—p) V Q3(—0).

(Y1 M2 Y3)(0)Up(Y2 M3 Y3)(0) = 0V (Y2 11X Y3)(0) = Y2(0) A Y3(0).

(1 M2 Q3)(=0)Up(Q2 ME Q3)(=0) = 1 A (Qa(=0) V Q3(=0)) = Qa(=0) V Qs(—0).

(b)If o€ ciNcsand p ¢ coNcs, then p € c1,0 ¢ co,and g € c3.

So ((Y1UpY2) ¥ Y3)(0) = Y1(0) A Y3(0).

(Q1UpD) M2 Q3)(=0) = Qu(=0) V Q3(—0),

("1 ﬂ? Y3)(0)Up(Y2 l_l?; Y3)(0) = (Y1(0) A Y3(0)) V 0 =Y1(0) A Y3(0).

(1 M2 Q3)(=0)Up(Q ME Q3)(=0) = (Qu(=0) V Q3(=0) A 1 = Qi(=0) V Qs(—0).

(olfp €ciNcs and p € coN¢y, thenpe ¢y, 0€ gz,andﬁe c3-

So (Y1LpY2) MX Y3)(0) = Yi(o) V Y2(0) A Y3(0), (ulUp) ME Qs)(—0) = Qi(=0) A Qa(=0) V Q3(—0), and
(1 M3 Ya)(@)Up(X2 M3 Y3)(0) = (Y1(0) A Y3(0) V (Y2(0) A Y3(0)) = (Y1(0) V Y2(0)) A Y3(0).

(h I'l?; Q3)(~0)Up(Q, ﬂ? 3)(=0) = (Q1(=0) V Q23(=0)) A (2(=0) V Q3(=0)) = Q1(=0) A Q2(=0) V Q1(—0).
Thus [(Y1, Q1)e, Up(Y2, Qo)1 M2 (Y3, Qa)e, = [(Y1, Q1)e, MR (Y3, Q3), 1UE[(Y2, Qo)e, ME (Y3, Q)]
Similarly, we can check for the remaining parts. O

Proposition 3.18. Let ¢1,¢p € C. Let (Y1,Q1), and (Yo, ()., be two bipolar soft sets over E. Then the following
properties hold:
i [(Y1, )g, I¢ = (Y1, n)
ii. (Y1, Q1)e, Up(Y1, 1), = (1,0),
iii. (Y1, i), M3 (Y1, Q) = (0, 1),
iv. [(Y1, Q1)e,Us(Y2, Q)o, I = (Y1, Q)¢ (Y2, Qo)
v. [(Y1, Q1)e, (Y2, Q)16 = (Y1, Q1) Up(Y2, Do),
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vi. [(Y1, Q) '—'? (Y2,), ] = (Y1, Q1) ﬂ? (Y2, (n)E,

viil. [(Y, Qi)e, Mp (Y2, D), 1° = (Y1, Q)2 UF (Y2, o),

Proof. We prove properties (i), (ii), (iii), and (iv) as follows.

(i) Let (ergl)glc = (h, k)., (h, k)qc = (m,n),.

Since (Y1, 1), = (V15,1 = (h,k).,, for any ¢ € ¢1. Then h(g) = Y1°(0) = Q1(=0), k(=g) = Q1(=p)°
Y1(0). From (b, k)., = (m,n).,, then h(g) = Y1(0), k(-0)" = Q1(~0) and (h(0)", k(=0) ), = (Y1, Q1)
Thus [(erQl)él ]C = (Yll Ql)cl'

(ii) Put (Y1, Q1) Up(Y1, 1), = (1K), for any ¢ € c1. Then h(g) = Yi(0) V Y1(0)° = Y1(0) V Qu(-0)
1, k(ﬂ@) = Ql(—lg) A Ql(—!Q)C = Ql(—lp) A Tl(Q) = 0. Hence (Tl,Ql)g] Up(Y1, Ql)gl = (l,O)g].

(iii) (Y1, Q1)e, My (Y1, Q0)¢, = (b, k)., forany ¢ € ¢1. Then h(g) = Y1(0) AY1(0)° = Y1(0) AQ1(=0) = 0, k(=p) =
Q1(=0) V Q1(=0)° = Q(=0) V Y1(0) = 1. Hence (Y1, 1), M3 (Y1, Q1) = (0, 1),

(iv) Let p € ¢1 U ¢ are three cases :

(@) If p € ¢c1 — ¢2, then

(Y105Y2) (0) = Y1(0)° = Qui(=p) and (V1Y) (0) = (upY2)(=0) = Qu(=0) , (D) (—g) = Di(=p)° =
Y1(p) and (1 “MpCL°)(=0) = (Y1MpY2)(0) = Yi(p)-

(b) Ifge Cr» —G1, then .
(N105Y2) (0) = Y2(0)° = Qa(=0) = (V1T Y2)(0) , (QiUp) (—0) = Qa(=0)° = Ya(0) = (Q°TIpQ°)(—0).
(c) If p € c1 N ¢y, then

(Tl%Yz)CC(Q) = (Y1(0) V Y2(0))" = Y1(0)° A Y2(0)* and (chﬁETzc)(Q)j Y1(0)° A Y2(0),

(Q1Up) (=0) = (Q1(=0) A Qa(=9))* = Qi(=9)" V (=0) and (1 TIpQ2°)(=0) = Q1(=0)° V Qo (=0)".
Then from (a), (b), (c), we obtain [(Y1, Q1) Us(Yz, Q). I = (Y1, Q)¢ Mg (Y2, Q)5

Conditions (v), (vi), and (vii) can be proved similarly. [

Definition 3.19. Let & = (&, <) be a complete atomic Boolean lattice, and let (Y, Q). be a bipolar soft set
over 2.

i (Y, Q) iscalled full if \,e. Y(0) =1 and V_ . Q(=p) =1
ii (Y,Q). is infimum-preserving if for any 1,0, € ¢, there exists g3 € ¢ such that Y(o1) A Y(02) =
Y(03), Q(=01) V Q(=02) = Q(=03).
iii (Y, Q). is supremum-preserving if for any g1, 0> € ¢, there exists g3 € ¢ such thatY(g1) vV Y(g) =
Y(03), Q(=01) A Q(=02) = Q(=03).
iv (Y, Q). is called a partition of & if:
(@) \/Y(Q) =1and \/ Q(-p) =1.

0€c —0€c

(b) For every g € ¢, Y(0) # 0 and Q(—p) # 0.

(C) For every 01,02 € ¢, either Y(Ql) = Y(QZ) or T(Ql) A Y(QZ) = 0, and either Q("Ql) = Q(_‘Q2) or
Q(=01) A Q(=g2) = 0.

Now, we give the following example of the resulting bipolar soft sets obtained by applying the operations
mentioned above on (Y1, 1), and (Y2, Qp).,.

Example 3.20. Let Z = {0,a,b,c,d, ¢, f, 1} and let the order < be defined as in Figure(1). The set of atoms of a
complete atomic Boolean lattice & = (5, <) is {a, b, c}. Let ¢1,c2 € C, where C = {01, 02, 03, 04, 05, 06} be a set of
parameters, =C = {=01, 202, 03, =04, 05, 706} Suppose that ¢c1 = {01, 02, 03, 06} and ¢z = {02, 03, 04, 05} Let
(Y1,€Q1),, and (Y2, €),)., be two bipolar soft sets over E defined as follows:

Yi(o1) =e, Yi(02) = b, Y1(03) =¢, Y1(06) =0.

Q1(—01) = b, Q1(—02) = ¢, Q(=g3) =0, Q1(—ge) = C .

and

Yo(02) =d, Yo(o3) = f, Ya(os) =a, Yo(os) =c.
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1
d ‘ f
| / |
Figure 1:

D (-02) = f, Qa(—e3) =a, Q(—04) = ¢, Qo(—ps) =d .

Let (Yll Ql/ gl)r—l\;(’Y‘Z/ QZ/ gZ) = (H], Kl/ 01 ) 02)
Then Hi(01) =e Hi(2) =bVvd=d Hi(es)=cV f=f Hi(as)=a Hi(es) =c Hi(o) =0,
and Ki(—01) =b Ki(-mm)=eAf=c Ki(mp3)=0Aa=0 Ki(-@)=c Ki(-gs)=d Ki(-g)=c.

Let (Y1, Q1,¢1)Mp(Ya2, D2, 2) = (Ha, K, 01 U 02).
Then Hy(01) =e Ha(02) =bAd=b Hy(e)=cAf=c Hy(os)=a H(gs)=c H(g)=0,
and KZ(_'Ql) =b Kz(—!QQ) =e Vf =1 Kz(‘!@g) =0Va=a Kz(‘!Q4) =C Kz(‘!@5) =d Kz(‘!é)é) =C.

Let (Y1,Q1, c1)M R (Y2, Qa, 62) = (H3, K3, 01 N @2).
Then H3(g2) =bAd Hi(es)=cAf=c¢
and Kz(—g) =eV f =1 Ki(-g3)=0VvVa=a.

Let (Y1,Q1, c1)Up R (Y2, Qa, 62) = (Ha, Ka, 01 N @2).
Then Hy(oo) =bVd=d Hy(o)=cVf=Ff,
and Ky(—g2) =eA f=c Ky(-g3) =0Aa=0.

Obviously, (Y1,Q1)., and (Y3, ()., are full since \/Qeg1 Yi(p) =evbvc=1, \/ﬁgeﬁgl Qi(-p)=bvevc=1
and \/geg2 Yo(o) =dVfvave=1, \/ﬁgeﬁg2 Oy(—p) = fvavevd = 1. Also (Y1, 1), is infimum-preserving
but (Y5, (), is not infimum-preserving.

Now, we introduce the lattice structure of bipolar soft sets over a complete atomic Boolean lattice Z. We
denote:
(S Tz =Y, Q) | (Y,Q)c is a bipolar soft set over Z},
(51, T) o ={(Y, Q). | ¢ € Cand (Y, Q). is a bipolar soft set over E}.

Theorem 3.21. For any (Yl, Ql)gu (Yz, QZ)gz S (S, T)(E,C)/ deﬁne

(Tlrgl)gl S (YZI QZ)QZ — (ergl)gl g (YZI QZ)QZI

and (Tll Q1)61 \ (TZ/ QZ)cz = (Tlr Ql);1 U (Tz, Q2)€2/ (Tlr Ql)C1 A (Tz, QZ)CZ = (Tl/Ql)Cl N (Yz, QZ)CZ'
Then (S, T),¢) forms a distributive lattice with the smallest element (0, 1). and the greatest element (1,0)..

Proof. Obvious. [

Theorem 3.22. For any (Y1,(1),, (Y2, Do), € (51, Th)z,), define

(er Ql)gl < (YZI QZ)CZ = (er Ql)gl c (TZ/ QZ)CZ/

(Y11Q1)<;1 N (Yz, Q2)<;2 = (Yll Ql)§1 U (Yz, QZ)CZ’ (T1, Ql)gl A (Tz, Q2)§2 = (Ylf Ql)q N (YZ/ QZ)CZ'
Then (51, T1)(z,c) forms a Boolean lattice.

Proof. Denote (W, Z) = (51, T1)(,), it easily proved that (S1, T1)(z,) is a distributive lattice with least element
(0, 1)(w,z) and greatest element (1,0)z). Let (Y1,Q1), € (W, Z), put (H,K);, = (Y1, 1), V (Y1, Q)¢
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Since (H,K)., = (Y1,Q1),, U (Y1,Q1)S,. Then for any ¢ € ¢1,¢c1 € C, H(o) = Yi(o) V (Y1(0)° = Y1(0) V
Ql(_'Q) =1, K(_'Q) = Ql(_'g) A (Ql(_'é)))c = Ql(_'g) A Tl(@) = 0. 5o (HrK)Cl = (1r0)C1 = (1/ 0)(W,Z)' Then
(TlrQl)C \Y (T],Ql)g = (1, 0)(W,Z)' We prove that (legl)gl A (Yl’Ql)f;l = (0, 1)(W,Z)

Let (H,K);, = (Y1,Q1), A (Y1,Q0)¢,, since (H,K),, = (Y1,{1), N (Y1,01), . Then for any o € ¢1, H(o) =
Y1(0) A (11(9))° = Y1(0) A Q1(=9) = 0, K(=0) = Q1(=0) V (Qu(~0)) = 1.

So (H,K),, = (0,1),, = (0,1)wz. Hence (Y1,Q1)c A (Y1,)" = (0,1)wz). Then (S1,T1)E,o) is a Boolean
lattice. O

4. Bipolar soft rough approximation operators on a complete atomic Boolean lattice

In this section, we introduce the concept of bipolar soft rough approximations within a complete atomic
Boolean lattice (BSRA) and study their fundamental properties.

Definition 4.1. Let & = (E, <) be a complete atomic Boolean lattice, and let (Y, Q). be a bipolar soft set over
E. For any z € E, we define the following approximation operators:

+ - + - .= —
zV', zV, zV, zV B — E as follows:

{A eAE):doecst. A <Y(p) < Z},

{1 eA@):Tpecst A1 <Q(=p), Q=g) Az %0},

{leA@) :Foecst A <Y(), (o) Az #0),

{AeAE®) :Fpe-cst A <Q(-g) <2,

where z* denotes the complement of z in =.

The elements z¥",z", z"", and z"*~ are called, respectively, the soft lower positive, soft lower negative, soft upper
positive, and soft upper negative approximations of z over Z.

Two elements z1,z, € E are said to be bipolar soft equivalent if

AV AT AT AT — LA
Z] =Zy, Z; =Zy, Z] =Zy .

V' =V
zV =V
N =V
N =V

vt _ vt
21 T4y

Definition 4.2. Let E = (5, <) be a complete atomic Boolean lattice and (Y, (). be a bipolar soft set over E.
For any z € E. Then

zy = (zV",z"") and zp = ("', z")

are called bipolar soft rough approximations of z .

Definition 4.3. Let (Y, Q). be a bipolar soft set over E. For any w,z € E.

. + + - -
i zg¥ <p wpY = z¥ <wY andw’ <z¥;
.. + + - -

ii. zg" <p wp" & z" <w" andw" <z .

Proposition 4.4. Let (Y, Q). be a bipolar soft set over E. For any z € E. Then

A

v
4 SZB

B
Proof. The first part z¥" < z*" was proved in [14]. We prove the other part z~ <zV . Let A € A(E), A <z
from Definition 4.1, then A < Q(—p) < z' for some —p € —¢. Thus, it follows that Q(-p) A z* # 0, and
A < Q(—0). Therefore, we get A <zV thenz" <z'. O

Definition 4.5. Let (Y, ). be a bipolar soft set over E. For any w, z € E. The union of bipolar soft B—lower
approximations and bipolar soft B—upper approximations of w, z over E are defined respectively as,
zg¥ Vpwg’ = (V" v,z AwY)
zg" Vpwg” = (2" VvV w’
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Definition 4.6. Let (Y, Q). be a bipolar soft set over E. For any w,z € E. The intersection of bipolar soft
B—lower approximations and bipolar soft B— upper approximations of w, z over E are defined respectively
as,

v+

\2 \Vi wV_)

v wh')

.

AW,z
/\+

AWM,z

ZBV AB ZUBV = (Z

.
zg" Ap wp” = (2"

A-

Lemma 4.7. Let (Y, Q). be a bipolar soft set over E. Then YA € A(E),z€ E.

i. A<zV" e FpecstA<Y(o)and Y(o) <z

il. <2V & 3 —pe-¢cstA<Q(~g) and Q(=g) Az #0;
ili. 1<z e A pecstA<Y(o)and Y(o) Az #0;
ivv. A<z & I —pe-cgcstA<Q(~p) and Q(—p) <z

Proof. Parts (i) and (iii) were proved in [14], we prove (ii).

(=)Let A<z¥ =V{beAE):d —pe ~¢csth<Q(—p), Q—p) Az' # 0}]. Assume that Y-p € —¢
either A £ Q(—p) or Q(-p) Az = 0. If V=g € =¢, Q(=p) Az = 0 Then A £ z¥, a contradiction. If
V-p€-¢,A<£Q(p),then AAzY =AAV{be AE): T —pe -¢csth=< Q(—p) and Q(—g) A 2* # 0}
=V{AAb:be AE): T —pe ~¢csth<Q(—p)and Q(—g) Az # 0.

Since A £ Q(—p) then A # b. So A Ab = 0because A,b € A(E). Hence A AzY = 0. This implies that A < (z¥ )",
which is a contradiction.

(&)Letd —pe-¢stA<Q(—p)and Q(—g) Az' #0. Then A < V{be AE): I —pe ¢cstb < Q(—p) and
Qe Az #£0} =2V =A<V .

(iv) This can be demonstrated similarly. [

Proposition 4.8. Let (Y, Q). be a bipolar soft set over E. Then for all z € E.

iz =V{Y(o):0€cand Y(o) <z} < z;

ii. z¥° = V{Q(=p) : mp € =¢ and Q(-p) Az # 0};
iii. 2" = V{Y(0) : 0 € c and Y(p) Az # 0};
iv. 2% =V{Q(g): ~o € —¢and Q(-p) <z} <z

Proof. Parts (i) and (iii) were proved in [14], we prove (ii).

Let A € AE)stA <z¥,q —pe-¢cstA < Q) and Q(=p) Az' #0. SoA < V{Q(-p): T —p €
=¢ and Q(-p) A z' # 0} = z¥ . Conversely, let A € A(E) st A < V{Q(—p) : I —p € =¢ and Q(-g) A 2" # 0}.
Hence 4 —p € ~¢ s.t A < Q(—p) and Q(—p) A z* # 0. In fact, if 7p € ~¢ and Q(—g) Az' #0 = A £ Q(—p) and
A A (Q(-p) # 0, therefore A < (Q(—p))' s.t A € A(E). Thus A < V{(Q(—p))' : =g € =¢ and Q(—p) A z* # 0}
where (Q(-0)) = (Q(-9))f" = Y(0). So 1 < V(Q(=0) A (A=) : =0 € ~c and Q(~0) A2 # 0} = 0, a
contradiction. So 3 —p € ¢ s.t A < Q(—p) and Q(—p) A z' # 0 and consequently A <z¥

(iv) This can be demonstrated similarly. [

Proposition 4.9. Let (Y, Q). be a bipolar soft set over E. Then ¥ w, z € B, the following holds:

i. 08" =08" = (0, V_peee Q(-0));
ii. 15V =15" = (\/06' Y(o), 0);

ili. zp Swp = zj < wy and zy < wy.

Proof. (i) The first part 0" = 0"" = 0 was proved in [14]. The other part 0V = 0" = V gemc Q(—0) is
obvious.

(i) The first part 1V = 1" = \/ sec Y(0) was proved in [14]. The other part 1Y =1" =0 is obvious.

(iii) The first part z < w = z"" < w"" and z"" < w"" was proved in [14]. The other partz < w = w"" <z"
and w" <z" canbe demonstrated similarly. [J

Definition 4.10. Let (Y, Q). be a bipolar soft set over Z and z € Z. The complement of zg" and zg" are
defined
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Y = (2", 2");
2N = (", 2V).
Proposition 4.11. Let (Y, Q). be a bipolar soft set over E.Then Yw, z € E, the following holds:
i. (ZBVC)C = ZBV,'
i (25")" = zp";
iii. (z5" Vwp") =z" Awp"’;
iv. (25" \V wp")" = zp" \wp";
v. (zg¥ Nws") = 2" V wp";
Vi (zp" Nwp") = 2" V wp";
vii. zg¥ <wp¥ = ZUBV{ < ZBVC,'
viii. zg" < wp" = ZUBAC < ZB/\(.
Proof. These conditions can be proved by definitions of union, intersection, and complement of bipolar soft
rough approximations over E. [

Definition 4.12. Let (Y, Q). be a bipolar soft set over E. Let p = (A(E), (Y, Q).) be a bipolar soft approxi-
mation space (BSA — space). If Y;, 0j € ¢, Y(0;) A Q(=g)) = 0, then (Y, Q). is called semi-intersection bipolar
soft set, denoted by (Y, Q),.

Proposition 4.13. Let (Y, Q), be a semi-intersection bipolar soft set over B, z € E, and let zg" and zg" be bipolar
soft rough approximations of z. Then

. + -
i zV" AZY =0;
ii. 22" AZN =0.

Proof. Obvious. [

Proposition 4.14. Let (Y, Q). be a bipolar soft set over E. Let p = (A(E), (Y, Q).) be a (BSA — space) , z € E if

2 S AE)\ (Ve Y(0) V Vopenc Q(-0))-
Then z is a bipolar soft p- definable set, where zg" = zg"

Proof. We know that z¥" < z"" from [14], and z" < z¥ from Proposition 4.4. Then we prove that z"" <
2" and 2V <2V Letz < A@)\ (Ve Y(0) V Vopere Q(=0)). Then z¥" =0, and so 2" < z"'. Letb <z",
where 3 b € A(E). Then b < Q(—p) and Q(-p) A z* # 0. From hypothesis Q2(-g) Az = 0 for all-p € =¢ and
sob<Q(—p) <z. Thenz" <z. O

Lemma 4.15. Let E = (E, <) be a complete atomic Boolean lattice. Then forall {z; :i € I} C &
Vi{in{zi:iell} < AViziziell

Proof. Yiel, N{zij:iel} <z. SoVinz :iel} <Vz Viel This \/{nz; : i € I} is lower bound of
{Vzi:iell. Hence \/{Nz;:iel} < AVizi:iell. O

ForallM C B, wedenote MV ={zV" :ze€ M}and M" ={z" :z€ M)}
Definition 4.16. Let (Y, Q). be a bipolar soft set over =. For all M C E.
VeMh = (VMY , AMN) , AgMY =(AMY", VM)
(VM) = (VM , (VM) , (AsM)Y = (AM), (AM)Y)
Proposition 4.17. Let (Y, Q). be a bipolar soft set over E. For all M C E. The following properties hold.

L (VM) = VM,
ii. (ApM)” = Ap M.
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Proof. (i) The first part (\/ M)"" = \/ M"" was proved in [14]. We prove the other part (\/ M)"" = A M"".
(=) We prove that (V M) < AM". Let A € A(E) st A < (VM)" thend —p € —¢ s.t A < Q(—p)
and Q(-p) < (VM)' = AM' = Alz' : z e M}. SoVz e M, Q(-p) < z', hence {A € AE) : I ¢ €
=¢, A < Q(=p) and Q(—p) < (VM)'} < NuemfAr € AE) : A —p € ¢, A < Q(—p) and Q(—p) < z'}. Therefore
(VMM = Vil € AE) : 3 ~g € —c st A < Q(=p) and Q(=0) < (V M)} < Vinwemld € AE) : 3 —p €
=g st A < Q(=p) and Q(—p) <2} < N,emr VIA € AE) : A —p € =g 5.t A < Q(—p) and Q(-p) <z} = AMN .
(&) Let M C E, the map A~ : E — E is order preserving. which implies that A M" < (\/ M)" .

(ii) The first part (A M)"" = A MY was proved in [14]. We prove the other part (A M)" = \/ M"". Let
M C E, the map V- : & — E is order preserving. which implies that AM"Y" < (AM)" < VM. On
the other hand, let A € A(B) st A < VMY =V{z¥" :1zeM}, 3zeMst A<z ,s03-pe ¢ st
A< (=) and Q(—p) Az* #0. SoT~pe ¢ st A< Q(—p), then Q(—p) AV{z':ze M} #0.Sod —pe€ ¢
st A <Q(=p), then Q(=g) A (AM) #0, where (AM)' =V M =\({z':ze M}. Then A < (AM)". O

Proposition 4.18. Let (Y, Q). be a bipolar soft set over E. If (Y, Q). is a partition. Then (EV?, >) = (E?, <).

Proof. The first part (EV',>) = (E"", <) was proved in [14]. We prove the other part (EV, <) = (2", >).

We prove that z¥" — (z')" is dual order isomorphism. It is obvious that z¥" — (z')" is onto (EV, <), then
we prove thatz¥ — (2')" isorder embedding. Assume thatz¥ <w" thenV A € A(E),A <z" thisimplies
that A < w" . So A € A(E) s.td —p1 € =¢, A < Q(—¢1) and Q(=¢1) A z' # 0 then I =g, € ~¢ s.t A < Q(=g,)
and Q(—g2) A w* # 0. Since (Y, Q). is a partition and A < Q(=pg1) A Q(—g,) then Q(—p1) = Q(—02). Hence if
A-p€-¢cstA<Q(—p)and Q(—g) A z* # 0 then Q(—p) A w* # 0. Assume that (w')* £ (z")",s0 I A € AE)
stA < (@) and A £ (z')" . Since A < (w')" then d —p € ~¢ s.t A < Q(—p) and Q(—p) < w, since A < Q(—p)
and A £ (z')" then Q(—p) < z equivalent to Q(—p) A z' # 0 then by hypothesis Q(—p) A w* # 0 this implies
that Q(—p) £ w a contradiction. Hence (w')" < (z')" . On the other hand, assume that (w')* < (z')" . Since
(Y, Q). is a partition, then A € A(E) s.t 3 —p € =¢, A < Q(—p) and Q(—p) < w this implies that Q(—p) < z.
Suppose that z¥ £ w" ,s0 A € AE)stA <z¥ and A £ w" ,s03 —p € =¢,A < Q(—p), Q—p) Az* #0
and Q(-p) A w' = 0. But this implies that Q(—p) < w. Since z¥ £ w" then Q(-p) < z. This equivalent to
Q(—p) A 2" =0, a contradiction. 0O

Theorem 4.19. Let (Y, Q). is a partition bipolar soft set. Then (E"'®, <) is linearly ordered iff (Y(c), <) and (Q(—¢), <)
are linearly ordered.

Proof. We prove the first part (2", <) is linearly ordered iff (Y(c),<) is linearly ordered. Assume that
(Y(c), <) is linearly ordered. Let w,z € BN thenz =h"", w=k", for someh,k € 5.

Suppose that w and z are not comparable in Z"°, then 3 A,b € A(E)stA <z=h""and A £ w = K
bgz=h""andb<w=Kk"".So3 01,00€cstA<Y(01), Y(o1)Ah#0and Y(o1) Ak =0 ,Y(o2) Ah=0and
Y(02) Ak # 0. Since (Y(¢), <) is linearly ordered. Then we have Y(g1) < Y(g2) or Y(g2) < Y(¢1).

If Y(01) < Y(02), then Y(01) A h # 0 implies Y(g2) A h # 0. Which is a contradiction to the hypothesis, a
similar contradiction occurs when Y(g;) < Y(01). Therefore (2", <) is linearly ordered.

Conversely, assume that (2", <) is linearly ordered, suppose that (Y(c), <) is not linearly ordered, then
3 01,02 € ¢ s.t neither Y(g1) < Y(g2) nor Y(g2) < Y(01). Then 3 ¢, d € A(E) s.t ¢ < Y(01) and ¢ £ Y(¢2),
d < Y(02) and d £ Y(01). Then ¢ < Y(¢1) and ¢ £ Y(g2) implies Y(01) Ac # 0 and Y(g) A c = 0. Also
d < Y(02) and d £ Y(g1) implies Y(g2) Ad # 0 and Y(o1) Ad = 0. Soc < ¢ and d < d"". Assume
that 4 g3 € ¢, ¢ < Y(g3). Then c < Y(01) A Y(p3). Since (Y, Q). is a partition, then Y(g;) = Y(g3), and
therefore Y(gs) A d = 0. Consequently ¢ £ d"". Similarly we can show thatd £ c", so we prove that ¢ < '
and c £d"", d <d" and d £ ¢"". This implies that 3 ¢"" , d"" € E"" st ¢ ¢ d" and d"" £ ¢V, a
contradiction. Hence (Y(c), <) is linearly ordered. The second part (2" , <) is linearly ordered iff (Q(—¢), <)
is linearly ordered can prove similarly. [J

Proposition 4.20. Let (Y, Q). be a bipolar soft set over E. Then, the following properties hold.

i. If (Y, Q). is infimum-preserving, then
(@)Vze & A-pe~¢cstz" =Q(—p);
(b)Vze E,A-pe —¢stz" =Q(-p).
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ii. If (Y, Q). is full and infimum-preserving, then z¥ =1 for every z € Eand z # 1.

Proof. (i)-(a) Since z¥ = \/{Q(=p) : =p € —¢ and Q(—p) A 2* # 0}, and (Y, Q). is infimum-preserving. Then
for any =g, =02 € —¢ there exists Q(—g1) V Q(—g2) = Q(=g3), where —p3 € =¢. Thenz¥ = Q(-p).

(i)-(b) Proof easily from (i)-(a) .

(ii) Let z € E. It generally holds that z* < 1. Given that (Y, Q). is both full and infimum-preserving, then
A-0" € ¢ stV e Q(=0) = Q(=¢") = 1. So b < Q(=¢") = Tand 1 = Q(=¢") A z* # 0, consequently b <z .
Soz" =1,z#1. O

Theorem 4.21. Let (Y, Q). be a bipolar soft set over B, p = (A(E), (Y, Q).) be a (BSA — space). Then the following
conditions are equivalent:

i If (Y, Q). is full, then
ii. 15" = (1,0);
iii. 13" = (0,1);

iv. zy < zp < z}.

Proof. (i) Since (Y, Q). is full, then the first part 1" = 1 was proved in [14], and the other partis 1V~ = 0 by
Proposition 4.9. (iii) It follows by Proposition 4.9 and Proposition 3.8 in [14].

(iv) Since (Y, Q). is full, then the first part z¥" < z < z*" was proved in [14]. Then we prove the other part
z) <z' <z¥ . Since z" < z' by Proposition 4.8. Suppose that A € A(E) and A < z', since (Y, Q). is full,
then 3 —p € =¢ s.t A < Q(=p). So A < Q(—p) Az, and therefore Q(—p) A z* # 0. Consequently A <z then
22 <z, O

Lemma 4.22. Let (Y, Q). be a bipolar soft set over E. If (Y, Q). is full. Then themaps A~ : 2 - Eand V™ :E - B
are mutually dual.

Proof. (a) We show that (z"')' = (z)V. Let A € A(E), then A < (2" ) iff A £ 2" V —p€ =¢stA <
Q(—p) , Q(—p) £ z'. Since (Y, Q). is full, and A € A(E),d g€ ~¢s.t A < Q(—p) and Q(—p) £ z'iff 3 —~p €
=¢,A < Q(—p)and Q(—p) Az # 0, then A < (z')" . Consequently (z" )' = (z)"".

(b) We show that (z¥')' = (z")" . Let A € A(E), then A < (z¥' )" iff A £2¥,VY =g ~¢cs.tA < Q(=p), Q(=p) A
z' = 0. Since (Y, Q). is full, and A € A(E),d —p € =¢ s.t A < Q(—p) , so by assume that Q(-g) Az' =0
iff O(—p) < z, then A < (z')" . Consequently (z¥ )' = (z")" . O

Proposition 4.23. Let (Y, Q). be a bipolar soft set over E. If (Y, Q). is a partition. Then
LY =2V

ii. VN < (@2ZV)Y

i, 27V = (2.

Proof. (i) Since (Y, Q). is full, from (iv) in Theorem 4.21. Then (z')" < z" " . Conversely, we prove that
zV'N < ()" . Assumethatb <z " ,then d-p€ ~¢cs.th < Q(—g)and Q(-p) < (z¥ ) then Q(—g) Az =0,
since b < Q(—g). Sob £ z¥ . HenceV =g € =¢s.tb < Q(—¢) , Q(—=;) Az' =0, since b < Q(—p). Then
Q(—p0) Az =0, and therefore Q(—p) < z. Consequently b < (z')" , thenz" * = (z')" .

(i) Letbe A(E)and b < z" ", then A -p€ —-¢sthb<Q(—p) , Q(-p) < (z")" . Since (z")' = (z")V, then
b<Q(o), Qg <(2) . A1 e AE)stA <Q(-p)and A < (z')Y . But A < (2')Y, then 4 —p; € —¢ s.t
A £ Q(=p1) and Q(—01) Az # 0. Since (Y, Q). is a partition and A < Q(=g) A Q(—g1), then Q(—-p) = Q(—01).
Sod-pe€-cstb<Q(-0), A=) Az#0,thenb < (z')" = (")

(iii) Since (Y, Q). is full, from(iv) in Theorem 4.21. Then (z¥ )' < z" " . Conversely, we show that z" ¥ <
(V). Letbe A(B)andb <z" "V ,s0 d-pe€—¢s.th<Q(—p)and Q(=g) A(z" ) = Q(=p) A(z")" # 0. Hence
A1 e AE)stA <Q(-p)and A < (z')" . ButA < (z')" thisimpliesthat 3 =g € =¢, A < Q(-01) ,Q(=p1) < z.
Since (Y, Q). is a partition and A < Q(=g) A Q(=01). Then Q(—p) = Q(—p1) . Hence 4 —p € =¢ , b < O(—p)
, Q(—p) < z, and therefore b < (z')* = (z¥)' by using Lemma 4.22. Consequently z¥' ¥ < (z')", then
2V =E). O
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Remark 4.24. Let E = (E, <) be a complete atomic Boolean lattice and (Y, Q). be a bipolar soft set over E.
The map A~ : E — E is not a closure operator.

Now, the following example explains the above remark.

Example 4.25. Let E = {0,4,b,¢,d, ¢, f,1} and the order < be defined as in Figure (1). Let ¢ = {1, 02, 03} and
(Y, Q). be a bipolar soft set over E defined as follows:

Y(o1)=b Y()=a Y(gs)=0b

Qo) =a Q(-g)=c Q(-0)=c.

Letz=c, w=f. Thenz" =c¢" =a,impliesc £a =z £ z" . Then the map A~ is not extensive .
Sincez<w=c< f=z" <w' = a<e, then the map A~ is order- preserving. Hence A~ is not a closure
operator.

5. New mpping induced by bpolar soft rough approximation on a complete atomic Boolean lattice

In this section, we introduce a new mapping induced by bipolar soft rough approximation over a
complete atomic Boolean lattice(BSRA) and compare it with bipolar soft rough approximation in section
(4). Also, give some properties.

Definition 5.1. Let (Y, Q). be a bipolar soft set over E. Define a mapping oy : A(E) — E and g : A(E) - E
for every A, b € A(E).

i A<oy(h) & Tpec st A<Y(p), b<Y(p);
ii. A<yPa) & F-pe-¢ st A<Q(-p), b<Q(—p).

The oy and ¢q are referred to as the mapping induced by (Y,Q). on E .

Proposition 5.2. Let (Y, Q). be a bipolar soft set over E. Let oy : A(E) = & and ¢q : A(E) = E be mapping
induced by (Y, Q). on E. The following properties are satisfied:

i. oy, q are symmetric ;
ii. If (Y, Q). is full, then ov, q are extensive;
iii. If (Y, Q). is a partition , then ov, g are extensive, symmetric and closed.

Proof. (i) We only show that Proposition about map 1, where map oy was proved in Proposition 4.1 in
[14]. We prove that yq is symmetric. Let A,b € A(E), suppose that A < q(b), where g : A(E) - Eis
mapping induced by (Y, Q). on E. 3 =g € =¢ s.t A < Q(—p),b < Q(—p), this implies that b < Pg(A). Then
Y is symmetric.

(ii) Let A € A(E). Since (Y, Q). is full, then 3 =g € =¢ s.t A < Q(—p). Hence A < Yo(A). Then g is extensive

(iif) If (Y, Q). is a partition, then (Y,Q). is full. Also g is extensive, since g is symmetric. We only
show that ¢ is closed. Let A,b € A(E)s.t A < Pq(b). We prove that Po(A) < ¢Pqa(b), since A < Pq(b).
Then 4 —p; € =¢ st A < Q(=p1) and b < Q(—p;). Assume that Ya(A) £ Pa®). So da € AE) s.t
a <Pa(A) and a £ Pa(b). Buta £ pa(b) forevery —p € —¢either a £ Q(—p) or b £ Q(—p). Sincea < Pa(A),
then 3 =g, € ¢ s.ta < Q(—p,) and A < Q(—g). Since (Y, Q). is a partition , and A < Q(—p;) A Q(—p,), then
Q(—01) = Q(—g2). Hence 3 —p; € ~¢ s.ta < Q(—p1) and b < Q(—@1), a contradiction. Then Pqo(A) < Ya(b),
and g is closed. [

Proposition 5.3. Let (Y, Q). be a bipolar soft set over E. Let q : A(E) — E be the mapping induced by (Y, Q). on
E. The following properties are satisfied:

i. If A < Q(—p) for every —p € - and A € A(E). Then Q(—p) < Ya(A);
ii. If (Y, Q). is a partition, and A < Q(—p) for every —p € =¢ and A € A(E). Then Q(—p) = Ya(A);
iii. If (Y, Q). is infimum-preserving. Then YA € A(E), —p € =¢ 5.t Pa(A) = Q(—p).
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Proof. (i) Let b € A(E) s.t b < Q(—p). Since A < Q(—p), then b < Po(A). Hence Q(—p) < Pa(A).

(i) Suppose that (Y, Q). is a partition, and assume that A < Q(-) for every —p € —~¢ and A € A(E). Since
Q(—p) < Po(A) from (i). Conversely, let b € A(E) st b < Pqo(A), then I g € =¢ st b < Q(—p1) and
A < Q(=p1), 50 A < Q=) A Q(—p1). Since (Y, Q). is a partition, then (—p) = Q(—p1). Hence b < Q(—p) ,
and therefore q(A) < Q(—p). Consequently Q(—g) = Pa(A).

(iii) Suppose that (Y, Q). is infimum-preserving ,and A € A(E). Letb € A(E)s.tb < 1pqo(A), thend —p € ~¢s.t
b < Q) and 1 < Q(=p). Since Q(=0) < Ya(A) from (i). Hence Pa(d) = Vieas (Q-0) : b < Ya()} = Q(-0)
for every —p € —c. Therefore Yo(A) = Q(-p). O

Definition 5.4. Let E = (E, <) be a complete atomic Boolean lattice, and let (Y, Q). be a bipolar soft set over
E. Assume that A(E) denotes the set of all atoms of Z. Let oy : A(E) = E and 1q : A(E) — E be the
mappings induced by (Y, Q). on E. We define the following bipolar soft rough approximation operators:
Vv, Ay, Vo, Aq @ & — Efor any z € E as follows:

2’7 = V{A € A@) | ox(V) < z;

z'e = \{A € AB) | Ya(A) Az #0);

227 = \{A € AE) | ov(A) Az #0};

2% = VA € AE) | Yold) < ).

Here, z" and z*7 are called the lower and upper approximations of z with respect to the mapping ov,
respectively, while z¥2 and z*? are called the lower and upper approximations of z with respect to the
mapping q, respectively. The pairs (z"2,z*#) are referred to as the bipolar soft rough approximations of z
induced by (Y, Q).

Proposition 5.5. Let (Y, Q). be a bipolar soft set over B, and let oy : A(E) = E and g : A(E) — E be the
mappings induced by (Y, Q). on E. Then, for all A € A(E) and z,w € E, the following statements hold:

L A<zand A <z7° & oy(A) <zand Yo(A) Az' #0.
il. A<z and A <z & oy(A) Az #0and Pa(A) <z
iii. If (Y, Q). is full, then 278 < z < z5.
iv. If (Y, Q). is full, then 0¥* = 0%¢ = (0,1) and 1V* =1% =(1,0).
V. Ifz<w, then z7* <w"® and z"* <w".
vi. The operators Vg : E — E and Ap : E — E are mutually dual.
vii. For any subset M C E,
Vme = (VM)
viii. For any subset M C &,
AMT =(AM)".
ix. (B2, <) is a complete lattice, whose least element is (0, 1) and whose greatest element is 1°5.
X. The pair (Vp, Ap) forms a dual Galois connection on E.
xi. (B, >) = (E%, <).

Proof. It follows by Proposition 5.2 and Proposition 4.1, 4.4 in [14]. O

In the following, we examine the relation between the above pairs of bipolar soft rough approximation
operators given in Definitions 4.1 and 5.4.

Proposition 5.6. Let (Y,Q). be a bipolar soft set over E. Let oy : A(E) = E and g : A(E) — E be the
mappings induced by (Y, Q). on E. Then the following relations hold:

i. If (Y, Q). is a partition, supremum-preserving, and infimum-preserving, then z°* < z.
ii. If (Y, Q). is a partition and infimum-preserving, then z» < zj.

iii. If (Y, Q). is a partition and infimum-preserving, thenz"® = z;, z** = zj.
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Proof. (i) The inequality z* < z" is proved in [14]. We show that z"" < z%¢. Let b € A(E) such that b < z/*".
Then, there exists g € —¢ such that b < Q(—g) < z'. Since (Y, Q). is a partition, Proposition 5.3(ii) implies
Q(=g) = Ya(b). Hence b < Yq(b) <z = b <z Therefore, z* < z2.

(ii) The inequality z¥* < z"" is proved in [14]. We show that z¥" < z'9. Let b € A(E) such that b < zV.
Then there exists —p € —¢ such that Q(—-p) A z' # 0. Using the partition property, (-p) = a(b), hence
b<yal), valb)Az'#0 = b<z" Therefore, z¥ <z"2.

(iii) For the equality z"* = zy: (=) by infimum-preserving property, z'* < z}.

(<) The first part z¥" < z77 is proved in [14]. For the second part, if z = 1, thenz'” =1V =0 = 1"2 = z%.
If z # 1, by infimum-preserving, z° = 1. Hence z"® < z¥, and consequently z'# = z}. For the equality
z% = zp: (=) By supremum- and infimum-preserving, z** < zj.

(&) First, z\" < z%7 is proved in [14]. Letb € A(E) such that b < z°¢. Since (Y, Q). is full, there exists ~p € ~¢
such that b < Q(—p) < Yq(b) < z'. Hence b < z" , which implies z*¢ < z"* . Therefore, z** = z. [

In the following example, we give the opposite of the Proposition 5.5(v).

Example 5.7. Let 2 = {0,4,b,¢,d, e, f,1} and the order < be defined as in Figure(1). Let ¢ = {01, 02, 03, 04} and
(Y, Q). be a bipolar soft set over = defined as follows:

Y(o1)=b Y(2)=c Y(g)=f Y(os)=0

Qo) =a Q-@)=b Q(-g)=0 Q(-0s)=4d

Obviously, (Y, Q). is not full. Since Yq(a) = V{ib € AE) : b < ¢Pgl@)} =avb=d , paolb)=avb=
d 7 II)Q(C) = 0

Letz=b, w=a,50z"2 = \/{A e AB): YyoA)AZ' #0} =aVvb=d and z*? = V{A € AE) : Y1) <z'} =¢,
where z' = e. On the other hand wV¢ = 0 and w”? = ¢. Hence w"® < zV2 and w”? < z%¢,butz £ w.

Example 5.8. Let & = {0,4,b,c,d,¢, f,1} and the order < be defined as in Figure (1). Let ¢ = {01, 02, 03, 04}
and (Y1, ). be a bipolar soft set over E defined as follows:

Yi(o1)=d Yi(e) =f Yi(es)=a Yi(os)=c

Q(-o) =f Qi(-e)=a Q=) =c Q(-o)=d

Obviously, (Y1,€1). is full. Also Pqa(@) =avbve=1, Ppa() =1, and Pa(c) = 1.

Letz=f, 2" =d, thenz"® =aVvbVc=1,and z*2 = 0. Hence z*? < z' < zVo.

In the following, we give a relation between the mapping induced approximations and bipolar soft
rough set on a complete atomic Boolean lattice in section(4).

Definition 5.9. Let & = (E, <) represent a complete atomic Boolean lattice. Let ¢ : A(E) - E and
Y : A(E) — E be extensive, symmetric, and closed mapping. Define a mapping Y, : A — E by Y,(0) =
0@ Yoe A and Qy: A — Eby Qy(-p) = Y(0) Yo € A, where A = A(E). Then (Y, Q)4 is called a bipolar

soft set induced by g, ¢ on E.

Proposition 5.10. Let E = (E, <) represent a complete atomic Boolean lattice, and (Y, Qy)a be a bipolar soft set
induced by o, on E. Then for every z € B. 2V = z"Y , z"0 = 227, and z¥v = z"2 , 2™ = z2, where

zVo =V{AeAE):Jpe Ast A< Y,(0), Ys(o) <z}, 27 ={A € A(E) : 6(A) < z};

2V = \{A € AE): T -pe-AstA<Qu—p), Qu(-o) Az #0}, 272 = {1 € AE): P(A) Az #0};
zV = V{Ae AE):Jpe Ast A <Y(0), Ys(@) Az#0}, 227" ={A e A(E): 6(A) Az #0};

2V =\V{A e AE): J-pe-AstA<Qu(—0), Qu(-p) <2, 2% = {1 € AB) : P(A) < 2

Proof. Obvious. [

Definition 5.11. LetE = (E, <) be a complete atomic Boolean lattice. Letoy : A(E) - E and ¢q: AE) —
E be extensive, symmetric, and closed mappings. Define the mappings Y, : ¢ = &, Ys(0) =o0v(0), Yo€c,
Qp : ¢ = &, Qu(=p) = Ya(-0), Yo € ¢, where ¢ = A(E). Then (Y,,Qy). is called the bipolar soft set
induced by oy and g on E.
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Theorem 5.12. Let E = (E, <) be a complete atomic Boolean lattice, and let (Y5, Qy). be a bipolar soft set induced by
oy and Y on E. Then, for every z € B, the following equalities hold: z¥o = zV¥, z’ = 227, zVv = zVa, z/v = zho,
where:

iz =\{AeAE):doecst. A <Ys(0), Yo(o) <z}, 277 = V{A € A(B) : 0(A) < z},

ii. 2% = \V{A € AB): F-p € ~¢cs.t. A <Qy(=0), Qu(-o) Az #0}, 272 = VA € AE) : Pp(A) A2 # 0},
iii. zM = \V{A e AE): doecs.t. A <Yu(0), Yo(o) Az#0}, 227 = V{A e AB) : a(A) Az # 0},
iv. 2% = V{A € A(B) : I-p € =¢s.t. A < Qu(—p), Qu(—p) <2}, z°¢ = VA € AB) : Y(A) < z'}.

Proof. The proof follows directly from the definitions of the mappings oy and ¢q and the construction of
the induced bipolar soft set. The correspondences between the operators are immediate by definition. [J

6. Application of bipolar soft rough sets on E in a decision-making problem

LetE =1{0,4,b,c,d, ¢, f, 1} represent eight employees, where 0 represents an employee who has no skills,
a represents an employee who has the highest IQ, b represents an employee who has leadership skills and
emotional intelligence, ¢ represents an employee who has work experience, d represents an employee who
has the highest IQ and leadership skills, f represents an employee who has leadership skills and work expe-
rience, e represents an employee who has the highest IQ and work experience, and 1 represents an employee
who has all skills. The order < is illustrated in Figure(1). Let ¢; = {01, 02, 03}, where p; represents experience,
02 represents leadership and leadership management skills, g3 represents IQ score. —¢1 = {01, =02, 03},
where —g; represents not experience, g, represents not leadership skills and emotional intelligence, —g3
represents not 1Q score (low IQ ), and (Y, Q). be a bipolar soft set over E represents the employee, who will
get promoted as a project manager.

Algorithm

Let E be a complete atomic Boolean lattice £ = (5, <) and A(E) = {4, b, c} be set of atoms, ¢1 = {01, 02, 03}
, 761 = {—p01, 702, —03) be a set of parameters , and (Y, Q)., be a bipolar soft set over E. Assume that H =
{P1, Py, P3}, where d, e, f € E denote results of primary evaluations of experts Py, P, P3 and T1,T,,Ts € BSs.

Step1: Take primary evaluations d, e, f of experts Py, Py, ..., Py .

Step2: Form Ty, T, ..., T, bipolar soft sets by using real results.

Step3: Count z), and zj, foreachq=1,2,..,rand j=1,2,..., k, wherez, = (zV",z"") ,zp = (z"",z").
Step4: Form bipolar soft matrices for the lower and upper approximations. v = v¥,v = v".

Step 5: Count ¢¥ and ¢”.

Step 6: Count ¢V (P ¢”.

Step 7: Find max;er, €;.

Illustrative example

Step1: Primary evaluations of P, P,,and P3 ared,e, f € E .

Step2: Real results in different three periods are expressed as bipolar soft set over E, defined as follows:
Yi(o1) =b Yi(@)=a TYi(os)=0b

Q(-o)=a Dh(-e)=c Dh(-e)=c

Tl = {({b}/ {ﬂ}, Ql)/ ({ll}, {C}/ QZ)/ ({b}/ {C}/ (.03)}

Ya(o1) =e Ya(o) =c Yao3) =b
D(=o1) =b U(=02) =0 O(-os)=e
T, = {({e}, {b}, o), ({c}, {0}, 02), (11}, fe}, 03)}
Ys(o1)=d Ys(e)=c Ys(os)=f
Q3(—o1) = f Q3(=e)=d Q3(—g3)=a
Ts = {({d}, {f}, o), (e}, A}, 02), ({f}, {a}, 03)}
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Step3:

(zph = (dg) = (d,0), (zph = (d}) = (d,1);
(eph = (a,0), (eph = (a,0);

(fgh =®a), (fp = (ba).

(zg)2 = (dg) = (b,c), (z3)2 = (dp) = (d,0);
(e\é)Z = (6’, b) ’ (63)2 = (e, b),

(fI;/)Z = (f/a) ’ (fé\)z = (1/0) .

dg)s =@, f), (dy)s =(d,0);

(85)3 =1, (€§)3 =(e,0);

(fg)s = (f,d), (f5)s = (f,a).

Step4:
+ + + -
N M M= M B A
+ - + - + -
v=v"=He, e} {3, e ) (5,65 )
+ - + - + -
eV, e e, e} (g, &)
+ - +
e T A L R =
— + - + - + -
v=v" =N e ) (gt et ) (e e )
+ - + - + -
(M, e e, e (g, e )

2867

(1)

)

These are referred to as bipolar soft lower and upper approximation matrices, respectively, and denoted by

vV and v . Here

A v* v+ Al
q _(17 q Z‘i)

8] - 1] 7 2] AR n]‘

AV _ (LAY AV qv-
el _(le 120 12y )

= ,Z

ant _ ( I qA*)
e 21 1Zyj reerZy

[ N qn~

& = (21]' 1Zpj 1o 2y )
Where
v |1z < V"
i 0 zigzV
1 v-

Zq\/* _E Zj S z

Y 0 zi £ z¥
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qA~ —]. Zj < Z/V
zIh = o
Y 0 zitz

Then
(11110000)(—1—%000000) (10000000)(00000000)} {(0,1,0,0,0,0,0,0), (- % ,0,0,0,0,0,0))
{(01100000)(—1,—-000000) {(11000000)(—-,—-000000)} {(0,1,1,0,0,0,0,0),(-1,0 00,0,0,0,0)}
{(1,1,1,1,0,0,0,0),(—%, 1,0,0,0,0,0,0)} {(0,0,1,1,0,0,0,0),(-%,—-%,—-%,-%,0,0,0,0)} {(0,1,1,0,0,0,0,0),(-1,-1,0,0,0,0,0,0)}
{(3,4,3,3,0,0,0,0),(-1,-1,-1,-1,0,0,0,0)} {(4,0,0,0,0,0,0,0),(0,0,0,0,0,0,0,0)} (0,2,000000)( 1,0,0,0,0,0,0,0)}
v =4 {(0,3,3,0,0,0,0,0),(-1,-1, 000,0,0,0)} {(%,§,0,0,0,0,0,0),(—1,—1,0,0,0,0,0,0)1 {(0, 3, 3,0,0,0,0,0),(~1,0,0,0,0,0,0,0)}
{(3,3,4,4,0,0,0,0),(-1,-1,-1,-1,0,0,0,0)}  {(0,0,3,%,0,0,0,0),(-1,-1,-1,-1,0,0,0,0)}  {(0, 3,%,0,0,0,0,0),(~1,-1,0,0,0,0,0,0)}

Step5: By using equations

k r
v o_ VAN
- @j:l@q:l(éf ®¢; )

k r
A ANT oy AN
- @j:l@q:l(éj ®¢; )

The bipolar soft lower and upper approximation vectors are derived as follows:

).

\ 11 9 9 3 3
& ( 5/ 2 2/ 2/ 2/4 5) (_51_21_21_2/_21_§1_§/_

NI

Step 6: The decision vector is obtained as

Step 7: Since

O<a<e<f<b=c=d=1.
The optimal element is 1, which corresponds to the employee possessing all required skills. Hence, the
bipolar soft rough decision-making model selects the employee represented by 1 as the most suitable

candidate for promotion to the position of project manager.

7. Conclusion

In this paper, we present a novel concept of bipolar soft sets on a complete atomic Boolean lattice,
extending the traditional notion of bipolar soft sets. We elucidate the lattice structure inherent in these
expanded bipolar soft sets and examine both positive and negative bipolar soft rough approximation
operators on a complete atomic Boolean lattice, detailing their respective properties. Furthermore, we
demonstrate that the approximations induced by mappings can be interpreted as a specific instance of
our broader bipolar soft rough approximations. The applicability of bipolar soft rough sets on a complete
atomic Boolean lattice is showcased through its utilization in decision-making problems. In future work, the
present framework may be extended to develop modified bipolar soft rough set models on complete atomic
Boolean lattices by integrating the bipolar structure with modified soft rough approximation techniques,
as initiated in [15]. Such an extension is expected to provide more flexible approximation mechanisms
and enhance the expressive power of lattice-based bipolar uncertainty models, particularly in advanced
decision-making applications.

|
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